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Abstract

An angular analysis of the rare decay [BT — K*Tutu~ oo, using K** — Ko7,
is performed, exploiting a data-set of 9fb~! integrated luminosity, corresponding
to the full RunI and RunII data of the LHCb experiment. A five dimensional fit
in the three decay angles and the invariant masses of the BT meson and the K**
meson systems is performed in intervals of the dimuon invariant mass, ¢, in order
to extract the angular observables.

The candidate selection yields 737 & 34 signal candidates over the full ¢? spectrum
without the resonant-dimuon regions. Two sets of angular observables (S, and PZ-(/))
are measured in ten ¢? intervals.
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1 Introduction

This note presents an angular analysis of the decay BT — K**u*pu~ with the goal to
extract the angular observables of the differential angular decay rate. This decay proceeds
via flavour-changing neutral currents with a W, v or Z exchange, see Fig.[I] and is heavily
suppressed in the Standard Model (SM). The differential decay rate and isospin asymmetry
has been measured before by the LHCb collaboration [1], while in addition the angular
distributions have been measured by the Belle and BaBar collaborations, although with a
limited statistical precision [2] [3]. This analysis therefore presents the first measurement
of the angular distribution of B* — K**pu*u~ in LHCb, as well as the most precise one.

Additionally, in the angular analysis of the decay BY— K*u*pu~, the isospin partner
of this decay, a tension between Standard Model predictions and measurement results
have been observed by the LHCb collaboration [4]. The decay BT — K*Tu*u~ provides
an ideal complementary measurement in helping to understand the tension observed in
the B channel and the underlying physical phenomena in these decays. All data used for
the analysis was taken during proton-proton (pp) collisions in the years 2011, 2012, 2015,
2016, 2017 and 2018 and corresponds to about 9.1fb~ . The center of mass energy of the
colliding protons increased during this period from /s = 7TeV in 2011, over /s = 8 TeV
in 2012 up to y/s = 13 TeV in 2015 — 2018.

(a) (b)

q,0C T K+t B* w Ko+

B+

o
2]
o

<

+

12 1
Figure 1: Feynman diagrams of the matrix elements contributing most to the total decay

amplitude of the decay B* — K**pu*pu~. The box diagram (a) and the loop diagram (b). The
latter is also referred to as penguin diagram.

1.1 Analysis strategy

The analysis is split up in two main parts: the selection of events containing signal
candidates, which is described thoroughly in Section [2| and the fit of the angular dis-
tributions, described in Section [l The decay kinematics of a b— s¢*¢~ transition is
introduced in Section [3] including the angular decay rates and resulting PDF as well as
the angular acceptance corrections that have to be performed. The extraction of the
angular observables using a 4D-fitter or the method of moments are discussed in Section [4
Systematic effects are evaluated in Section[5] Finally, the results of the angular observables
are presented and discussed in Section [7]

1.2 Blinding

The total signal yield over the integrated ¢? region, and especially the signal yield in each
q* bin (see Table [15)) is blinded. For tests of the fitter, we use signal yield estimations, as

1
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described in Section £.4.2

Throughout the optimisation and stabilization of the fitter and during the studies of
systematic uncertainties, the absolute values of the angular observables \S; are blinded.
The unblinding of the yields and the angular observables of the fit to the signal channel

events will only be performed after the analysis is reviewed. The results are shown in
Section [7.2] after the unblinding.

1.2.1 Unblinding strategy

For the unblinding of the final results, the following strategy is foreseen:
1) Comparison to Method of Moments
2) Comparison of the final results from individual sub-sets:

a) magnet up versus magnet down samples
b) RunI versus Run II, if statistic in Runl is sufficient

c) DD tracks versus LL tracks samples
3) Inspect the BT mass dimension fits and unblind the signal yields per ¢* bin

4) Unblinding of the final values from the likelihood fits

The comparisons from point 1) and 2) are given in Section [7.1] with point 3) to follow
in the same section. Point 4) is then given in Section [7.2]
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2 Selection

This analysis is based on data recorded in proton-proton collisions by the LHCb experiment
in the years 2011, 2012, 2015, 2016, 2017 and 2018. In this time, LHCb recorded data
equivalent to a total integrated luminosity of 9.09fb™!, with 1.11fb~! (2011), 2.08fb~*
(2012), 0.33fb~' (2015), 1.67fb~"' (2016), 1.71fb~" (2017) and 2.19fb~" (2018) in the
different years. The proton beam energy increased from 3.5TeV in 2011 over 4.0 TeV in
2012 to 6.5 TeV in 2015 - 2018.

Throughout the selection, data from the years 2011 and 2012 is often referred to as Run I
and data from the years 2015 to 2018 is referred to as RunII

In the following, the selection process can be divided into a five step process:

1) Stripping decision using B2XMuMu stripping line

2) Trigger line decision requirements

4) sWeights of data and re-weighting of simulated events

(1)
(2)
(3) 1D cut in various particle and event variables
(4)
(5)

Multi-variate analysis to suppress combinatorial background

As a baseline, the selection process of BY — K*y* = (LHCb-ANA-2013-090, Ref. [5]) was
considered and modified in many ways throughout the different selection steps. Changes in
the selection process are due to the different hadronic final state and to different conditions
in RunII compared to Runl. Some major changes can be seen in the input variables of
the multi-variate analysis, as the distributions of some variables used in Ref. [5] do not
agree adequately for simulated events and data.

The resulting selection process is presented in the following, starting with details about
the stripping line which are given in Section [2.2] All trigger decisions are introduced in
Section The reduction of background contributions due to misidentified particles and
resonant structures is described in Section [2.4, Monte Carlo (MC) events are used to
understand efficiencies of the selection procedure as well as to provide a suitable signal-like
sample for the multi-variate analysis. The selection and re-weighting of the MC sample
is presented in Section [2.7] Finally, the multi-variate analysis is trained on a signal MC
sample and a background data sample from the mass region above the BT peak. Training
and testing, as well as the resulting efficiency and separation power of this final step of
selection is shown in Section

2.1 Splitting the data sample

Both data and simulation samples are split into four sub-samples. Events are sorted
depending on whether the K? decays inside (LL tracks) or outside of the VELO (DD tracks)
and whether they belong to RunI or RunII. Table [2] lists the four samples.

'Even thought this is technically incorrect due to the omission of data from 2010...
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Table 2: The four samples, into which all data and simulation events are split. The final fit to
the events is performed simultaneously in all samples, with common parameters for the physical
observables.

#  sample name

1 RunlI DD tracks
2
3
4

Runl LL tracks
RunII DD tracks
RunII LL tracks

2.2 Reconstruction and Stripping

Proton-proton collisions inside the LHCb detector are reconstructed using BRUNEL. For
events recorded in the years 2011 and 2012, reconstruction version Recol4c is used, while
for 2015 to 2018 Reco15 to Reco18 is used. The simulated MC events are reconstructed
with the same reconstruction versions as in data for all years.
Events are processed by the LHCD stripping line B2XMuMu which consists of the selection
criteria shown in Table [3l

A total of 10.2 million data events pass the stripping line, with 2.8 million and 7.4
million events from RunT (2011 & 2012) and RunII (2015, 2016, 2017 & 2018), respectively.
Further numbers on the sub-samples divided by the magnet polarity or the track type of
the events are found in the summary Table [4]

2.3 Trigger

Events at the LHCb detector are selected online using a multi-level trigger system, starting
with the LO hardware trigger. The accepted events are then processed by the HLT, which
is split up into two stages, HLT1 and HLT2. Events accepted by all three stages are stored
for offline processing, including the information from the trigger decision of all levels.
Only events that were selected by the trigger lines listed in Table [5] are used for this
analysis. Any event is required to pass at least one of the listed trigger lines for each trigger
level. Offline, the signal candidate is required to be directly responsible for triggering
these lines by using the triggered on signal (TOS) tag related to the B meson.

The trigger selection in RunII is kept as similar as possible to RunI. However, as shown
in Table [5], some trigger lines were renamed for RunII and two more were added. The
signal yield of each trigger line is given in Table [6] by using the sWeighted event yield after
the cut based selection (see Section for more information). A detailed description of
the trigger lines and their requirements is presented in Ref. [6].

2.3.1 HIt1TrackMVA 2D cut
In 2016, a two dimensional cut in x% and pr of the B meson was introduced, which can

be described by

(pT[G;/']O_ 10)2 + 2;0 X (25.0 — pp[GeV]) + log(7.4) (1)

log (xtp) =
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Table 3: Selection criteria of the stripping line B2XMuMu. These have been used for all recorded
and simulated data. The versions of the stripping differ between the years: 2011 (S21rip1),
2012 (S21r0p1), 2015 (S24r1), 2016 (S28r1), 2017 (529r2) and 2018 (S534).

candidate selection
B 4700 MeV/c? < m(B*) < 7000 MeV/c* (S21r(0/1)p1)
4900 MeV/c? < m(B*) < 7000 MeV/c? (524r1,528r1,529r2 & S34)
B* X3p < 16 (best PV)
B* DIRA angle < 14 MRad
B* flight distance x? > 121
B* X, /ndf < 8
T m(p ) < 7100 MeV/c?
P Xoe/ndf < 12
put track ghost prob < 0.5
put flight distance x? > 6
u* DLL,, > -3
ut isMuon
K= m(KF) < 6200 MoV/c?
K? Ty > 2ps
K? 467 MeV/c? < m(K?) < 527 MeV/c?
nt track ghost prob < 0.5
nt flight distance x? > 6
nt hasRich
7% from K? p(r*) > 2GeV/c
event SPD Multiplicity < 600 (S21r(0/1)p1)

SPD Multiplicity < 450 (524r1,528r1,529r2 & S34)

as taken from Equation 9 in Ref. [7]. The parameter b is configured with different
values (1.1, 1.6 and 2.3) for different TCK throughout the data taking in 2016. As MC
uses only one TCK configuration per year, there should be only one value for b. Solving

Eq. (1)) for b one gets

_ [ ) 1 25
b= |:1 & (74) (pT[GeV] — 1)2 X 25 —pT[GeV]' (2)

This parameter was plotted with reweighted MC events and sWeighted data events for
2016 DD tracks and LL tracks samples and is shown in Fig. [2 No significant difference
where found, especially since the region of interest (larger 1.0) is very poorly occupied.
Therefore, no further measures are considered for this issue.

2.3.2 HIt2DiMuonDetached bug

For 2015 & 2016 data, a bug in the trigger line Hlt2DiMuonDetached was found after data
acquisition (DAQ). This bug resulted in a cut of the invariant mass spectrum of the ptpu~
system, rejecting events below 2900 MeV/c? [8]. Tests with 2017 data have shown, that the
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Table 4: Total statistics after stripping of the events with stripping line B2XMuMu.

Year track type magnet down magnet up combined
2011 DD 388036 264746 652782
LL 120005 82327 202332

total 508041 347073 855114

2012 DD 712096 815428 1527524
LL 201635 230618 432253

total 913731 1046046 1959777

2015 DD 143389 110853 254242
LL 46084 35663 81747

total 189473 146516 335989

2016 DD 1039721 606637 1646358
LL 374974 219603 594577

total 1414695 826240 2240935

2017 DD 894466 835997 1730463
LL 280844 266437 547281

total 1175310 1102434 2277744

2018 DD 1402618 1398665 2801283
LL 1188165 1182087 2370252

total 2590783 2580752 5171535

Table 5: List of the trigger requirements for RunI+ II. All trigger lines within the same trigger
level are used in a logical OR. The trigger decision is TOS in all cases.

Trigger level Runl RunII
LO LOMuon LOMuon
HLT1 TrackAlILO TrackMVA
TrackMuon TrackMuon
HLT?2 DiMuonDetached DiMuonDetached
TopoMu2BodyBBDT TopoMu2Body
TopoMu3BodyBBDT TopoMu3Body
Topo2BodyBBDT Topo2Body
Topo3BodyBBDT Topo3Body

TopoMuMu2Body (2016 — 2018 only)
TopoMuMu3Body (2016 — 2018 only)

fraction of events below 2900 MeV/c? and exclusively triggered by Hit2DiMuonDetached
relative to all events (passing the nominal trigger) is approximately 10 %: In 2017 magnet
down (up) 10.33% (7.95%) of all triggered events had an exclusive HLT?2 trigger from
HIt2DiMuonDetached and had an invariant x4 p~ mass below 2900 MeV/c?. 2017 DD tracks
samples show a lower fraction of 9.75% (7.49%) than 2017 LL tracks samples with 12.24%
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Table 6: Signal event statistics for each trigger line in RunI and RunlI after the cut based
selection (see Section is applied. The complete ¢ range is considered as signal, including the
charmonium resonance regions. For these numbers, the sum of sWeights for each trigger line is
added up. Note that each event can be triggered by multiple lines and, hence, is counted into
the statistics of each trigger line. The naming convention of RunII is used in this table. The
RunT equivalent names can be seen in Table

Stripping line Runl RunlII
LOMuon 30973.9 99195.3
Hlt1TrackMVA 26109.8 94874.2
Hlt1TrackMuon 30522.5 97339.3

HIt2DiMuonDetached — 27229.6 94259.6
Hlt2TopoMu2Body 25326.4 90274.6
Hlt2TopoMu3Body 19760.2 86467.9
Hlt2Topo2Body 21070.1 81828.6
Hlt2Topo3Body 17984.4 84264.2
Hlt2TopoMuMu2Body 0.0 73589.7
HIt2TopoMuMu3Body 0.0 82188.7
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Figure 2: Parameter b (Eq. ) is plotted for sWeighted data (black) and reweighted MC
(red) for DD tracks (left) and LL tracks (right) samples of 2016. The perfect agreement of both
distributions indicates no issues with different values of b in 2016 MC events. This means,

an indirect cut in the two-dimensional plane of X%P and pr does not affect this analysis. See
Section for information about the applied MC reweighting.

(9.42%) for magnet down (up). The bug well represented in MC and hence the only effect
of this bug is a reduction of event yield.

2.3.3 ALLSAMEPYV bug

The impact of the ALLSAMEPV [9] |10] bug on the analysis was investigated. The stripping
line B2XMuMu does not make use of the ALLSAMEPV LoKi functor. And despite that the
use of Topo-trigger-lines in a logical OR for the trigger selection, the ALLSAMEPV bug has
only a minor impact on the event yield, as the ALLSAMEPV LoKi functor is used in a OR
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configuration in those lines as well. The distribution of primary vertices per event also is
in good agreement in MC and data, as shown in the appendix, Appendix [A.3]

2.3.4 TISTOS bug

Due to a bug in the trigger decision making (71STOSing [11] [12]), the data sample is
updated to incremental stripping versions of S2471,528r1 and S29r2 for 2015, 2016 and
2017, respectively, in which the bug has been fixed.

2.4 Cut-based Selection

In a further step, cuts in particle identification variables and kinematics are applied to
remove background events.

Veto regions in invariant mass spectra of different combinations of the daughter particles
are used to remove partially reconstructed background events.

2.4.1 Invariant mass and DecayTreeFitter

The mass of the BT meson is given from the invariant mass of all five daughter particles
m(BT) = mip(r 7w ) (3)

However, the mass of the K? is constrained to the world averaged value [13] using
DECAYTREEFITTER [14], resulting in

m(BT) = My, (Kt pt ). (4)

In addition to this mass constrain, the primary vertex (PV) and all particles momenta
are included into the DECAYTREEFITTER with constrains equal to their measurement
uncertainties. This improves the resolution on the invariant mass of the B slightly by
approximately 1 MeV/c?. All kinematic variables in the selection and the determination of
the angles (see Section [3)) are using the values from the DECAYTREEFITTER. We require
the fit of the DECAYTREEFITTER to converge and cut away events with a x? larger than
200 and require the fit status to be equal to 0. The cut on the x? is very soft and lies at
the upper end of the DECAYTREEFITTER Y? distribution.

As a first step in the cut-based selection, the reconstructed invariant mass of the B
meson is required to lie within the region, 5150 MeV/c? < mp+ < 6000 MeV/c?. This cut
removes background events left to the mass peak of the BT at mg;D ¢ = 5279.32 MeV/c?
+ 0.14MeV/c?, the global mean value obtained by the Particle Data Group (PDG) [13].
The low mass cut at 5150 MeV/c? is loose enough to not cut into the low mass tail of the
signal peak. At the same time, the high upper mass limit of 6000 MeV/c? leaves enough
background events right to the mass peak as a background proxy for the training of the
multi-variate analysis.

A window of £100MeV/c? is applied around the peak position of the K** at mgBrG) =
891.76 MeV/c? + 0.25 MeV/c? in the K{7™ invariant mass spectrum.
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2.4.2 Veto against peaking background structure

A peaking background in the mass-region above the BT mass peak originates from the
rare decay B° — K{u*tp~ combined with a (slow) random pion. As shown in Figs.
and [4] a cut around the invariant mass of B®— K?u"pu~ is therefore applied and events

with ‘m(Kg/ﬁ,u_) - mgODG) ‘ < 50 MeV/c? are dismissed. Tested on the MC samples, the

signal efficiency of this veto is found to be 99.8% and larger. Also, the background efficiency
in the angular distributions of the background is evaluated, as presented exemplary for
the 2017 magnet up sample in the appendix, Appendix Unlike in previous analysis
(of the B® decay), the remaining spectrum of the angular distributions does not see edges
or spikes in the cos 0 distribution as a result of this cut. A polynomial description of the
angular background is possible. The agreement of the angular background in the lower
and upper mass side-band will be further investigated and discussed in Section [3.3.4]
Hence, a further systematic study of the effect on the angular distributions in signal data
is not performed.

> 3 T T T T T T T F L B L L L L L ) B L
L 400 Vetoed events: 3 & 300 Vetoed events: =
2 ss0b 1847 &) 1 2 b 1345 (b) :
N F E N 250 —
> 300F = - £ ]
1) E 3 Q r -
5 250 1 5% ]
E 200 7 2 p =
S 150F 1 8 0k E
100 - g ]
s0F 3 3 E
0 E A R B B Ll E 0 E P R B B e

3500 4000 4500 5000 5500 0 6000 3500 4000 4500 5000 5500 o 6000
m(K’piw) m(Kw)
> F T T T T T3 > 900F LA B B Y B B
o E Vetoed events: 4 & E  Vetoed events: E
< 700F : 1 = s00F - E
E C 7 o d E
2 ok 3966 (c) 1 B L0F 39 (d) 3
~ F ] ~ - 7
& S00E 4 8§ 60 E
< E E = = 3
% 400 = g 5005 E
3 3 400 F 3
s E 1 = E E
300 = E E
S F 1 S 300F =
200 E 200F- 3
100 E 100 E
0 E i TP NP R (7t A R E 0E P TR TR R S AP T E

3500 4000 4500 5000 5500 0 6000 3500 4000 4500 5000 5500 0 6000
m(Ki0) m(Kiw)

Figure 3: Invariant mass of KJu®u~ with the veto around the BY mass indicated in orange.
Data from RunlI is shown for 2011 (a)+(b) and 2012 (c)+(d) with magnet polarity down and
up, respectively. The number of rejected events is given in each histogram.
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2.4.3 Decay kinematics

To avoid modelling the reconstruction efficiency of tracks that are close to the outer
edge of the detector active region, all signal candidate tracks are required to have an
opening angle from the beam-pipe, 6, smaller than 400.0 mrad. Furthermore, to ensure
a significant spacial separation of the their VELO hits, the track pairs of " u~ and the
three track pairs of the three final state pions must all have a minimum opening angle of
Opair > 1 mrad with respect to each other.

2.4.4 Particle identification

Particle identification (PID) requires the combined information from different sub-detector
systems. Pions are required to have information from the RICH systems (the hasRich
flag has to be true) and muon candidates are required to be tagged as muons by the
muon system (the isMuon flag has to be true). Both muons are cut by a global particle
identification classifier: ProbNN, > 0.25.

For simulated MC events, the PID variables are corrected before applying the selection.
This process will be explained in more details in Section [2.7.2]

2.4.5 Double misidentification

As a last step in the cut-based selection, the possibility of double misidentification of
a muon and a pion, coming from BT — JA) K**  with the PID hypotheses of the u™
from the J/i) and the 7 from the K** being swapped. This would result in an invariant
mass of the u*u~ system outside of the vetoed charmonium ¢?-regions, while keeping the
wp” K*T invariant mass consistent with a B™ decay hypothesis. To reduce the impact
from double misidentification pollution in the sample, the mass hypotheses of the 7
and pu* are swapped and a two dimensional cut in the plane of the two invariant masses
m(p~ [71],,) and m(KQ[ut]y,) is performed:

Hm(,u‘[ﬂ*]mu) — mf,l/ij)“ > 50 MeV/c? and

Hm(Kg[/ﬁ]mﬂ) - mfﬂG)H > 30 MeV/c?.

The signal efficiency of this cut was determined on signal MC events (see Section [2.7]) to
be above 99.9%.

The exited c¢ resonance (1(2S5)) has been tested for a potential pollution into the signal
region, but due to a smaller branching fraction (with respect to the J/i) resonance), no
events have been found and therefore no veto is applied.

2.5 Mass fit

A fit to the K27 p* ™ invariant mass is crucial for many aspects of the analysis, including
the optimisation of the selection (Section [2.§)), the matching of MC and data (Section
and the final fit to extract the physical observables (Section . The fit-model comprises a
component for the BT mass peak as well as a component for the combinatorial background.
The BT mass peak is modelled by a Crystal Ball [15] functions. Crystal Ball (CB) functions
are empirical descriptions of a mass spectrum peaking at ek, using a Gaussian bell

11
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function of width o. In the presented case, both sides of the Gaussian are cut off at ;o
and described by an exponential tail of power n; 5. With these parameters, the Crystal
Ball is defined mathematically by

T—T _ T—x
Al . (Bl — %ak) m fOI' %ﬂk S —Q

. —\r—x 2 r—x
Pop(T; Tpeak, 0,11, g, 1, ) = N - exp(%) for —a; < —2 <y

r—x — r—x
AQ . (B2 _ pen.k) n9 for @2 S o;—)eak

with the normalisation, NV, and the two coefficients A; 5 and B o, defined as

02
Ajp = (=)™ - exp(£—52),

lIn1,2|l

Bis= oy — llewsl

The shape of the of the signal peak is obtained from a fit to the corresponding simulated
event sample (see Section and the parameters n; o and aj 5 are fixed to the obtained
values. The mean position and the width, o, of the Crystal Ball functions are floating in
the fit. In the appendix, Appendix [A.2] all fits to simulated events are shown, from which
the mass shapes are obtained.

The combinatorial background model is a single exponential using only one free parameter.
Always, the exponent of all exponential functions have negative signs.

In total twelve samples are fitted individually, separated by DD tracks and LL tracks as
well as by years. In Figs. |5/ and |§| the results of fits to the reference channel BT — J/i) K**
for RunI and RunII are shown.

We see some remaining discrepancy in the upper mass side-band of 2016-2018 DD tracks
tracks. The larger statistics in these samples highlight the veto cut against B° plus
random 7" (see Section , which cuts away some combinatorial in the mass region
between 5400 and 5600 MeV/c?. This small residual in the pull histograms is however
negligible for the usage of sWeights for MC reweighting.

12
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Figure 5: BT mass distribution of events from 2011 DD (a) and LL (b) track events and 2012
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The BT mass peak is modelled by a two tailed Crystal Ball (one tail to low mass region and one
towards high mass region). The remaining background is described by an exponential function.
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Figure 6: B* mass distribution of events from 2015 DD (a) and LL (b), 2016 DD (c) and LL (d),
2017 DD (e) and LL (f) and 2018 DD (g) and LL (h) track events. These data samples consist
almost entirely of u*u~ decays coming from a J/i) by filtering the invariant mass squared to
8.68 GeV?/c* < ¢% < 10.09 GeV?/c*. The BT mass peak is modelled by a two tailed Crystal Ball
(one tail to low mass region and one towards high mass region). The remaining background is
described by an exponential function.
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2.6 Signal estimation

For the optimisation of the multi-variate analysis, the estimation of signal events in the
sample is essential. To avoid biasing the optimisation on upward fluctuations of the signal,
the yield of the reference channel BT — J/iy K*t is used to determine the number of
events with signal signature.

The expected yield of the signal channel, Y[((Cff)

utp—
the yield of the reference channel Bt — Jji) K** Y};$2*+ via the different branching
fractions and assuming the selection efficiency is the same for the reference and signal

channels:

is therefore determined by scaling

v (ebs) _ Bess(BT— K* putpu) Ly (ebs) (5)
Kt BB = W K) - B — ) IR

with PDG values used for the branching fractions B (BT — J/p K**) and B (J/ — p* ™).
This method assumes the selection efficiency of both reference and rare channel to be
identical. Ref. [5] measured the ratio of the total selection efficiencies for the two channels
to be compatible with 1.0 within a 10% uncertainty. For RunI [l we determined the
selection efficiencies (to the point after the cut-based selection) to be 1.80% (1.98%) in
2011 for the rare (reference) channel. In 2012, the same efficiency is 1.66% (1.81%) for the
rare (reference) channel. These values have been calculated from the MC event samples
and are is agreement with the ratios of Ref. [5].

The yields of the reference channel are obtained with the fits described in Section [2.5] and
are shown in Table[]] The branching fraction of the signal channel, B ¢y(BT — K* it p™)
is calculated from the results of the measurement of the differential branching fraction [16].
Table 6 in this publication contains the resulting values of ((11_11827 which are summed up over
the ¢* region introduced in Section [3.1]

The resulting value is

Besr (BT — K pup™) = 6.096 £082 (stat.) £ 0.171(sys.) x 107", (6)

Non-resonant ppu~ with 8.0 GeV?/c* < /s < 11.0 GeV?/¢* are polluting the ¢? region

of the reference channel and cannot be voted, however, the number of events for this case
is negligible compared to the large number of BT — J/ip K** decays.
Identically to the paragraph before, the BT invariant mass spectrum is modelled using a
two tailed Crystal Ball function for the signal component and a single exponential function
for the combinatorial background. The signal window is defined to be two times the sigma
o of the Crystal Ball functions around the central mean value of the signal component.

2.7 Monte Carlo

For all simulated events, official LHCb simulation [17] data was used. All available
simulated — Monte Carlo (MC) — data is based on simulations using PYTHIA [18] version
8 and events are reconstructed using DAVINCI version v39rlpl (2011 & 2012), v38rlp3
(2015), v41rdp2 (2016), v42r7p3 (2017) and v44r7 (2018).

A set of three different MC samples is produced, namely signal decay MC describing
the signal decay BT — K*Tutpu~, the reference decay BT — J/ip K** and so called
phase-space MC of the signal decay, in which no physical couplings are included but the

2For RunII no reference channel MC was available, as listed in Table
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Table 7: Raw event numbers after the application of the cut-based selections. These numbers
contain signal and background events over the full invariant mass range of the B meson.

Year track type number of events

2011 DD 19841
LL 7775

total 27616

2012 DD 43438
LL 15413

total 58851

2015 DD 6572
LL 2488

total 9060

2016 DD 41804
LL 17415

total 59219

2017 DD 52600
LL 20884

total 73484

2018 DD 56006
LL 21751

total 77757

Table 8: Estimated signal yield after the cut-based selection. The value is determined from the
event yield of the reference channel Bt — J/p K**. The corresponding mass distributions are
shown in Figs. fland [6] This signal event yield is scaled by the different branching ratios. The
background yield is taken from signal channel directly, by counting all events in the mass region
and subtracting the signal yield estimations.

Run track type signal estimation background events
RunlI DD tracks 158 2035

LL tracks 97 451
RunII DD tracks 492 4813

LL tracks 291 1016
RunI+1II DD tracks 650 6848

LL tracks 388 1467

decay has the pure kinematics of phase-space distribution. In addition, the phase-space
MC request has a flat ¢? distribution.

Due to different reconstruction efficiencies for K in the trigger throughout the data taking
in 2012, the MC phase-space request is separated in early 2012 and late 2012 with different
trigger configurations. The differences in the HLT1 trigger lines HIt1 TrackMuon and
Hit1TrackAlILO are shown in Table [0} After testing the sub-samples showed no differences
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Table 9: The different cuts for HLT1 trigger lines Hit! TrackMuon and Hit1TrackAlILO between
the early and late 2012 data-taking period. All further cuts, which are identical in the early
and late period are not mentioned. All other trigger lines from Table [5| do not show differences
between early and late

Data taking periode in 2012 early late
Hit1TrackMuon:

Track momentum > 8000 MeV/c > 3000 MeV/c
Hit1TrackAlILO:

Track trans. momentum > 1700 MeV/c > 1600 MeV/c
Track momentum > 10000 MeV/c > 3000 MeV/c
Track xip <15 <20
ValidateWithTT false true

Table 10: List of all used DECfiles in the production of simulated events.

number class sub-decay =~ name

12115102 signal K**— KJr" BuKstmumu,KSpi=DecProdCut

12115179 phase-space K*t— K7t Bu Kstmumu,KSpi=PHSP,flatq2,DecProdCut,TightCut

12145102 reference  K**— K{nt Bu JpsiKst,mm,pipipi=DecProdCut

in their angular distributions, the mixture of different TCK configurations in 2012 with
the approximately same fraction of events from early/late in data and MC are combined
into a single 2012 sample.

2.7.1 DECHiles

To describe the BT decay in simulation, DECfiles describe all included particles and
define the coupling in the decay. An overview of the used DECfiles used for this analysis
is presented in Table [10] Simulated data with a phase-space like kinematic distribution
is used to correct for angular acceptance effects. This simulation data is filtered by
the stripping line (B2XMuMu) before saving the data to disk and undergoes generator
level cuts at the production step to reduce the use of computation power. Therefore,
the numbers for the phase-space MC in Table[10|are given after the application of the filter.

The incorrect use of DecayDescriptor arrows in the DECfiles for filtered phase-space
resulted in an incorrect asymmetry in the angular distribution of cos @y, [19]. The phase-
space MC sets for the years 2011-2016 had to be redone, while the error was found just
before the 2017 & 2018 production had started. DECfile numbers 12115178 and 12113445
have been declared obsolete in the process.
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Table 11: Statistics of the number of produced simulation events with signal-like events with
sub-decay K** — KJ7+. The DECfile numbers are 12115102 (signal), 12115179 (phase-space)
and 12145102 (reference). The numbers of phase-space MC are given after the filter. See text
for details on these numbers.

Year signal phase-space reference
MagDown MagUp MagDown MagUp MagDown MagUp

2011 1M 1M 75k 75k 1M 1M
2012 1M 1M 50k+125k  50k+125k 1M 1M
2015 500k 500k 40k 40k — —
2016 1M 1M 210k 210k — —
2017 1.15M 1.15M 240k 240k — —
2018 1.15M 1.15M 290k 290k — —

2.7.2 Correction of particle identification variables

Particle identification (PID) variables are poorly described in simulated event generation.
All PHSP MC samples are corrected using the PIDGEN [20] toolkit.

2.7.3 Monte Carlo truth-matching

All simulated events are checked for their reconstructed accordingly to their true infor-
mation, which is saved in the process of generating simulated events. From the tool
BackgroundCategory [21] events with category 10 and 50 are excepted for the signal
channel. This counts for signal MC as well as PHSP MC. While for the reference channel,
categories 0 and 50 are excepted.

Category 0 and 10 mark events, where no background category as defined in Ref. |21]
was found, with the only difference, that in category 10 further resonances may be in the
decay chain. This is by definition the case, as the di-muons are always reconstructed as a
J/ first. Events from category 50 mostly make up the lower mass tail of the B meson
peak, as due to partial reconstructed radiative decays.

Ghosts in category 60 are rejected. The events from category 60 peak slightly at the B
mass, but contain a large fraction of high mass background which would then later be
considered as signal. Also the angular distributions of category 60 only warp the angular
distributions marginally and are therefore rejected.

2.7.4 Monte Carlo re-weighting

Simulation in LHCD is constantly developing and aiming for a perfect agreement with
data. However, some differences and decay specific features result in discrepancies in the
distributions of some variables. MC events are used as training sample in the multi-variate
analysis and to model the angular acceptance and therefore need to match data in the
variables relevant to these procedures. Studies have shown that the agreement between
MC and data is good enough after reweighting in the following two dimensions:

e nLongTracks: Number of long tracks in an event
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e B plus PT: the transverse momentum of the Bt

As shown in Figs. [7] and [§] the correlation between the two variables in data is small
and lies below 7.5% for all sub-samples.

Therefore, a two-step one-dimensional re-weighting is performed, first in the dimension
of track multiplicity and second in the transverse momentum of the B*. The ratio of
sWeighted data events and MC events yield in the (re-)weights for all MC samples. For
all years, the sWeighted data from the ¢? region of the resonant decay is used as the
signal distribution, while the MC sample used for the ratios differs between RunI and
RunII: In Runl, weights are determined by using the reference channel MC distributions
compared to sWeighted data. Whereas in Run II rare-channel MC is considered. The very
similar decay kinematics of the reference channel allow a re-weighting of signal channel
MC event to sWeighted reference channel data. This option is not optimal, since the
reference channel does not accommodate any ¢ dependencies. However, since reference
channel MC samples were available only up to 2012, signal channel MC samples are used
for the re-weighting in Run II.

To account for any possible incorrect weights, the effect of weights on the final fit are
investigated in the final systematic studies in Section |5.1}

Weights for Monte Carlo are determined in bins, with bin widths of 1.5 for track multiplicity
and 500 MeV/c for the transverse momentum of B™.

After the first weighting in the track multiplicity, the resulting weights are used for the
second step of re-weighting. These intermediate weights are shown in Figs. [0] and The
resulting weights for the Monte Carlo sample are shown as a function of the transverse
momentum of the BT in Figs. [11] and [12| and are applied to the sample for the comparison
plots in Section as well as for the training of the multi-variate analysis in Section [2.8|
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Figure 7: Correlation between the track multiplicity and the transverse momentum of the B
for 2011 (a) 4+ (b) and 2012 (c) and (d) with DD tracks events in the left column and LL tracks
events in the right column.
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Figure 8: Correlation between the track multiplicity and the transverse momentum of the B
for 2015 (a) + (b), 2016 (c) and (d), 2017 (e) and (f) and 2018 (g) and (h), with DD tracks events
in the left column and LL tracks events in the right column.
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Figure 12: Resulting weights for simulated events of RunII split in DD tracks and LL tracks
events. Re-weights are obtained by applying a 1D reweight in track multiplicity and a second
step 1D reweight in the transverse momentum of the B*. The data is shown for 2015 (a) and
(b), 2016 (c) and (d), 2017 (e) and (f) and 2018 (g) and (h), with DD tracks events in the left
column and LL tracks events in the right column.
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2.7.5 Comparison between Monte Carlo and data

sWeights are calculated for experimental data and the Monte Carlo data is re-weighted
in two steps in the the number of long tracks track and transverse momentum of the
Bt the distribution of all variables feeding the multi-variate analysis (and the track
multiplicity distribution) are displayed in their normalised overlap and as a ratio between
data and simulation. The sample is again split up into DD tracks and LL tracks events
and into the individual years. For all years and split into DD tracks and LL tracks, the
comparison plots of data events and simulated MC events can be found in the appendix,
in Appendix . All Variablesﬂ show a satisfying agreement, with the exception of
X3 (B™), which shows some non-perfect agreement especially for the latest years (2017 +
2018). The effect was tested to be independent of ¢ and re-weighting in this variable
has no effect on the angular distributions. It is therefore decided to keep this variable
with strong separation power for the multi-variate analysis despite the small deviations
between simulation and data.

The input variables of the multi-variate analysis will be summarized in Tables|12|and
and non-familiar variables will be explained in the accompanying text in Section [2.8|

2.7.6 LOMuon efficiency differences between Monte Carlo and data

Trigger efficiencies are not guaranteed to match well in data and MC events. For this
matter, the L0 trigger efficiency is determined for data and PHSP MC events in all six
years to investigate potential effects of this difference on the angular acceptance. Following
the study of the B® angular analysis (see Section 9.10 in Ref [7]), the usual TISTOS method
is used to determine the LOMuon efficiencies for both samples. For this method, the
sample is required TIS of LOGlobal as well as a cut on track multiplicity: nSPDhits smaller
600 (450) for RunI (Runll) to obtain unbiased samples for the efficiency measurement.
The the TOS requirement on LOMuonDecision is applied to obtain the efficiency.

In Fig. [L3| the LOMuon efficiency is determined in the explained way and as a function
of the maximum transverse momenta of the two muons. The ratio of both efficiencies is
used to reweight PHSP MC events and the effect on final angular observables is discussed
in a systematic study in Section [5.10]

3The full set of variables used in Section for the training and testing of the multi-variate analysis
are compared.
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Figure 13: LOMuon efficiency in data (black) and PHSP MC (red). The six plots are showing
the full data set of each year: 2011 (a) to 2018 (f). The usual TISTOS method is used and the
ratio of both efficiencies is determined (blue). The ratios are used for the systematic study of
this effect. The mis-match between data and MC is most prominent in the region of low muon
momenta and in years up to 2016.
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2.7.7 VELO error determination difference in 2017418

The problem with the discrepancy in the determination of the VELO error between
simulated and recorded event samples during the years 2017 and 2018 [22] is investigated.
Some IPy? variables are used in the multi-variate analysis, but no direct cut is applied to
these variables. A test by taking the normalized ratios of the angular distributions with
direct strong cuts in the logarithmic IPx? variable for K** (smaller 4, 6 or 8) and B
(smaller -1, 0, 1 or 2) have shown no significant hints of any distribution being warped.
From these tests we conclude that this issue does not impact this angular analysis.

2.8 Multi-Variate Analysis

A multi-variate analysis (MVA) is performed to remove remaining combinatorial back-
ground. For this method, the build-in-ROOT tool-kit TMVA [23] is used to optimize
the separation power between background and signal. Multi-dimensional decision trees
are formed from the given set of input variables. These trees are trained on two defined
samples containing only background and signal, respectively. Details about the samples
are given in the next paragraph. By iterating these decision trees and applying weights to
each branch of the trees for each iteration, the significance in separation is tremendously
increased throughout the iteration process. This iterative weighting is called boost, there-
fore the used methods are also referred to as boosted decision tree (BDT). As a second
method, the slightly different approach of boosted decision tree - gradient boost (BDTG)
is used. The later method is thought to be less sensitive to statistical fluctuations in
the training process. After the training process, the resulting classifier are tested on a
test sample; usually the total available sample is split into two halves, one for training
and one for testing. This testing ensures the prevention of over-training, in which the
boosted decision tree large would show discrepancies in the training sample that are
not representative for the total sample. The boosting might run into small statistical
fluctuations of the training sample, which are critically enhanced due to the iterative
weighting. Results for all sub-samples for training and testing of the method are presented
in the corresponding paragraph in the following.

2.8.1 Input variables

Runl and RunII are trained individually but use the exact same set of input variables
for the MVA, while DD tracks and LL tracks use different sets of variables. Between DD
tracks and LL tracks events, different variables are suitable for the input into the MVA
due to their agreement between experimental data and simulation data as discussed in
Section Also the discrimination power of variables varies between DD tracks and
LL tracks, and influences the impact of variables on the total separation ability. As a
baseline, the input variables from the previous selection in Ref. [5] are used. Suitable
variables are added to maximise the separation. Those final selections of variables for the
DD tracks and LL tracks MVA training are listed in order of their separation power inside
the MVA in Tables [12] and [13]

Almost all variables are standard LHCb variables and therefore assumed to be well

known by the reader. The one exception is pr ConeAsym(B™). The transverse momentum
asymmetry in a cone around the flight direction of the B meson is defined following Ref. [24]
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Table 12: List of all input variables for the MVA training in RunI. The list is ordered from
most to least significant separation power as determined by the BDTG method for Runl. The
variable importance is given in percent.

RunI DD tracks (%] Runl LL tracks (%]
In(p™ IPx?) 9.64 Vertexx? (B") 14.86
In(7 IPx?) 9.51 FlightDistance(K?) 12.48
In(1-B* DIRA)  9.40 In(B* IPy?) 12.33
In(p~ IPx?) 8.88 In(u~ IPx?) 12.06
n(mt) 8.85 In(u™ IPx?) 10.80
pr ConeAsym(B*) 852 pr (BY) 10.58
FlightDistance(K?) 8.48 pr ConeAsym(BT)  9.84
In(BT IPx?) 8.36 FlightDistance(BT)  8.69
pr (K9) 8.32 pr (KY) 8.36
pr (BY) 8.02

IP(B*) 6.13

(K IPy?) 5.89

Table 13: List of all input variables for the MVA training in RunIl. The list is ordered from
most to least significant separation power as determined by the BDTG method for RunII. The
variable importance is given in percent.

Run IT DD tracks (%] RunlI LL tracks (%]
In(BT IPx?) 10.52  Vertexy? (B™) 14.07
In(pu™ IPy?) 10.20 In(u™ IPx?) 12.29
In(1-B* DIRA) 0.96 In(B* IPy?) 11.89
In(p~ IPx?) 9.19 In(u~ IPx?) 11.52
pr (BY) 8.58 FlightDistance(K?) 11.51
FlightDistance(K?)  8.53 FlightDistance(B™) 10.94
pr (K9) 8.42 pr (BY) 10.80
n(m™) 8.28 pr ConeAsym(B*)  9.28
In(7+ IPx?) 8.22 pr (K?) 7.69
pr ConeAsym(B*)  8.09

In(K*T TPx?) 5.34

IP(BY) 4.66

as

prConeAsym(B*) = 2 PTi Zj P (7)
>ipri + 2, pr;
with ¢ and j running over the final state particles of the B meson and all particle tracks
in the cone, respectively. The opening angle of the cone used in this analysis is 1.0rad in
the n-¢-plane.
Correlations between the input variables are tested by the TMVA framework and the
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w0 results show satisfyingly independent variables for all four subsets as shown in Figs.
s and [15/for RunI and RunlI, respectively. For variables with a correlation close to 100%,
12 the one with weaker separation power was dismissed from the MVA to keep the training
a3 as simple as possible while preserving the maximal separation power. LL tracks event
s samples show almost no correlation throughout all nine input variables for the MVA
i35 training, as seen by the green correlation matrix in Fig. This counts for both, signal
a6 and background sample. The DD tracks event samples some variables show significant
s correlations of above 50%. Due to the fact, that the correlations are different in signal
and background samples, the correlations are of no concern.
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Figure 14: Correlation of input variables for the training and testing of the MVA for DD
tracks events. Signal and background candidates for RunI (a) and (b) and RunII (c) and (d),
respectively.
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Figure 15: Correlation of input variables for the training and testing of the MVA for LL
tracks events. Signal and background candidates for RunI (a) and (b) and RunII (c) and (d),
respectively.

No single input variables shows a clear separation between the signal and background
sample. If this would be the case, a simple cut selection in this variable should be
performed to reduce the selection complexity. Furthermore, a single clear separating
variable would dominate the multi-variate analysis and reduce the effect of the combination
of multiple variables into this framework.

This is the case for all samples and all variables, as shown in distributions in Figs.

to [I9]
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Figure 16: Distributions of all input variables used for the training and testing of the MVA in
RunT data for DD tracks events. Signal decays from simulated events are drawn in blue by data
events from the upper-mass-sideband in red.
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Figure 17: Distributions of all input variables used for the training and testing of the MVA in
RunT data for LL tracks events. Signal decays from simulated events are drawn in blue by data
events from the upper-mass-sideband in red.
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RunlI data for DD tracks events. Signal decays from simulated events are drawn in blue by data
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Table 14: After cutting in the B meson mass and ¢2, the following number of events are available
for the MVA training and testing. The numbers are split equally in half for testing and training.

RunIDD tracks RunlILL tracks Runll DD tracks Runll LL tracks
Signal 32680 16306 61296 33670
Background 9015 1892 21456 5105

2.8.2 MVA training and testing

As a signal sample, data from simulation with the according weights from Section is
used to train the MVA. The invariant mass is required to be within 100 MeV/c? around
the known B meson mass.

The background sample is taken from combinatorial background events in the upper-mass
sideband of the BY with invariant masses greater than 5400 MeV/c?. The lower mass limit
for the background sample is chosen as such, that the training sample of the MVA is as
large as possible while at the same point being high enough to guarantee not to include
signal events as a background proxy. Both, signal and background proxy, are cut in ¢*:
The resonant regions of the J/) (8.68-10.09 GeV?/c?) and the ¥(25) (12.9-14.4 GeV?/c?)
are excluded.

In Table [14] the statistics of background and signal input samples are given. Each sample
is split half-half into training and testing samples.

The boosted decistion tree (BDT) method uses 300 trees with a maximal depth of
3 layers. The BDT with gradiant boost (BDTG) method uses 450 trees and a maximal
depth of 2 layers.

The ROC curve is shown in Figs. and for DD tracks and LL tracks events,

respectively. The two shown curve differ slightly with the red line of the BDTG method
being at least as good as the basic BDT method (black line).
Due to this and the stronger agreement of training and testing sample, the BDTG method
was chosen for the analysis. The overlays of training and testing distributions for the
BDTG method for all four background and four signal for Run1 and Run IT with DD tracks
and LL tracks in Figs. [22] and 23] show no signs of over-training.

36



ROCs ROCs

-

F‘.’ F — % E \\
Z0.95F ™ Z0.95F RS
2 C S r \
& 09F & 0.9F
o C [ C
20.85F 20.85F
$.0 @ \| B ) \
0.8F \ 0.8f \
0.75F \ 0.75F \
0.7F 0.7F \
0.65F BDT 0.65F BDT \
0.6F 0.6F ‘
£ n £ n
055k BDTG o5k BDTG
0 :ll\l I L1l L1l L1l L1l 111l L1l L1l L1l 0 :1111 111 L1l L1l Ll 111l 111l L1l L1l 111l
85 055 0.6 065 0.7 075 08 085 0.9 095 1 85 055 0.6 065 0.7 075 08 085 0.9 095 1
Signal eff Signal eff

Figure 20: Background rejection efficiency over the resulting signal yield curve for the trained
BDT and BDTG for DD tracks events of Runl and RunlIl in (a) and (b), respectively.
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Figure 21: Background rejection efficiency over the resulting signal yield curve for the trained
BDT and BDTG for LL tracks events of Runl and RunlIl in (a) and (b), respectively.
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Figure 22: Output of DD tracks events BDTG response for training and testing sample overlayed
in logarithmic scale (a) and (b) from RunI and RunII, respectively. The agreement of training
(markers) and test (filled area) for both signal (blue) and background (red) shows no signs of
over-training.
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Figure 23: Output of LL tracks events BDTG response for training and testing sample overlayed
in logarithmic scale (a) and (b) from RunI and RunII, respectively. The agreement of training
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over-training.
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2.8.3 MVA cut value optimisation

The estimated event statistics from the reference channel presented in Table 8| Using
those event numbers and the signal and background efficiencies of the MVA, a figure of
merit S/v/S + B can be determined for a given BDTG response cut. By scanning over
the BDTG response cut, this figure of merit can be optimized and the maximal statistical
power of the sample is given at the point with maximum figure of merit.

From the MVA efficiencies in Fig. [24] the optimum cut values are chosen to be 0.8 (0.65)
for DD tracks and 0.5 (0.4) for LL tracks in RunI (RunlI).

Cut efficiencies and optimal cut value Cut efficiencies and optimal cut value
Z [—— signal efficiency —— Purity 128 2 [ —— signal efficiency —— Purity 08
;1, Background efficiency | —— Significance g f; —— Background efficiency | —— Significance §
o — s NG — 5
£l T \><i TR | S __I°
I} e ~< ) s // _r>‘\
| 6
0.6 y/ e 0.6 {\ / . j
L -~ i 4
0.4 / T n 0.4 Ve 3
r %aiyEvaand 2035 bkgEvts (a) 1 [/ Par o7 sigEts and 451 bigEvts (b) 1
02 /the mum significance is 12,28 12 0.2)~"the maximum significance is 10,17 E
when cutting 5 ] I when cutting o ]
P SR A AN APSATEN AU AP AVOrrs e ~ g ol b by b bl T T o
-08 -06 -04 -02 O 02 04 06 08 -08 -06 -04 -02 0 02 04 06 08
Cut value applied on BDTG output Cut value applied on BDTG output
Cut efficiencies and optimal cut value Cut efficiencies and optimal cut value
:E;‘ —— Signal efficiency —— Purity 20 8 :E; —— Signal efficiency —— Purity 88
é Background efficiency | —— Significance g é Background efficiency | —— Significance 16 §
g A — 45 2 e ] 5
s I — - R —7 \J14 @
2 o — 16 g P .
" 0.8 \'\/ . 0.8 / . eeatllf \
- //\ 14 8 /_-/ \ 12
v E P ]
] 10
0.6t - \: " 0.6 ¥
y // i‘s
8 i
0.4 T 0.4 Ag
B 6 ]
i sigEvts and 4813 bkgEvts (C) ;4 or 291isigEvts and 1016 bkgEvts (d) o
0‘22/ the maximum significance is 21,18 h 02? tHeymaximumisignificance is 18:32 ]
when cutting at 068~ B - when cumi 0.30 ES
N PP PR AN SR APAVRTRN SPRPRPN EPAAS irurnem 1, P AP PR AN SRS PR BN oo o 1
-08 -06 -04 -02 0 02 04 06 08 -08 -06 -04 -02 0 . 0.4 6 0.8
Cut value applied on BDTG output Cut value applied on BDTG output

Figure 24: Scan through all possible cut values of the BDTG response variable in order to
optimise the figure of merit with the trained BDTG and input of the signal yield estimation
taken from Table [8 for RunI DD tracks (a) and LL tracks (b) as well as RunII DD tracks (c) and
LL tracks (d).

2.8.4 MVA efficiency ¢> dependence

The optimization of the cut value of the multi-variate analysis uses the yield and efficiency
from the reference channel. To justify this scaling of event yields, as explained in Eq.
and using the relative branching fraction (Eq. (), the efficiency of the MVA should not
vary significantly as a function of ¢? and should be in agreement with the signal efficiency
determined by the TMVA toolkit as presented in Fig. [24 This test is performed using the
signal channel MC and the BDTG cut as stated in the previous section. The efficiency is
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s given as a function of ¢? in Fig. . The distributions are fairly flat and the values are in
w5 agreement with values in Fig.
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Figure 25: The BDTG cut efficiency for the given cut values (see Section in ten bins of
q? for RunI DD tracks (a) and LL tracks (b) as well as RunII DD tracks (c) and LL tracks (d).
The distribution are fairly flat and hence justify the usage of signal yield estimations from the
reference channel as given in Eq. .
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2.9 Signal yield after selection

The signal event yield is part of the blinding strategy, as explained in more details in
Section [1.2] Therefore, the signal yield after the application of the MVA is not given at
this point, but is given in the last paragraph of Section [7.1]

However, to show the significant improvements of the data-set in terms of purity from the
stripping selection to the final selection with the BDTG, a normalised two dimensional
presentation of the data samples is given at different steps of the selection process. In
Figs. and [27] all events of RunI and RunlII, respectively, are shown in the two
dimensional plane of the invariant mass of the B* and the ¢* value. The region marked
in red represents the signal region in which events are considered for the angular analysis.
After stripping (first row) and cut-based selection (second row) no clear accumulation of
events above background level is visible. Only after the application of the BDTG training
and cut in the output variable, a significant clustering of events in the region of interest
(indicated by the red striped boxes) is clearly visible by eye for both RunI and RunII.
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Figure 26: Invariant mass of the two muon system and the invariant mass of the B-meson at
three different stages of the selection process. The combined data of Runl is displayed after
the stripping (a) and (b), after the cut based selection (c) and (d) and after the cut in the
multi-variate analysis output variable (e) and (f). The two columns separate the data sample
into DD tracks (left) and LL tracks (right) track events. The color scheme is normalized to the
total number of events in each histogram. In all plots the B-meson and charmonium resonances
are visible as vertical and horizontal band structures, respectively. At the end of the selection
process, the structure in the signal region (indicated by overlaying boxes) is becoming visible.
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Figure 27: Invariant mass of the two muon system and the invariant mass of the B-meson at
three different stages of the selection process. The RunIl data is displayed after the stripping (a)
and (b), after the cut based selection (c) and (d) and after the cut in the multi-variate analysis
output variable (e) and (f). The two columns separate the data sample into DD tracks (left) and
LL tracks (right) track events. The color scheme is normalized to the total number of events in
each histogram. In all plots the B-meson and charmonium resonances are visible as vertical and
horizontal band structures, respectively. At the end of the selection process, the structure in the
signal region (indicated by overlaying boxes) is becoming visible.
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3 Decay kinematics

The decay kinematics of the decay BT — K*Tu*u~ can be parametrized using the three
angles (cosfy, cosf and ¢) together with the invariant mass of the di-muon system, ¢>.
The data-set will be split up into eight bins in ¢* (see Section for the binning scheme),
in which the individual values of the angular observables will be extracted by the fit.

The three angles, cosf, cosfx and ¢, will be defined from the daughter particle’s
momenta in Section [3.2] followed by the differential angular decay rate in this angular
basis in Section B.3l

The angular acceptance and the required corrections on this effect are discussed in
Section [3.4] Furthermore the angular folding, a technique to reduce the number of free
parameters in the fit and stabilize the fit for low statistic samples, is introduced in

Section B.51

3.1 ¢*-Binning

The invariant mass squared of the uu~ system (¢?) is segmented into eight signal regions
plus three vetoed region of u* ™ resonances. From the decay kinematics, the phase-space
is limited to low ¢? by the mass of the two muons. The limit towards large ¢* is given by
the squared of the mass differences of the B meson and K**:

P = (Mpe — meer ) & 19.25 GeV?/? (8)

Due to the expected number of signal candidates, the bins are kept as large as possible
and to keep final fit results comparable, we follow the notation of the RunI analysis of the
angular analysis of the B°. The binning scheme is taken from Table 9 in Ref. [25]. The ¢
binning is therefore equal to previous angular analysis of B®. All ¢? bins are introduced
in Table 15
The resonant decays Bt — K**¢, Bt — K**J/i) and Bt — K**)(25) with the ¢, Ji)
and ¥ (2S5) decaying further into u* = create the identical final state and due to the short
life-time of ¢, J/ib and ¢(25), their decay vertex is not displaced from the decay vertex
of the BT leaving the decays indistinguishable from the signal decay by any selection
criteria. Therefore, the corresponding ¢? regions are vetoed for the analysis. In Table
these ¢® regions are marked including their corresponding resonant particle.

In addition to the fine binning scheme with eight ¢? bins, two larger ¢ regions have
been used in analyses with comparable statistics:

o [1.1,6.0] GeV?/c!
e [15.0,19.0] GeV?/c!

3.1.1 Pollution of resonant events into non-resonant regions

The branching ratios of the resonant decays Bt — J/iy K** or BT — ¢(2S)K** are
significantly higher then the non-resonant decay of the signal channel. Long tails of
the mass peak are reaching (down) into non-resonant regions and can have a sizable
contribution of a few percent compared to number of events from the rare mode. However,
this pollution is considered and taken into the central value of the theoretical predictions,
as stated explicitly in Ref. [206].
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Table 15: Designated binning scheme in ¢? for the angular analysis including the veto regions of
wp~ decay resonances.

bin ¢ (GeV¥/c')  veto

1 [0.1, 0.98]
098, 1.1] ¢

2 1.1, 2.5]

3 2.5, 4.0]

4 [4.0, 6.0]

5 [6.0, 8.0]
8.0, 11.0]  J/ip

6  [11.0, 12.5]

[12.5, 15.0] 4(29)
7 [15.0, 17.0]
8 [17.0,19.0]

3.2 Angular description

A total of three angles, cosfy, cosfx and ¢, describe the kinematics of a pseudo-scalar
B* decaying into vector boson K** plus two leptons gt p~. The K** further decays into
two pseudo-scalar mesons K and 7%, with their (squared) invariant mass my, (p*). In
the same way, the two leptons pt i~ have the squared invariant mass, ¢2.

The angle 6;, is defined as the angle between the direction of the p* in the dimuon rest
frame and the direction of the dimuon system in the B* rest frame. In the same manner,
O is defined as the angle between the K9 in the K** rest frame and the direction of the
K** system in the BT rest frame. Finally, ¢ describes the angle between the two decay
planes given by the dimuon system on one side and by the K27 " system on the other
side, all in the rest frame of the BT.

The mathematical description of the angles, used for this analysis and the LHCb analysis
on BY— K*u* = [25] and former publications [27,28] is given by

costy = () (B0 ) = (B - () (9)
i ) GE) -G ()
om )G 6D 2]
sin ¢ = [(ﬁfﬁi)) X (pﬁffd] X [(p;g )> X (pfr;)ﬂ (pmﬁ> (12)

with ﬁg), the normalised vector of a particle or multi-particle system, X, in the rest frame
of system Y. The angles are illustrated in a decay sketch shown in Fig. 28]

3.3 Angular differential decay rate

In the angular basis, which was introduced in the previous chapter, the differential angular
decay rate of the decay BT — K**u*u~ with CP-averaged angular observables, S;,
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Figure 28: Sketch of the angular description of the decay BT — K**u™pu~. The three angles
Ox, 01, and ¢ describe the full decay kinematics. The sketch is not complete and for illustration

purpose only, as angles are defined in rest-frames of different particles. A complete picture of
the angles can be found in Sections to or in Reference [25]

consists of two parts: a P-wave contribution, where the K 7 system originates from the
K** (892) resonance, and the S-wave contribution, with K 7 originating from different K
7 resonances, such as the K** (1400). The S-wave component is non-distinguishable in
the mass dimension of the BT meson. It however as a different angular decay rate with
respect to the P-wave and therefore different angular distributions in cos 8y, cosfx and
¢. In the invariant mass dimension of the K m, the S-wave component has a rather flat
distribution in the region of interest around the K** (892) resonance. Since the S-wave
component cannot be separated by the event selection, it has to be taken into account in
the fit model used for the extraction of (P-wave) angular observables.

3.3.1 ... of the P-wave contribution

The signal component of the angular decay rate is derived in details in the analysis note
of B— K*%up~ for RunT [25] and is given by

1 d(I'+r 9 .
(T+1) dcos@i dcos@)K do|p Y [513 sin O + Sre cos” b
+S5, sin? Oy cos 20, + Sy cos® Oy cos 20,
+55 sin? O sin? 0y, cos 2¢ + S, sin 20 sin 20}, cos ¢
+S55 sin 20k sin 07, cos ¢ + Sgesin? O cos Oy,
457 sin 20 sin 07, sin ¢ + Sg sin 20k sin 26, sin ¢

+Sg sin? O sin® 0, sin 2(;5] )
(13)
In this equation, the ¢?> dependence is already integrated out, as the observables are
determined for each of the eight ¢* bins (see Section independently. Further, the
T system neglects contributions from scalar configurations and the formula operates
in the limits of ¢? > 4m(u)?.
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Eq. can be simplified to

1 Ar+1) 9
(T +T) dcosfly, deosf dep 32

Zsifi(COSHL,COSQK,¢), (14)

with the angular moments f;(cosfp,cosf,®). The angular terms fs, fy, ..., fy are all
orthogonal to each other, theoretically making the angular observables S5 — Sg uncorrelated.
S1s, S1e, S2s and Sy are not independent and follow the normalisation conditions and
correlations:

3 1
1 (2515 + Sie) — 1 (2525 + Sa2¢) =1
SQC - — Slc (15)
1
525 :gsls

With these normalisation conditions on the four non-orthogonal observables, the
introduction of the longitudinal polarisation fraction, Fj = Si., and the forward-backward
asymmetry, Apg = %Sﬁs, the angular decay rate for the P-wave component reduces to

1 d(T +7T) 9 T, Ly )
_ = 2(1 - F 0 F 0
(I' + I') dcosf, dcosfi do |, 327 [4( L) sin” O L cosT Ok
—|—i(1 — Fp)sin® O cos 20, — Fy cos® O cos 20,
+55 sin? O sin? 0, cos 2¢ + Sy sin 20k sin 26, cos ¢
+S5 sin 20, sin 0, cos ¢ + %AFB sin? 0 cos by,
+57 sin 20 sin 6, sin ¢ + Sg sin 20k sin 20, sin ¢
+5Sg sin? O sin? 0y, sin 2¢] )
(16)
3.3.2 ... of the S-wave contribution

Lower angular momentum of the K 7 resonance other than the K** (892) are present in
the angular distributions of the decay.

Therefore, the angular differential decay rate of the P-wave has to be extended by the
angular momenta of the S-wave. The details about the determination of these angular
terms is again discussed in more detail in [25]. Here, only the resulting formula is given:

1 d(C+7) 3 o
_ =—F 0 17
(I' +T') dcostly, dcostx do | 167 sSSP (17)
As both S- and P-wave are complex amplitudes, the addition of both results interference

terms of S- and P-wave decay rate, which are parametrized:

1 dT+7T)
(T + I') dcosfy, dcosfx d¢

= [551 sin? 0, cos O
PS 167

+Sgo8in 20y, sin g cos ¢+ Sg3sin by, sin O cos ¢

+Sg48in 07, sin O sin ¢ + S5 sin 2607, sin O sin ¢
(18)
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3.3.3 The resulting P- and S-wave differential angular decay rate

Both components (P-wave and S-wave plus their interference terms) are summed up to
the total differential decay rate. By definition, the P-wave part is scaled by (1 — Fg). The
resulting formula is given in Eq. ((19)

1 d(C+7)
(I +T) dcostp decostx do | p ps
9
(1—FS)37|:%(1—FL)81H26K +FLCOS2(9K

T
—|—i(1 — Fp)sin® O cos 20, — Fy cos? 0k cos 20,
+55 sin? O sin? 0, cos 2¢ + Sy sin 20k sin 26, cos ¢
+S55 sin 20 sin 07, cos ¢ + %AFB sin? Ok cos by, (19)
457 sin 20 sin 0y, sin ¢ + Sgsin 20 sin 26, sin ¢

+5Sg sin? @ sin? 0, sin 2¢

3
+— [FS sin 6, + S¢p sin? 0, cos O
167
+Sg9 sin 20, sin Ok cos ¢ + Sg3sin 6, sin Ok cos ¢
+Sg48in 07, sin O sin ¢ + Sg5 sin 2607, sin Ok singb].
3.3.4 ... of the angular background component

The background component in the three decay angles is parametrized using Chebyshev
polynomials T; of up to second order in cosf; and cosfk. In ¢ no significant shapes
in the background distributions were seen in the upper- and lower-mass sidebands of
the BT peak, as shown in Fig. [29| for the combined RunI and RunII background in the
reference channel. We therefore only use a constant distribution in ¢. The background
events originate from randomly combined tracks which allows the assumption that the
angular background probability factorizes in the three decay angles. This assumption was
tested on weighted background events, which show little to no correlation between all
three angular distributions for all ¢ bins. The tables of all correlations are given in the
appendix, Appendix [A.TT]

Also, the background component modelling will be treated as nuisance parameters in the
final fit, as they will not be published.

Hence, the differential decay rate of background events is given by:

d(C+7T) 2 24) ,
_ cosOr cos O
dcosfy, dcostk do | g (; ;" Ti(cos 91;)) X j;o ;" Ty(cosbp) | x <co To(gb))

(20)
with the Chebyshev polynomials, Ty = 1, T} = z, Ty = 22% — 1, T3 = 423 — 3z and
Ty = 8z* — 822 + 1. The maximum order in cosff in the rare channel was found to be
sufficiently described using up to second order polynomials, while the larger statistics of

the reference channel require up to order 4. All fits to background distributions in eight ¢?
bin of the signal channel can be found in the appendix, Appendix [A.I0] The coefficients
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c? of the individual polynomials are left floating in the fit. In the fit, this distribution has
to be normalized to become a probability density function. This normalization is done by
the three dimensional integral over the three decay angles

N 41 41 4w F+f‘)
0 0 d¢ dcosly dcost; (21
BrG(cosfp, cosOk, ¢ / / / deos, deoslr 49 | ¢ dcosf dcosf,  (21)

= 1805

s E S 1s0E )
600 %% 1.688017 LHCb data % 3 162; %% 0.592798 2 160 2 0 98260
5. F 8.68 < q* < 10.09 g 2 1105 %
2o gL L h
120 3]
1005 100
802 80
605 ol 60
40 401~
20 205
\b E 5:: ¥ it i it i 1 i’ s I Q 57\ it i’ it i I ik
= “m %< OF Y e e e S
= Bl I 1 I | 1 I I 1 X SE I L I | 1 I I 1 X 5B L I | L L |
-1 08 -0.6 -04-02 0 02 04 06 08 1 -1 0.8 -06-04-02 0 02 04 06 08 1 -3 -2 -1 0 1 2 3
cos(@y) cos(®) 0 [rad]
3 F S z
S 700E x2: 0.754526 LHCb data 23006 x> 0.58482‘14 < 2500 %% 0.593804 %
£ 600 8.68 < q* < 10.09 g R
2 F 2 250E + + 5200 +T%%T 1ot 1L
S00E- + & e 0 Gl Y
E 200 % ’_}‘ ’{_‘ ’_}‘
400 150(
E 150 E
300? 1002
200 100| E
100E- 50 502
E i it i it i 1 ik i’ I [t i i’ it i I ¥
o 5 L R S
P . O e |
2 oShal i R I I I ] S B Y I E e e K] I e S R I |
-1 4) 8 06 4]4 4] 370 02 04 06 08 -1 -08-06 -04 -02 0 02 04 0.6 08 -3 -2 -1 0 1 2 3
cos(®) cos(®,) ¢ [rad]

Figure 29: Angular distributions of background candidates from the reference channel. Com-
bination of the full data-set. Top and bottom row show low and high mass side-band events,
respectively. This means events more than 50 MeV/c? below (above) the B* mass for low (high)
mass side-band. The background is described by polynomials of up to order 0 (¢), 2 (cosfr)
and 4 (cosfk).

3.3.5 ... of the mg, background component

In addition to the angular background, the background in the mg, dimension is inves-
tigated and parametrized by a linear polynomial. The linear description is shown in

Fig. [30]

3.36 PV angular basis

The S, observables from Section can also be expressed in the so called P basis.
From the theoretical point of view, thls basis is advantageous, as form factor contributions
cancel out on first order. Hence, the theoretical prediction for angular observables, ng/),
has a smaller uncertainty. [29]

Therefore, the following angular observables are used in addition to the nominal angular
observables, S,. For the angular observables in the P, ") basis separated fits are performed
and the observables are directly determined by the fitter. The parameters are defined
following the previous LHCb convention [25]:

49



628

629

630

631

632

633

634

635

636

637

638

639

640

SOOONNNNNNNNRT

\\

s

N\
NN\

Events / 0.008 GeV?/c*
NN

NN
Al

\

NN

\\\\ - :

NN
NN\

AR
W\

NN\

NN
ANN\\

50F // ? %

S D D A DR S
0.8 0.82 0.84 0.86 0.88 0.9 0.92 0.94 0.96 0.98
m(Kgm) [GeV/c?]

(x-x )/

Figure 30: Background distributions of the upper mass side-band of the reference channel.
Combination of the full data-set. The background is well described by a linear polynomial.
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3.4 Angular acceptance

The angular decay rate of BT — K**p*pu~ introduced in Section can only be correctly
measured, if the non-flat angular acceptance in the distributions of all angles (cosfy,,
cos 0k and ¢, see Section and ¢? of signal events is corrected for. The non-flat angular
acceptance in the 4D space of the angles and ¢? is the accumulated result of the forward
geometry of the LHCDb detector, the trigger, stripping line cuts and the event selection
shown in Section . A potential non-flat acceptance in m(K ) has been investigated
and was not observed and hence this dimension is not further included in any studies
concerning acceptance effects. Plots of the flat acceptance in the m(K 7) dimension are
show in the appendix, Appendix [A.5]

For the previously mentioned four dimensions the angular acceptance has to be equalized
before extracting the angular observables from our data sample. In the following,
the determination of the angular acceptance from phase-space MC events and the
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implementation of the acceptance correction into the fitter framework is explained in detail.

3.4.1 Phase-space MC events

For the angular acceptance correction, we again follow the method of Ref. [25] and use the
same tools that have been developed for that analysis. A dedicated set of simulated MC
events is generated for all six years with a pure phase-space (PHSP) coupling between the
decay daughters and their mothers. This — by construction — generates flat distribution
at generator level of the simulated events in all of the three angular distributions, cos 6y,
cosfx and ¢. Furthermore, to produce similar statistics of simulated events in all ¢?
bins, the option FLATQ2 is used for the generation. Since the option does not generate a
fully flat distribution, the ¢? distribution of the PHSP MC events is corrected prior to
the parametrization, explained in the next paragraph (Section . Also, the PHSP
MC events are corrected for discrepancies between signal data and PHSP MC using the
same weights as for signal channel MC, as introduced in Section [2.7.4 These MC-data
weights are essential for the use of MC events for the correction of acceptance effects in
data. Discrepancy between MC and data events would bias the results of the angular
observables, which has been confirmed by tests on toy events.

By knowing that the initial distribution of the simulated PHSP MC sample is flat, we can
determine the angular acceptance in the four dimensions of cos @y, cosf, ¢ and ¢>. The
acceptance observed in the PHSP MC is parametrized and applied to the actual fit data
by means of weights, as explained in the following sections.

3.4.2 Parametrization of the angular acceptance

The key to a working acceptance correction using simulated PHSP MC events is flatness of
all four generated distributions, cos )y, cosfx, ¢ and ¢°. Since the generated distribution
in ¢? is not entirely flat, especially towards the boundaries at low and high ¢?, the PHSP
MC events are itself weighted to account for this non-flatness at generation. Due to the
finite width of the K** the weights are rising towards large ¢, as the effect of non-zero
width of the K** is not correct for in the FLATQ2 option. The one dimensional weights are
obtained from one million locally generated PHSP events with no selection or acceptance
cuts. The resulting weight distribution is shown in Fig. [31]

By weighting in ¢?, all four dimensions are flat at generation. Legendere polynomials,
P, 1m0, in 4D are chosen to parametrize the angular acceptance. Here, we do not assume
factorization of the four dimensions by using the full parametrization in 4D space:

e(cosfy,cos O, ¢, q°) = Z Cimmno X Pi(q?) X Pp(cosfr) x P,(cosfk) x P,(¢). (23)

l,m,n,o

The maximum order of Legendre polynomials included in this parametrization was
chosen such, that the complexity of the acceptance is described sufficiently while pre-
venting over-parametrization of statistical fluctuations in the PHSP MC sample. The
parametrization is forced to be symmetric in ¢, which is motivated by the definition of ¢
being the angle between the decay planes. Reversal of the magnetic field during the data
acquisition and the fact that we integrate over the charge conjugated process removes
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Figure 31: The distribution of PHSP MC weights. The weights correct the non-flat distribution

of the simulated events at generation in the ¢? dimension. The rising structure towards high ¢?
is a result of the non-zero width of K**, which is not corrected for in the FLATQ2 option.
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any sources of potential asymmetry in acceptance of ¢. The symmetry is confirmed
by the goodness of the parametrization and the fit results of the reference channel (see
Section [4.4.7). For a potential symmetry in cosfy, given the two symmetric particles
w and p~, we will have a systematic check in Section . After the coefficients ¢,
are determined from the PHSP MC using a moments analysis, the Legendre polynomial
parametrization is converted into multidimensional polynomials of the form

e(cosfy, cos Ok, ¢, q°) = Z Chijk X (q2)h x (cosfp)" x (cos k)’ x (¢)". (24)

h7i7j7k

The maximum orders necessary to describe the angular acceptance sufficiently was found
to be 4 for cosfr, 5 in cosfk, 6 in ¢ and 7 in ¢®>. They are obtained by scanning through
the maximum order in each dimension with a visual quality check on the one dimensional
projections as a first step. The final decision on the exact maximum order is subsequently
made by using the y? goodness of the parametrization.

The angular acceptance correction is done individually in six sub-sets: split into every
two years (2011412, 2015416 and 2017+18) as well as split by DD tracks and LL tracks.
In each of these six sub-sets, the angular acceptance correction is normalized by the 4D
integral over the full phase-space to match the integral of an flat acceptance equal to one.
The resulting projections of the four-dimensional acceptance parametrization are shown in
Figs. 32 to [34] for RunT and Figs. [35] to [40] for RunII for all eight bins of ¢*. In addition,
Figs. 41| to 43| show the angular acceptance integrated over the full ¢ range, as well as
the acceptance in ¢? itself.
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Figure 32: One dimensional projections of the angular acceptance in the dimension of cosf, in
eight bins of ¢?. The data points are events from phase-space MC of Runl and the solid curve
the parametrization of multi-dimensional polynomials.
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Figure 33: One dimensional projections of the angular acceptance in the dimension of cosfk in
eight bins of ¢?. The data points are events from phase-space MC of RunlI and the solid curve
the parametrization of multi-dimensional polynomials.
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Figure 34: One dimensional projections of the angular acceptance in the dimension of ¢ in eight
bins of ¢?. The data points are events from phase-space MC of RunI and the solid curve the
parametrization of multi-dimensional polynomials.
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(2015+16) and the solid curve the parametrization of multi-dimensional polynomials.

iy

2.50<q*<4.00 § 4.00<q7<6.00

T U PO PO DR T PO T T T T PO T T T T T T T P ERRTT T O PO D P DU B
08 06 04 02 0 02 04 06 08 1708 06 04 02 0 02 04 06 08 1708 06 04 02 0 02 04 06 08 T 08 06 04 02 0 02 04 06 08
00, o0, o0, cos

02 0.10<¢?<0.98 1.10<g%<2.50

02f-
11.00<¢*<12.50 £ 15.00<q*<17.00 17.00<¢*<19.00

T O T P T PO T T T T T T T T T T T T T DT I O PO D DU T D
T8 06 04 02 0 02 04 06 08 G708 06 04 02 0 02 04 06 08 TR 06 04 02 0 02 04 06 08 TR 06 04 02 0 02 04 06 08
00, 00, o0, cos

6.00<G><8.00

Figure 36: One dimensional projections of the angular acceptance in the dimension of cos g
in eight bins of ¢2. The data points are events from phase-space MC of the first half of RunII
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Figure 38: One dimensional projections of the angular acceptance in the dimension of cosfy, in
eight bins of ¢2. The data points are events from phase-space MC of the second half of RunII
(2017+18) and the solid curve the parametrization of multi-dimensional polynomials.
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Figure 41: One dimensional projections of the angular acceptance in all four dimensions over
the full ¢? range. The data points are events from phase-space MC of RunI and the solid curve
the parametrization of multi-dimensional polynomials.

3.4.3 'Weighting of events

Differently from the B° analysis of RunI [25], the acceptance correction is not built
into the fit PDF, but weights are assigned to each event according to the determined
acceptance. This method was chosen, as the built-in acceptance correction has shown
non-negligible biases in toy studies for the validation of angular folding (see Section .
In addition to avoiding biases, the per-event-weighting has the advantage of not being
binned in ¢?, as each event gets the weight assigned according to the exact ¢ value of
this event, other than an average value per ¢ bin. This individual weight is a function
of ¢2, cosfy, cos Ok and ¢ and is calculated directly from the inverse of the efficiency of

each event: .

(cos O, cos O, b, )

(25)

w(cos B, cos bk, ¢, 92) =
€

The exact implementation of the weights is discussed in Section [4.3.3]

3.5 Angular folding

The angular decay rate is explained in Section [3.3|in details. From Eq. we directly get
the number of free parameters required to fit the angular distributions of B* — K**tu*u~,
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Figure 42: One dimensional projections of the angular acceptance in all four dimensions over
the full ¢® range. The data points are events from phase-space MC of the first half of RunII
(2015+16) and the solid curve the parametrization of multi-dimensional polynomials.

which is eight. In addition, there are free parameters from the parametrization of the mass
peaks (mp+ and mp+ ), the S-wave contribution as well as background in all dimensions.
As has been shown in Section [2.9 the signal yield for the complete data sample of RunI
and RunIl is only a few hundred events. The distribution of events among the eight ¢
bins (see Section decreases the statistics per fit even further. Due to these low event
numbers, and the large number of free parameters of the angular decay rate, we are going
to make use of technical trick called angular folding to reduce the number of parameters
in the fit and, hence, stabilize the fit and remove biases in the results.

With dedicated angular folding definitions we reduce the number of angular observables
in each fit down to three or four, as most angular moments cancel out due to the folding
of angles. With a set of five foldings we can still extract all eight angular observables.
The definition of how the three angles are folded is taken from Ref. [30] and is shown in

Eq. :
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Figure 43: One dimensional projections of the angular acceptance in all four dimensions over
the full ¢® range. The data points are events from phase-space MC of the second half of RunII
(2017+18) and the solid curve the parametrization of multi-dimensional polynomials.

folding O:
o — o+ for o <0
folding 1:
¢
¢

cosl; — —cosf for cosf; <O
folding 2:
o — —¢ for p <0
cos;, — —cosf for cosf; <0
folding 3:

!
<

for p <0
T— ¢ for cosfr <0

K

(26)
cosfl; — —cosfr for cosfr <O
o > T—0¢ forgz5>g
6 = —m—¢ forgz5<—g
folding 4:
cosfy — —cosfr for cosfr <0
costl; — —cosfr for cosfr <0
¢ — 17— forgzﬁ>g
6 > —m—¢ forp<—o
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Table 16: Summary of the angular folding techniques and which P-wave angular moments each
folding is sensitive to. The v/’ symbol indicates that the folding is sensitive to the angular
observable.

observable moment 0 1 2 3 4
S1s cos® O ve v ve ve v
Ss sin? @ sin? 0, cos 2¢ v v v v v
Sy sin 20 sin 20}, cos ¢ v

Ss sin 20k sin 0, cos ¢ v

Ses sin® Oy cos 0, v

Sy sin 20k sin 07, sin ¢ v

Sg sin 20k sin 20, sin ¢ v
So sin? @ sin? 0, sin 2¢ v

Please note, that folding 4 indeed is folding cos fx in dependence of cosfy,.
The costs at which this advantage comes along, is that we can not extract the full
correlation matrix of all angular observables, but only the correlations between angular
observables which are fitted by the same foldingﬁ. Which angular observables are extracted
together in the same folding is shown in Table [16]

3.5.1 Angular moment cancellations

Which folding technique is sensitive to which observables is summaries in Table
Fitting all five different foldings gives access to all eight angular observables. Some
components of the S-wave contribution cancel out under folding as well, which is
summarized in Table [I7 And last, some Chebyshev polynomials of the angular
background description cancel out under the angular folding. For cosf; the odd
order Chebyshev polynomials cancel out for foldings 1 — 4. In cosfg, only for fold-
ing 4 all odd orders cancel out and in ¢, odd order polynomials cancel out for folding 1 + 2.

The angular ranges change size due to the angular folding. For all foldings, the folded
angular ranges are shown in Table [I§] together with the reduction factor of the angular
phase-space.

4As discussed later in Section the full correlation matrix will be determined using the BOOTSTRAP-
PING [31] method.
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Table 17: Cancellation and sensitivity of the S-wave angular moments for all foldings. The v’
symbol indicates that the folding is sensitive to the S-wave component.

observable moment 0 1 2 3 4
Fgq sin? 6, v v v v v
Ss1 sin? 07, cos O v v v v

Sqo sin 267, sin @k cos ¢ v

Sq3 sin 0, sin @k cos ¢ v

554 SiIlQLSiIleKSiH¢ v v
Sss sin 20, sin O sin ¢

Table 18: The size of the angular phase space decreases due to angular folding. The size,
reduction factor and ranges for the angular dimensions for all foldings is shown.

folding 0 1 2 3 4
cos 0y, -1,4+1] 0,+1] 0,+1] [0,+1] [0,+1]
cosfx  [-1,+1] -1,+1] [-1,+1] [-1,+1] [-1,4+1]
Qb [Oaﬂ] [077'(] [Ovﬂ] [_%73] [_%’%}
factor 2 4 4 4 4
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4 Angular fitter

4.1 Introduction to the fitter framework

This analysis uses the FCNCFITTER, which was developed by LHCDb colleagues for the
angular analysis of B®— K*u* = for Runl [25] and was since used for different angular
analyses, such as again B*— K*%u*u~ (Runl + 2016 [7]) or B?— ¢utp~ [32]. It is a
C+-+ based framework to run a Maximum Likelihood fit using the TMINUIT minimization
class of the ROOT framework. The FCNCFITTER is dedicated to angular analyses of
decays of a pseudo-scalar meson to a vector meson with two opposite-charged leptons. In
Section the angular decay rate of these so called b-to-sll transitions was introduced,
which will be directly transformed into a probability density function (PDF) for the
Maximum Likelihood fit.

All details on the implementation of weighting of single events to compensate the angular
acceptance (Section together with angular folding (Section are presented.

The fit can be performed in up to five dimensions,

e the invariant mass of the B¥, my i+,
e the invariant mass of the K**, mg, and
e three decay angles, cos @y, cosfx and ¢,

which can be included individually. An arbitrary number of sub-sets can be fitted
simultaneously, with individual configurations, own acceptance corrections and different
parameter values. Of course, some parameters are possible to be shared between the
different sub-sets, hence the term simultaneous.

In addition to the final fits of the signal channel, dedicated fits to pure background
samples, fewer dimensional fits to extract Fg, fits to MC events to obtain signal peak
shapes, fits to the resonant channel to validate the fitter setup and fits to toy event
samples are executed. All these fits will be explained in details in the following sections.

Since the FCNCFITTER was used and validated before for other analyses, the validation
and tests of the fitter in following sections will focus on new implementations and the
decay specific tools. First, all new implementations, which mainly concern the angular
folding techniques are validated with toy events, shown in Section for large statistic
samples. Toy studies with realistic signal yield estimations shown in Section then
validate the functionality of the FCNCFITTER for the use in this very angular analysis. A
fit to the reference channel BT — J/ip K** is used to test the fitter at large statistics, with
a simultaneous fit, angular folding and verify the functionality of the angular acceptance
correction. Here the advantage is, that the results of the reference channel can be compared
to published results of different experiments, as presented in Section [4.4.7]

Comparing the results of a fit to signal channel MC events after the selection and a fit
to the same events at generator level’| further verifies the angular folding and angular
acceptance correction in Section The configuration used for the final fit is discussed

5The term generator level refers to events that are not selected at all and did not experience any cuts
but to be in the acceptance of the LHCb detector.
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in Section As a cross-check of the results from the fitter, a moment analysis [33] is
performed and introduced in Section [4.7]

4.2 Fitter strategy

The strategy to extract the angular observables from the rare channel foresees two
individual fits:

e 2D fit in mg,,+,- and my, to extract Fg
e 4D fit in mgrut,-, cosfl, costk and ¢ to extract the angular observables

For both fits, the mgn,+,- dimension is used to determine the signal and background
fraction.

Given the limited statistics and the weak sensitivity to Fg, its value cannot be determined
in the nominal ¢? binning scheme. Furthermore, the 2D fit has shown similar sensitivity
on the S-wave fraction as a full 5D fit, as shown in Fig. which is taken from Ref. [34].
The idea is to perform a 2D fit to extract Fg and use this value as a Gaussian constraint
in the 4D. The dedicated toy event studies in Section [4.4.6| show that this strategy does
not bias the uncertainty on the observables we want to measure.

The binning scheme for the 2D fit consists of three bins: below (1.1-8.0 GeV?/c?),
in between (11.0-12.5 GeV?/c?) and above (15.0-19.0 GeV?/c?) the c¢ resonance regions.
According to Ref. [25], the S-wave fraction has approximately the same ¢* dependence as
the longitudinal polarization fraction, F. Therefore, the ¢? dependence of F} is obtained
using the flav.io [35] package and was observed to be reasonable flat in the larger bins used.
The resulting F}, curve obtained from flav.io is shown in the appendix (Appendix .
The very low ¢* region below 1.0 GeV?/¢* is excluded from the fit as Fy, is about 50%
smaller than in the region between 1.1-8.0 GeV?/¢*. An estimation on Fg for the lowest ¢
bin is therefore extrapolated using the ¢? dependence of Fy. All other ¢? bins receive only
a minor correction of Fg according to the F, trend. The exact values obtained from the
flav.io package are given in the appendix, Appendix [A.§|
The precision of this S-wave fraction determination is addressed in a systematic study in
Section by varying the value for Fg within its uncertainty from the 2D mass fits.

4.3 Fit PDF

The probability density function (PDF) for the fitter is constructed by adding and
multiplying individual (sub-)PDF. The total PDF consists of a signal and background
component, which are added in relation using the signal fraction, fg,.

PDF(m, Q) = fg - PDFy(m, Q) + (1 — fy5) - PDFpie(m, Q). (27)

Both, the signal and background PDF consist of sub-PDF": for (up to two) mass dimensions
and the angular basis, Q.

For the first fit (2D) in two mass dimensions (mg,,+,- and mg,), no angular PDF is
included. In the final fit (4D), the mass dimension of the B meson (mgx,+,-) is fitted
together with the PDF of the three decay angles. Here, the Gaussian constraint on Fg
from the 2D fit is included.
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4.3.1 2D mass fit

The sole purpose of this 2D fit is to constrain the S-wave fraction, Fg, which will be used
in the 4D later on. In the following, a detailed description of both PDF is discussed,
including the introduction of the second mass dimension (mg,) into the angular PDF.

e Invariant mass of the B*: my,+,-

The signal component of the invariant mass of the B* is modelled by a two tailed Crystal
Ball [15] function.

A single exponential function is used for the background model for LL tracks or DD tracks
events.

These methods were previously applied in the event selection and are described in detail
in Section 2.5l The main contribution from a fit to the mass dimension of the B¥ is to
determine the signal fraction, fy,. The fit range is 5150 — 6000 MeV/c?, which cuts away
any partial reconstructed background below 5150 MeV/c?. An upper invariant mass cut at
6000 MeV/c? is a good compromise of having enough statistics for the background while
removing any potential non-combinatorial background at higher invariant masses.

e Invariant mass of the K*": my,

Fitting the invariant mass of the K** improves the constraint of the S-wave fraction,
Fs, as it was shown in [25]. Only events within a window of 100 MeV/c? above and
below the K** mass peak are selected and fitted. A larger mass window in m g, would
improve the sensitivity on the S-wave fraction, Fs. On the other side, the larger mg,
mass range significantly increases the absolute value of Fs, as the S-wave is rather flat in
the mass range around the K** mass, while the P-wave is peaking with a width of roughly
50 MeV/c?. Consequently, the sensitivity of the P-wave observables in the 4D angular fit
decreases, as the S-wave events are non-distinguishable background that has to be fitted.
This effect outweighs the advantage of the improved sensitivity on Fs. Therefore, the
m, mass window was chosen as small as possible to reduce the impact of S-wave events
in the final fit, while still covering the majority of the full width of the K** mass peak.

The composition of the PDF in this dimension and the explanation in the following
paragraph is taken from Section 6.2.12 of [25]. The two signal components are modelled
by a Breit-Wigner function and a LASS parametrization [36] for P-wave and S-wave,
respectively.

The Breit-Wigner formula is given by

k

mp+

Lp
Ap(mix) =\/kp x By, (k, ko, d) ( ) x By . (p:po, d) (

1

. )
Mpcet2 — Mpen? — Mgt I (Mger)

)"

X

with the momentum k (p) of the K** (K?) in the rest-frame of BT (K**) and k
(po) the corresponding quantities at the K** resonance peak. The phase-space factor,
Vkp, origins from the three-body phase space integrated over helicity angle, 0, and the
Jacobian of the transformation to mg,. Further, the radial angular momenta Lg and
L+ of the form L = S, P, D, ... and not to be mixed up with the angular momenta of the
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final state particles in the decay. And finally, the Blatt-Weisskopf function B; , following
the definition from Ref. [37]:

By (p, po, d) =1

B, (p, po. d) — % (20)

with the size of the decaying particle fixed to d = 1.6 GeV~" [38]. This value for d (also
notated as R in some literature) was previously up to discussion: In the recent LHCb
analysis of BT — J/ppT [39], d was left to float in the fit, resulting in approximately
1.64 GeV ™. In a 7(4430) analysis [37] (in Section 9.2) the parameter d was thoroughly
investigated and evaluated, indicating that the fit model favours values close to zero when
the parameter is left to float. For this analysis a fit to the reference channel in which
d was left floating resulting in 2.5 + 0.2, . At fit to the rare channel to extract d is not
possible due to low statistics. Hence, the choice of the small value of d = 1.6 GeV ™" (equal
to 0.3fm) seems the a reasonable conclusion to be consistent with previous analyses, and
which also showed to not impact the measurement of the S-wave fraction, Fg, with respect
to the value obtained in the reference channel.

Using the angular momenta of the P-wave, L = 0 and Lg++ = 1, the P-wave fit PDF
simplifies to:

1+ d 1
p(micx) = v/kp md) _p ~ — . (30)

+(p d)2 Myt Mgt — Mg — Mgt I (Mger)

The S-wave component of the mg, is modelled using the LASS parametrization

mp+

cotdg — 1 cotdp —i)’

with cot dg = aip + %rp and cot dp = % The values a = 1.95 and » = 1.78 are

fixed to the same values as in Ref. [25]. For each ¢* bin, the central value of the ¢* bin is
chosen for the calculating I' in the Breit-Wigner model. Again, simplifying the general
form of the parametrization by the angular momenta involved in the S-wave decay, Ly = 1
and Lg«+ = 0, the fit PDF is given by

1+ (kod)® & 1 vy 1
=\ k we______ 32
mKﬂ- 1—|—<]€ d) % mp+ % (COt(SB—i+e COtéR—i ’ ( )

k Lgp p Lpesqt
AS(mKT() =V kp X B},B(kja kOad) ( ) X B/LK*+ (p>p07d) ( )
MR (31)

The P- and S-wave contributions are added using the S-wave fraction, Fyg, via

dr’
deﬂ'

— (1= Fo) | Ab(muc)|* + Fs | Ay (mca) [ (33)
S+P

with A’S(P)(m k), the normalized decay amplitudes of S- and P-wave. The background

component in the K7™ mass dimension is described by a linear curve, as demonstrated
on events — selected from the side-band of Mz +,~— in Section [3.3.5]
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e Combining the PDF for both mass dimensions

With the details given for both mass dimensions, the signal PDF consist of the product
of a two tailed Crystal Ball function in the mg,+,- dimension times the more complicated
function in the mg, dimension, the sum of P- and S-wave, as shown in Eq. .

The background PDF is the product of an exponential background in mgn,+,- and the
linear polynomial in the mg, mass dimension.
From the my, mass dimension the S-wave fraction, Fyg is extracted.

4.3.2 4D angular fit

The actual fit to extract the angular observable takes four dimensions into account:
MK rptp—, 080, cosfk and ¢. In addition, the extracted S-wave fraction, Fg, is Gaussian
constrained to the values obtained from the 2D mass fit (Section [4.3.1)).

Both, the signal PDF and the background PDF, are the product of PDF in the m g+,
dimension and the PDF in the angular dimensions.

e Invariant mass of the B*: my,,+,-

The mass dimension PDF for my,+,- is identical to the description mentioned in
the previous paragraph and defined already in Section [2.5] As mentioned, the signal
PDF is the two-tailed Crystal Ball and an exponential curve as background PDF. In the
final fit of the rare channel data, the only free parameters in the mass dimension are the
exponential slope for the combinatorial background description and the mean position
of the mass peak. The shape of the mass peak is fixed to values obtained from MC in
each ¢? bin, with the width of the peak being scaled accordingly to width ratio of data
events and MC in the reference channel. The values of this width scaling are determined
individually for each of the four sub-sets: 1.18 (1.15) for DD tracks and 1.06 (1.12) for LL
tracks in Runl (RunII). Scales larger 1 refer to a larger width in data compared to MC.

—

e Angular dimensions: ()

According to the introduction in Section [3.3] the PDF corresponds to the normalized
differential decay rate. The full formula of the normalized differential decay rate is given

in Eq. .

The angular background PDF consists of the Chebyshev polynomials, as introduced in
Section [3.3.4

4.3.3 Minimization strategy

As mentioned before, the FCNCFITTER uses the built-in minimization tool of ROOT:
TMinuIT. From the PDF, a likelihood, L., for each event, e, is calculated from the PDF

‘Ce - PDF(mea Q}e|S7Z7 )\nuis)a (34)

with the angular observables, S;, as well as other (free) parameters in the PDF, ;5.
The later are background, S-wave or mass parameters, which are not of interest for the
physics results of this angular analysis and which will not be published. The likelihoods
of all events are added up to the the total likelihood, containing all angular observables
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and free nuisance parameters. And the total likelihood is maximized by minimizing the
negative logarithm of the very same:

—log £ =" log PDF(me, 3| S, Anuis) (35)

The statistical uncertainty on the angular observables (and nuisance parameters) is
determined using either the HESSE or MINOS method. HESSE uses the second derivative
matrix, which results in a symmetric uncertainty, while MINOS scans the likelihood and
uses the condition —2Alog £ = 1 for the uncertainty, potentially creating asymmetric
uncertainties. The four sub-sets (see Section are fitted simultaneously, with all angular
observables of both P- and S-wave being shared between the PDF. Other parameters,
such as background components or the B meson mass peak are left independent for every
fit.

4.4 Fitter validation and testing

The correct and un-biased functionality of the FCNCFITTER has to be tested. This is
done before extracting the angular observables via the final fit to the signal channel events.
This validation is done using different event samples: toy events, MC events and data of
the reference channel B* — J/i) K*T.

In the next Section toy event studies using large event samples for the fit are
performed. By estimating the signal yield from the reference channel and interpolating
the background pollution from the mass-side-bands, we get an estimation of the number
of events in the final fit. This estimation is used in the second series of toy event studies
(Section to verify the fitter is able to fit the estimated number of events without
biasing the angular observables.

After the fitter itself was validated with toy event studies, we proceed to fitting actual
data. First a fit to simulated signal events in Section to validate the functionality of
the angular acceptance correction is performed. Again, the different folding techniques
are compared and the correct implementation is tested. All tests with signal channel MC
events are done in the identical ¢? bins as the final fit.

Lastly, we fit the reference channel Bt — J/i K** in Section [4.4.7 This is the first fit to
actual data recorded by the LHCb experiment. The sample consists of more than 0.1M
events and serves as a cross-check of the functionality and stability of the fitter. Of course,
angular acceptance correction, angular folding as well as S-wave contribution is included
in these fits.

With all those tests unbiased results are assured.

4.4.1 Acceptance correction and folding validation with large statistic toy
events

The FCNCFITTER required some new implementations and changes for being used in
this angular analysis. To verify and test all new features and changes, test fits with a
large sample of generated toy events was used. Usually the word large refers to 10000
events, which are distributed over the eight ¢? bins, if not stated otherwise. For the toy
studies, usually some 100 fits are performed on randomly generated toy event samples.
With this method, we can spot biases, which have been introduced to the fitter, as well as
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incorrect statistical uncertainties determined by the fit.

Every set of randomly generated events is fitted and the resulting parameter values
are saved. For the analysis of these toy event studies, the deviation of the resulting fit
parameters from the generated value is calculated and divided by the statistical uncertainty

from the fit:
r — Tg

pull = (36)

If both, the mean position and the width are correct, the pull distributions are Gaussian
shaped with centre at zero and width equal to one. An example of a single pull distribution
for one parameter in one ¢? bin is given on the right side of Fig. .

Plots to simplify and summarize all resulting pull distributions in a single overview are
introduced in Fig. . From the pull distributions of every parameter and for every ¢
bin, the mean position and the width of a Gaussian fit including their uncertainties are
extracted. Those two values are plotted by two markers. The color of the marker indicates
the absolute deviation of the value from the expected valued?]

The overview histograms of the results from these toy studies are shown in Figs. [45] to [47]
All numbers for the mean position and the width of the pull distributions for all foldings
and parameters are listed in the appendix, Appendix[A.12] The large statistic studies are
found in Appendix [A.12.1] In total, 3000 fits of 3000 independent toy event samples are
performed for each ¢? bin and for each folding or not-folding. This number of fits results
in an uncertainty on the mean position and the width of the pull distribution of about
0.018, which is confirmed by the values given in the tables of Appendix [A.12]

For all foldings and for the full angular fit we do not observe any biases or incorrect widths
for studies with 10000 toy events.

The width of the S-wave fraction, Fjg, is out of scope and not plotted in the summary
histograms. Due to the Gaussian constraint on Fg from the 2D fit, as explained in
Sections and [£.3.2] the width of the distribution is much smaller as 1, which is
expected. It is however demonstrated that the Gaussian constraint on Fg does not
introduce any bias to other observables.

6Expected values are: 0 for the mean position and 1 for the width/sigma.
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Figure 44: A sketch to illustrate the creation of the summary plots for all toy event studies.
From each pull distribution the mean and width are exported to the summary histogram. Full
circles show the mean position and hollow squares indicate the width of the pull distribution.
The dashed line indicates the theoretical values of a perfect distribution. The color code of the
markers illustrates the absolute deviation from those theoretical values in steps of 0.05.
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Figure 45: Toy event studies with no angular folding (top) and folding 0 (bottom) using 10000
toy events per fit. Summary of the pull distributions for all free parameters in all ¢ bins. Each
cell contains two markers, the hollow squares indicate the width of the pull distribution from
toy studies, while the filled circles show the mean position of the pull distribution. The dashed
line in each cell indicates the designated positions 0 (1) for the mean (width). See Fig. [44] for

explanations on the color code and how these summary histograms are filled.
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Figure 46: Toy event studies for angular folding 1 (top) and 2 (bottom) using 10000 toy events
per fit. Summary of the pull distributions for all free parameters in all g2 bins. Each cell contains
two markers, the hollow squares indicate the width of the pull distribution from toy studies,
while the filled circles show the mean position of the pull distribution. The dashed line in each
cell indicates the designated positions 0 (1) for the mean (width). See Fig. |44 for explanations
on the color code and how these summary histograms are filled.
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Figure 47: Toy event studies for angular folding 3 (top) and 4 (bottom) using 10000 toy events
per fit. Summary of the pull distributions for all free parameters in all g2 bins. Each cell contains
two markers, the hollow squares indicate the width of the pull distribution from toy studies,
while the filled circles show the mean position of the pull distribution. The dashed line in each
cell indicates the designated positions 0 (1) for the mean (width). See Fig. |44 for explanations
on the color code and how these summary histograms are filled.
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Table 19: Number of estimated signal and background events for the complete data-set of the
rare signal channel in RunI41II. Signal event yield is scaled from the reference channel by
the corresponding branching ratios, while the background event yield is interpolated from the
mass-sidebands and is integrated over the full mass range (5150 MeV/c?— 6000 MeV/c?).

bin | q? (GeV?) S B
0 | [0.10-0.98] | 101 | 131
¢
1 | [1.10-2.50] 61| 206
2 | [2.50-4.00] 62 | 279
3 | [4.00-6.00] 96 | 358
4 | [6.00-8.00] | 125 | 358
J/ 108k
5 | [11.00-12.50] | 124 | 247
$(2s)
6 | [15.00-17.00] | 129 [ 158
7 | [17.00-19.00] | 69| 93
total 767 | 1830

4.4.2 Acceptance correction and folding validation with realistic statistic toy
events

To demonstrate the FCNCFITTER is suitable and returns unbiased results in this analysis,
toy event studies with statistics equivalent to expectations in the final fit on data events
are performed. The number of signal channel events is estimated from the yield in the
reference channel, as presented in Section Using the world average for the branching
ratios of the two decays and taking into account the branching ratio of Jip — utpu~,
we get a first order estimation of the signal event yield for the rare signal channel. The
distribution of signal events among the eight ¢? bins is taken from the normalized distribu-
tion of simulated signal channel MC events, since this information cannot be determined
from the J/ib resonant channel alone. Signal channel MC is generated with distributions
accordingly to Ref. [40].

For the background yield estimation the upper and lower mass-sideband of mp+ are
fitted and interpolated to get the number of background events. The stated numbers are
integrated over the full mass window, from 5150 MeV/c? to 6000 MeV/c?. A summary of
all estimated numbers, which will be used for the following toy studies, are presented in
Table 19

In total, 3000 fits of 3000 independent toy event samples are performed for each ¢
bin. The resulting pull distributions are summarized in Figs. to b0l Note that the
results from the full angular fit in the top plot in Fig. 48| clearly shows large biases and
under(over-)coverage of the uncertainty. This is directly visible by the orange, red and
purple markers. Hence, no full angular fit is performed on the rare channel, but only
angular folding fits are used.

With a focus on the angular observables, .S;, no significant biases or incorrect uncertainties
can be seen for all five foldings and in all eight ¢ bins. This confirms the hypothesis,
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which was already mentioned in Section that angular folding is needed due to low
number of data events. For the foldings, and of course also for full angular, some biases
and incorrect widths are observed for some S-wave parameters as well as for the angular
background parameters. The background parameter ¢}, ,(cos k) is highlighted in yellow
and red quite often, which is (as evaluations of the pull distributions show) due to the
limited range of the parameter in these toy studies, as it is also shown in Fig. |52 The
range was therefore increase for further studies and fits to solve this issue, which is also
visible in the right plot of Fig. (2]

However, since those are only nuisance parameters and do not impact the angular observ-
ables, some small deviations from the norm are acceptable.

All numbers for the mean position and the width of the pull distributions for all foldings
and parameters are found in the appendix, Appendix [A.12] The studies using the esti-
mated event numbers are found in Appendix [A.12.2]

Please note, that the toy studies in this section are only representing a simplified version
of the fit. In Section [£.4.6] the exact same fit configuration as on data is used for toy
event studies. The remaining biases from these studies are being assigned as a systematic
uncertainty, which is presented in Section [5.12]
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Figure 48: Toy event studies with no angular folding (top) and folding 0 (bottom) using 2597
(see Table toy events per fit. The top plot clearly shows, that a full angular fit does not
work on the expected number of signal events. Hence, angular folding is applied. The summary
of the pull distributions for all free parameters in all ¢> bins. Each cell contains two markers,
the hollow squares indicate the width of the pull distribution from toy studies, while the filled
circles show the mean position of the pull distribution. The dashed line in each cell indicates
the designated positions 0 (1) for the mean (width). See Fig. [44] for explanations on the color
code and how these summary histograms are filled.
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Figure 49: Toy event studies for angular folding 1 (top) and 2 (bottom) using 2597 (see Table
toy events per fit. Summary of the pull distributions for all free parameters in all ¢> bins. Each
cell contains two markers, the hollow squares indicate the width of the pull distribution from
toy studies, while the filled circles show the mean position of the pull distribution. The dashed
line in each cell indicates the designated positions 0 (1) for the mean (width). See Fig. [44] for
explanations on the color code and how these summary histograms are filled.
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Figure 50: Toy event studies for angular folding 3 (top) and 4 (bottom) using 2597 (see Table
toy events per fit. Summary of the pull distributions for all free parameters in all ¢> bins. Each
cell contains two markers, the hollow squares indicate the width of the pull distribution from
toy studies, while the filled circles show the mean position of the pull distribution. The dashed
line in each cell indicates the designated positions 0 (1) for the mean (width). See Fig. [44] for
explanations on the color code and how these summary histograms are filled.
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4.4.3 Correlations in two dimensional evaluation and of toy studies

The baseline evaluation of toy event studies determines the width and mean position
of a one dimensional pull distributions, which is described by a Gaussian bell shape, as
discussed before. In addition one can check correlations between two fit parameters by
using 2D pull distributions. Since the amount of histograms scales with the square of the
number of free parameter, the plots are not included in this document, but the results
from this studies are described qualitatively in the following.

In general the two dimensional pull distributions show no features that deviate from the
nominal 2D Gaussian bell shape with no correlation between the two variables. The largest
correlation are found between Sgs and linear background parameter in cos 0, c;kg(cos Ok ),
which is expected as they are linear combinations of one another. This correlation was
found to be as high as 20% for some ¢? bins. Some further correlation between S, and Sg,
or the linear background parameter in cos 6z, ciy, ,(cos 01) show some correlations of up to
about 10%. All in all these correlations are found to be at an expectable level and with
only minor boundary effects visible in the distributions of parameters close to their limits,
this 2D pull study verifies the functionality of the fitter. Some selected correlations for
the previously mentioned observables and background parameters can be seen in Fig.
The red and pink points in the toy event studies for the background parameter cl%kg(cos Ok)
in ¢ bin 4 have been plotted in a two dimensional way to clearly see the boundary effect
causing this bias in Fig. The limits have been removed afterwards to get rid of this
bias effect.

o 5S¢ o S5¢
< E mean: -0.0221+0.0163 . 6 ~ F mean: 0.0715+0.0172 .o
T 4C sigma: 10825%00116 Couler.y): 18.26% T 4fsigma: L1SO£00121 g corr(x,y): -21.70%
} £ M5<q’ <40 ) E 25<q*<4.0)
=z ESi 0 o 2 S -
§¥ E = "' = 5(
g ] E
F E = 4
E - -. E
= =S |
£ [ ] 3( £
c £ 3(
}- -1 -
- - [}
E 2 2 x
E 2 Lcos 1 o (cos®) ™
bk‘ K E “bke L - I«
T mean: -0.0457 £0.0178 —4F"mean: 0.0128 +0.0156
a: 14178710.P126 E siglqa: 1.0\43 +0.0110
7575 74‘“‘7‘3””72””7‘1””8 \1 | :\; \J‘\\ 5 0 775\\\\4\H\73\H\7‘2\H\JIH\\(‘)\H\‘IHHAH\\‘\\HJ‘HHS 0
Sh(x-xn)lﬁ Sm(x-xo)/c
o 5S¢ o 5¢
< E mean: -0.0146 £0.0178 . < E mean: 0.0438 £0.0175 .
o 40 sigma: 1.1:&14).0126 corr(x,y): 28.03% 6 = 4psigma: 11414200124 corr(x,y): 35.37% 6(
' E 2 f E 2
* ;Sls . (11.0<g°<125) * ;Sls (15.0<¢°<17.0)
& F = s o F = 50
E 2
= 4( == 4(
= oF
E 3( E 3
E -1
= a0 b 2
- §
< = 1 E Ses - 1
—4Emean: -0.0908 £ 0.0160 L] —4"mean: -0.0404 +0.0155
b Stpmas LOYLEOPIS e I e otema: VOIO00I00 e L
=5 -4 -3 -2 -1 0 1 3 4 5 =5 -4 -3 -2 -1 0 1 3 4 5
Sh(x-xn)lc S\\(x-xﬂ)/G

Figure 51: Some correlation plots between selected parameters which show a significant correlation
of larger 0.2. Not all ¢? bins see the same level of correlations for all parameter combinations,
hence only one ¢? bin per parameter combination (i.e. S5 versus Sgs) is given. No other angular
observables see correlations of larger 0.2.
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Figure 52: Two dimensional visualisations of the observed bias for ¢}, g(cos 0x) in ¢* bin 4
(plus bin 3 for comparison of a nominal distribution), as it can be seen in Figs. 48 to The
parameter limit has been increased ever since to prevent the parameter to run into boundaries.
The one dimensional plot on the right shows that this works flawless.

4.4.4 Fit to signal channel MC events

Officially simulated events of the signal channel were selected identically to data events.
The sample is used for tests of the FCNCFITTER, the angular acceptance correction and
angular folding. Those tests are executed in the same eight ¢* bins (Table as the final
fit on data events and will be performed to check for any ¢? dependent effects. The fit is
done simultaneously with the same four sub-sets like the final fit (DD tracks & LL tracks
and Runl & RunII) with the angular observables shared between the PDF.

In addition, the generated values of the angular observables are extracted from a specially
generated sample of events. The tag generator level defines, that the events were generated
from the DECfile directly (EVTGEN standalone, i.e. without detector acceptance) and
did not undergo any selection at all. Hence, no acceptance correction is applied to the
fit of generator level MC events, when determining the angular observables. In addition
this fit simplifies further, as no S-wave pollution is present and no mass fit is required
for signal background separation (mgy,+,-) or to Gaussian constrain the S-wave fraction
(mgr). As the BY is decayed using the form-factor model BTOSLLBALL [40] in the
DECHAile, the extraction of the angular observables using the FCNCFITTER was the most
practical method.

The results are presented in Fig. 53| and show a perfect agreement between the full angular
fit and all five folding techniques. This statement is valid for all eight ¢? bins. In addition,
the agreement with the results obtained from generator level MC is perfect in almost
all ¢? bins and for all angular observables. Few parameters show deviations larger than
their uncertainties in one or two ¢? bins. However, those deviations are significantly
smaller than the statistical precision we expect in the final fit and are therefore no longer
investigated.

4.4.5 Toy event studies of 2D mass fit

The first fit in the two mass dimension has been tested for potential biases and over- or
undercoverage of the statistical uncertainties. Especially, potential biases in the extraction
of Fg are of interest. For this, the toy events are generated using the full 5D description
including non-zero values for the S- and P-wave interference terms.

Latter might introduce a bias to the results of the 2D fit, as the 2D fit is not sensitive
to the interference. In Fig. the results from these toy studies is shown, with only
minor deviations from the nominal values in the decay width of the K** T'(K**). This
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Figure 53: Comparison of six different fits to simulated signal channel events. The first fit in
black markers does not use any angular folding, and is therefore present for all eight angular
observables. The coloured markers show the results from angular folding 0-5. In addition, the
simulated events at generator level were fitted without any angular acceptance correction and
without angular folding. Those results are shown in the gray boxes. The perfect agreement
between all techniques validates the functionality of the folding techniques as well as the angular
acceptance correction.

083 however is of now concern this fit, which solely addresses the extraction of Fg from the
two dimensional fit.
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Figure 54: The pull results from a toy event study using a binned fit in 2D. Full circles indicate
the mean position and hollow squared the width of the pull distribution. For mean (width) the
dashed line indicates the position of the nominal value, 0 (1). The color scheme represents the
deviations from these nominal values in steps of 0.05 and the scheme is explained in details in

Fig. 44
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4.4.6 Validation of the final fit configuration: 2D + 4D toy event studies

In this paragraph the complete and final fit configuration, as in all details described in
Section , is tested on toy events. This includes the 2D mass fit in larger ¢* bins together
with the scaling of Fg from these larger bins to the nominal eight ¢? bins. Using this
input, the consecutive fit in four dimensions is performed. The estimated event numbers
as previously mentioned in Table [19| are used for this study.

Tables [20{ and [21| show the mean and width values for the pull distributions using Standard
Model prediction as values for the toy studies. The coverage for all parameters and ¢
bins is good, as the widths are almost completely within 0.1 away from 1.0 and only few
widths just shy of this limit. In addition to the angular observables, the signal and S-wave
fraction are given to show the behaviour when neglecting the correlation between both
parameters from the 2D mass fit. The correlations from the 2D mass fit in the larger ¢?
bins are given Appendix [A.17]

Tables [22] and 23| repeats the same study for theoretical predictions with a New Physics
contribution that has the Wilson coefficient Cyg = —1.0.

The pull distributions of toy studies with start values equal to the SM and to Cg = —1.0
both show small biases, sometimes exceeding the 0.1 deviation from the nominal value.
However, as it is shown in the following, a systematic is assigned to the bias of toy studies
with final fit result values, which appears to be clearly dominating.

For this test, the results from the final fit are copied to the toy event generatmﬂ and used
for another full toy event study. These results are given in Tables [24] and The coverage
of these toy studies with final fit results is good for all but one case (Sgs in ¢* bin 5. As a
conservative approach, all observables in all ¢* bins will get a Feldman-Cousins scan to
obtain the uncertainties, see Section [4.6

The biases observed for the toy event studies with SM values (Table are assigned to a
systematic uncertainty associated with the unknown S-wave fraction, Fg, in Section
The biases observed in the toy event studies with final fit values (Table are assigned
as a systematic uncertainty in Section |5.12] which is clearly dominated by the sizes of the
biases in the toy studies with final fit results.

The same toy studies with P basis angular observables are performed and the results
are given in Appendix [A.14 And the corresponding systematic uncertainty is given in

Tables and in Appendix [A.21]

"This copying of result values is done internally and does not require any unblinding of the results.
All values are either saved in files or directly copied within the functions.
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Table 20: Mean values of the pull distribution from toy event studies using the SM values for
the generation of toy events. The results are obtained using the 2D+4D fit method as described
in Section with angular folding. Values for Sis and S3 are obtained from folding 4.

| ¢° bin | 0 1 2 3
Sis —0.2526 + 0.0341 —0.0453 +0.0332  0.0665 + 0.0314  0.0806 + 0.0296
Sy —0.0092 +0.0325 —0.0164 +0.0326 —0.01314+0.0315  0.0564 #+ 0.0320
S, —0.0310 £ 0.0319 —0.0597 +0.0338 —0.0505 + 0.0327 —0.1015 + 0.0333
Ss —0.0318 £ 0.0336 —0.0306 + 0.0312 —0.0113 +0.0308  0.1407 + 0.0316
Ses —0.0047 +£0.0311  0.021240.0335  0.0400 + 0.0320 —0.0531 £ 0.0325
Sy —0.0293 4+ 0.0318 —0.0616 +0.0321  0.061940.0315  0.0133 4 0.0324
Sg —0.0136 +0.0350  0.0300 4 0.0325 —0.0353 +0.0324  0.0354 + 0.0334
So —0.0199 4+ 0.0301  0.00194+0.0320  0.0103 +0.0320  0.0125 #+ 0.0328
Fq —0.0442 +0.0313 —0.1211+0.0315 —0.1834+0.0299 —0.2068 =+ 0.0308
fsia 0.1210 +£0.0329 —0.0265 4 0.0350 —0.0976 4 0.0355 —0.0773 4 0.0334

‘ ¢* bin ‘ 4 5 6 7 ‘
Sis 0.0663 +0.0299  0.1296 +0.0325  0.0047 +0.0347  0.0148 4 0.0340
S5 0.0645 +0.0329  0.083540.0317  0.0559 4+ 0.0330  0.0984 + 0.0324
S, —0.0107+£0.0330  0.0509 4+ 0.0323  0.0253 +0.0337 —0.0156 + 0.0337
S 0.1247 +£0.0315  0.16794+0.0309  0.0977 4 0.0317 —0.0519 4 0.0360
Ses —0.0420 + 0.0340 —0.1051 +0.0338 —0.0979 4 0.0340 —0.0752 4 0.0344
Sy —0.0476 + 0.0304 —0.0327 +0.0322 —0.0618 +0.0328 —0.0271 £ 0.0345
Ss —0.0369 4+ 0.0341 —0.02124+0.0320  0.0563 +0.0317  0.0073 £ 0.0345
So —0.0444 +0.0316 —0.0844 +0.0328  0.0243 +0.0347  0.0308 + 0.0348
Fg —0.1930 £ 0.0305 —0.2543 +0.0327 —0.2910 +0.0335 —0.3261 £ 0.0332
fsig —0.0820 £ 0.0324  0.03424+0.0324  0.0486 +0.0343  0.0065 + 0.0341
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Table 21: The widths of pull distribution from toy event studies using the SM values for the
generation of toy events. The results are obtained using the 2D+44D fit method as described in

Section with angular folding. Values for Sis and S3 are obtained from folding 4.

| ¢* bin |

0

1

2

3

1.0773 £ 0.0241
1.0290 £ 0.0230
1.0089 +£ 0.0226
1.0629 £ 0.0238
0.9825 £ 0.0220
1.0061 £ 0.0225
1.1074 £ 0.0248
0.9505 £ 0.0213

1.0459 £+ 0.0235
1.0255 £ 0.0230
1.0494 £ 0.0239
0.9809 £+ 0.0221
1.0053 = 0.0237
0.9984 + 0.0227
1.0137 £ 0.0230
0.9980 =+ 0.0227

0.9858 = 0.0222
0.9862 = 0.0223
1.0152 £ 0.0232
0.9643 + 0.0218
0.9783 £ 0.0226
0.9890 = 0.0223
1.0077 £ 0.0229
0.9984 + 0.0226

0.9370 £ 0.0210
1.0116 £ 0.0226
1.0524 £ 0.0236
0.9985 + 0.0224
1.0243 £ 0.0230
1.0245 £ 0.0229
1.0555 £ 0.0236
1.0359 £ 0.0232

0.9888 + 0.0221
1.0419 £ 0.0233

0.9943 £ 0.0223
1.0889 £ 0.0247

0.9440 £ 0.0211
1.1012 £ 0.0251

0.9738 £ 0.0218
1.0540 £ 0.0236

4

5

6

d

0.9454 £ 0.0211
1.0419 £ 0.0233
1.0423 £ 0.0233
0.9950 £+ 0.0223
1.0746 £ 0.0241
0.9611 = 0.0215
1.0790 £ 0.0241
0.9986 + 0.0223

1.0288 £ 0.0230
1.0023 £+ 0.0224
1.0215 £ 0.0229
0.9744 + 0.0219
1.0577 £ 0.0239
1.0190 £ 0.0228
1.0128 £ 0.0227
1.0352 £ 0.0232

1.0983 £ 0.0246
1.0425 £ 0.0233
1.0654 £ 0.0238
1.0027 £ 0.0224
1.0713 £ 0.0241
1.0383 £ 0.0232
1.0028 £ 0.0224
1.0967 £ 0.0245

1.0757 £ 0.0241
1.0232 £ 0.0229
1.0597 £ 0.0238
1.1353 £ 0.0255
1.0703 £ 0.0243
1.0896 £ 0.0244
1.0900 £ 0.0244
1.1009 £ 0.0247

fsig

0.9649 £+ 0.0216
1.0236 £ 0.0229

1.0333 £ 0.0231
1.0241 £ 0.0229

1.0601 £ 0.0237
1.0832 £ 0.0242

1.0511 £0.0235
1.0775 £ 0.0241

84



Table 22: Mean values of the pull distribution from toy event studies using theoretically predicted
values for a new physics scenario of a Wilson coefficient Cg = —1 for the generation of toy events.
The results are obtained using the 2D+4D fit method as described in Section with angular
folding. Values for Si5 and S3 are obtained from folding 4.

| ¢° bin | 0 1 2 3]
Sis —0.1969 £ 0.0316 —0.0932+0.0330  0.1080 £ 0.0312  0.0931 & 0.0306
Ss —0.0671 £0.0311  0.0098 & 0.0314  0.0015 £ 0.0308 —0.0104 & 0.0325
Sy —0.0736 £ 0.0350 —0.0338 £0.0329  0.0042 + 0.0338 —0.0375 £ 0.0323
Ss 0.0077 £0.0326  —0.0115 £ 0.0307 —0.0137 £ 0.0308  0.0427 & 0.0306
Sés —0.0013 £0.0318  0.093140.0341  0.0138 £0.0339  0.0125 & 0.0328
Sy —0.0237 £0.0325 —0.0283 £ 0.0311 —0.0075 £ 0.0313  0.0723 & 0.0307
Ss 0.0488 +0.0340  0.0725+0.0339  0.0206 & 0.0330 —0.0037 4 0.0325
Sy 0.0002 £ 0.0308  0.0004 +0.0321  0.0180 £ 0.0321 —0.0008 4 0.0317

| ¢° bin | 4 5 6 7]
Sis 0.0995 £ 0.0304  0.0852 +£0.0346  0.0058 =0.0331  0.0381 % 0.0354
Ss —0.0101 £0.0319  0.07344+0.0310  0.1412 +£0.0310  0.0661 & 0.0320
Sy —0.0343 £0.0347  0.0343 £0.0327  0.011140.0343 —0.0303 = 0.0350
Ss 0.0495 4 0.0320  0.1433 £0.0316  0.0922 £ 0.0340  0.0199 & 0.0349
Sés 0.0041 £ 0.0323  —0.1097 £ 0.0347 —0.1405 £ 0.0335 —0.0286 4 0.0338
S; 0.0514 £0.0324  0.0005 +0.0322  0.0037 £ 0.0318  0.0227 4 0.0333
Ss —0.0189 £ 0.0322  —0.0090 & 0.0314  0.0404 £ 0.0331  0.0227 £ 0.0340
So 0.0074 £ 0.0324  —0.0751 £0.0308  0.0121 £0.0329  0.0187 4 0.0340
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Table 23: The widths of pull distribution from toy event studies using theoretically predicted
values for a new physics scenario of a Wilson coefficient Cg = —1 for the generation of toy events.
The results are obtained using the 2D+4D fit method as described in Section with angular

folding. Values for Si5 and S3 are obtained from folding 4.

| ¢° bin | 0 1 2 3|
Sis 0.9991 & 0.0224 1.0367 +0.0233  0.9820 £ 0.0221  0.9667 & 0.0216
Sy 0.9809 & 0.0220  0.9850 +0.0222  0.9676 £ 0.0218  1.0263 4 0.0230
Sy 1.1053 £ 0.0247 1.0244 +0.0233  1.0418 £0.0239  1.0201 4 0.0228
Ss 1.0293 £ 0.0230  0.9634 £ 0.0217  0.9718 £ 0.0218  0.9661 + 0.0216
Ses 1.0037 £0.0225 1.0248 +0.0241  1.0409 £ 0.0240 1.0364 4= 0.0232
Sy 1.0265 +0.0230  0.9714 £ 0.0220  0.9824 4 0.0221  0.9695 + 0.0217
Sg 1.0745 +£0.0241  1.0558 £ 0.0240  1.0328 4 0.0233  1.0279 + 0.0230
Sy 0.9733 £ 0.0218  1.0053 & 0.0227 0.9997 4 0.0227  1.0009 == 0.0224

| ¢° bin | 4 5 6 7]
Sis 0.9605 + 0.0215  1.0939 £ 0.0245 1.0471 4 0.0234 1.1182 + 0.0250
Sy 1.0082 +0.0225 0.9809 £ 0.0219  0.9793 4 0.0219  1.0109 + 0.0226
Sy 1.0978 4 0.0246  1.0335 £ 0.0232 1.0835 4 0.0242  1.0989 + 0.0248
Ss 1.0123 £0.0226  0.9987 +0.0224 1.0756 £ 0.0241  1.1009 4= 0.0247
Ses 1.0227 £ 0.0229  1.0964 £ 0.0246  1.0571 4 0.0237  1.0633 + 0.0239
S; 1.0242 £0.0229 1.0172 4 0.0227 1.0051 £ 0.0225 1.0536 4 0.0236
Sg 1.0176 £ 0.0228  0.9936 4+ 0.0222 1.0462 + 0.0234 1.0762 4 0.0241
So 1.0240 £ 0.0229  0.9734 4+ 0.0218  1.0403 £ 0.0233  1.0745 4 0.0241
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Table 24: Mean values of the pull distribution from toy event studies using the final fit values for
the generation of toy events. The results are obtained using the 2D+44D fit method as described
in Section with angular folding. Values for Sis and S3 are obtained from folding 4.

| ¢° bin | 0 1 2 3
Sis —0.21254+0.0332 —0.0720+0.0340  0.0146 +0.0353  0.0856 + 0.0311
Sy —0.0469 4 0.0305 —0.0674 4+ 0.0327 —0.0206 +0.0306  0.0471 + 0.0313
S, —0.0254 +0.0338 —0.0648 +0.0324  0.17194+0.0335  0.3203 £ 0.0341
Ss —0.0366 = 0.0331 —0.1048 +0.0295  0.1189 £0.0315  0.0431 +0.0314
Ses —0.0041 +0.0315  0.0895 4+ 0.0328 —0.0138+0.0321  0.0335 #+ 0.0328
Sy 0.0457 +£0.0324  0.0151 +0.0321  0.0371 +0.0312  0.0097 & 0.0309
Ss 0.0125 +0.0346  0.0665 4 0.0347  0.061940.0324  0.0221 4 0.0324
Sy 0.0128 +0.0329 —0.0068 4 0.0321 —0.0823 4+ 0.0315  0.0958 4 0.0326

‘ ¢* bin ‘ 4 5 6 7
Sis 0.0488 +£0.0347  0.10834+0.0341  0.1390 +0.0338  0.0931 + 0.0362
Sy 0.0818 £0.0321  0.01794+0.0311  0.2036 4 0.0328 —0.0200 % 0.0321
S, —0.0314 4+ 0.0353  0.0753 +0.0321 —0.0160 + 0.0332 —0.0076 =+ 0.0349
Ss 0.0104 +£0.0315  0.13524+0.0300 —0.0859 4 0.0331  0.0298 + 0.0346
Ses 0.0598 +0.0323 —0.7443 +0.0411 —0.1608 4 0.0352 —0.0075 4 0.0341
Sy 0.1089 +£0.0322  0.021540.0297  0.0576 +0.0319  0.0139 4 0.0334
Ss 0.0580 +0.0320 —0.0082 4+ 0.0315  0.0150 +0.0313  0.0377 4 0.0340
So —0.0134 4+ 0.0326 —0.2308 = 0.0350 —0.1203 +0.0340 —0.0038 + 0.0347
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Table 25: The widths of pull distribution from toy event studies using the final fit values for the
generation of toy events. The results are obtained using the 2D+44D fit method as described in

Section with angular folding. Values for Sis and S3 are obtained from folding 4.

| ¢* bin |

0

1

2

3

Sls
S3

1.0497 £ 0.0235
0.9632 + 0.0215
1.0691 £ 0.0239
1.0448 £ 0.0234
0.9967 £ 0.0223
1.0234 £ 0.0229
1.0924 £ 0.0245
1.0388 £ 0.0233

1.0754 £ 0.0241
1.0163 £ 0.0231
0.9786 £+ 0.0229
0.9051 £+ 0.0209
0.9969 + 0.0232
1.0010 £ 0.0227
1.0842 £+ 0.0245
1.0060 £ 0.0227

1.0957 £ 0.0249
0.9648 £ 0.0216
0.9914 £ 0.0237
0.9691 + 0.0223
1.0029 £ 0.0227
0.9737 £ 0.0221
1.0129 £ 0.0229
0.9810 + 0.0223

0.9837 £ 0.0220
0.9909 + 0.0222
1.0435 £ 0.0241
0.9925 £ 0.0222
1.0380 £ 0.0232
0.9769 £ 0.0219
1.0258 £ 0.0229
1.0303 £ 0.0230

4

5

6

d

1.0983 £ 0.0246
1.0143 £ 0.0227
1.1149 £ 0.0250
0.9966 + 0.0223
1.0216 £ 0.0228
1.0167 £ 0.0227
1.0130 £ 0.0227
1.0323 £ 0.0231

1.0775 £ 0.0241
0.9832 £+ 0.0220
1.0152 £ 0.0227
0.9440 £+ 0.0212
1.2451 £ 0.0294
0.9402 £ 0.0210
0.9956 £ 0.0223
1.1056 £ 0.0248

1.0686 £ 0.0239
1.0375 £ 0.0232
1.0493 £ 0.0235
1.0452 £ 0.0234
1.1095 £ 0.0249
1.0082 £ 0.0225
0.9907 £ 0.0222
1.0753 £ 0.0241

1.1457 £ 0.0257
1.0152 £ 0.0227
1.0999 £ 0.0247
1.0869 £ 0.0245
1.0770 £ 0.0241
1.0561 £ 0.0236
1.0744 £ 0.0241
1.0968 £ 0.0246
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4.4.7 Fit to Jiy K** channel with full statistic

The event yield of the reference channel BT — Jip K** for the complete data-set of
RunI+1I is approximately 108 thousand events. Using those events in the same four
sub-sets (see Section , we again validate the angular folding, the angular acceptance
correction, the S-wave contribution and the fitter itself. The only part not covered by
the reference channel is any ¢? dependence in the fit PDF, which was addressed in
Section [4.4.4] when validating the fitter on signal channel MC events.

The fit to the reference channel is performes in the ¢* region of the J/): 8.68 — 10.09
GeV?/c? (see Table [15]). The tiny fraction of non-resonant u*u~ events (our actual signal
channel) in this ¢* range cannot be separated from the resonant decay, but is negligible
compared to the huge number of resonant decays, and is therefore not further considered.
A total of six fits are performed, one without any angular folding and afterwards one fit
for each angular folding technique (0 — 5), which are introduced in Section [3.5] The fit
projections are shown for the full angular fit (no angular folding) as well as for all five
folding techniques. For each of these six sets, the projections of the four sub-samples are
shown in Figs. [55] to 65 and the summed up fit projections of the complete dataset of

RunI+1II in Figs. [56] to

All results of the angular observables from the six fits to the J/ip K*t sample are
presented in Table [26] We see a very consistent picture, as all results from the five foldings
agree with the full angular fit. The correlation matrices from these fits are given in the
appendix in Appendix [A.T§]

Furthermore, the results from these fits are compared with the results published by
Belle [41], BaBar [42] and LHCb [43].

For this, the decay amplitudes (A, and Aj) published by Belle [41], BaBar [42] and
LHCb [43] together with their corresponding complex phases are converted to the angular
observables S; for the comparison. The conversion was used before and is explained in
the analysis note of the B® decay [25] in Equation 13 in Section 6.1.2. The comparison
between all results is shown in Table 27 and in Table 28] the difference all previous
measurement results to our fit is given in standard deviations. As the LHCb measurement
was performed on a data sample purely consisting of B° decays, in contrast to the BaBar
result, which uses B and BT decays, the results have to be compared with caution. The
Belle measurement yields to the only available results exclusively determined from our
reference channel. The uncertainties of the converted angular observables are determined
from toy events. For this, 100000 altered sets of decay amplitudes are generated using the
covariance matrix of the decay amplitudes and converting all sets into angular observables.
The width of the resulting distribution for every angular observable is its propagated
uncertainty. Since the publications of BaBar and Belle do not include a correlation matrix,
the correlation matrix from the LHCb document (Table VI in Ref. [43]) is used for the
uncertainty propagation of all three J/p K** results. With this in mind, all results are
in fair agreement and show no significant differences between the four measurements
are observed. Hence, these test fits further confirm the correct functionality of the
FCNCFrITTER. With this, in the next sections the configuration of the fitter for the final
data fit on the rare channel is discussed.
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Table 26: Results of the fit to the reference channel for the full angular fit as well as for all
five foldings. The different results agree within their uncertainties for all observables. The full
correlation matrices for the full angular fit and for all foldings are given in Appendix

[8.68, 10.09] folding

GeV?/c? non 0 1 2 3 4
S1s 0.321 £ 0.004 0.321 £ 0.005 0.321 £ 0.004 0.321 + 0.005 0.321 + 0.005 0.321 £ 0.002
S3 —0.002 £0.007 —0.003 £0.007 —0.002 +0.007 —0.003 £0.007 —0.003 £ 0.007 —0.004 + 0.003
S4 —0.246 + 0.008 - —0.246 £ 0.008 - - -
Ss —0.003 £ 0.008 - —0.002 £+ 0.008

Ses —0.003 £ 0.006  —0.004 £ 0.006 - -

S7 —0.001 £ 0.008 - —0.002 + 0.008 -
Sg —0.063 £ 0.008 - - —0.061 £ 0.004
Sy —0.084 £ 0.007 —0.084 £ 0.007 - - - -
Fg 0.055 £ 0.013 0.055 £ 0.013 0.055 £ 0.013 0.055 £ 0.013 0.055 £ 0.013 0.055 £ 0.005
Ss1 —0.193 +£0.014 —0.195+£0.014 —0.193+0.014 —0.195+0.014 —0.195+0.014 -
Ss2 0.024 £ 0.009 - 0.024 £ 0.008 - -

Sg3 —0.001 £ 0.008 - 0.001 £ 0.008 - -
Ssa —0.004 +£ 0.008 - —0.003 +0.008 —0.002 £ 0.004
Sss —0.074 £ 0.009 - - -

Table 27: Comparison of the results of our full angular fit to the reference channel data
of Bt — JA K** to published results from BaBar [42], Belle [41] and LHCb [43]. In the
publications, the results are given in polarization amplitudes, which have been converted into
the angular observable basis, 5;, to be comparable to the results of the FCNCFITTER. The
uncertainties of the angular observables are determined from the spread of 100000 randomly
generated toys. All results are in fair agreement.

| \ our fit Belle (B*) BaBar (Bt +B°) LHCb (B°) |
Sis | 0.321£0.004  0.297 +0.011 0.333+£0.007  0.321 £ 0.006
S | —0.002 +£0.007 —0.018 4 0.017 0.0114+0.011 —0.013 4 0.010
Sy | —0.246 £0.008 —0.25540.010  —0.237+0.007 —0.250 £ 0.006
Ss | —0.003 £ 0.008 0 0 0
Ses | —0.003 £ 0.006 0 0 0
Sz | —0.001 £ 0.008 0 0 0
Sg | —0.063 £0.008 —0.0374+0.018  —0.058 £ 0.015 —0.048 & 0.007
Sy | —0.084 £0.007 —0.04140.016  —0.09540.014 —0.084 & 0.006
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Table 28: The standard deviations of all three literature measurements from the previous table
(Table to our fit result. The standard deviation is determined by the absolute difference of
both results divided by their quadratically added uncertainties. No deviation exceeds 3 standard
deviations.

Belle (BT) BaBar (BT +B") LHCb (B")

Sis 2.05 1.49 0.00
Ss 0.87 1.00 0.90
Sy 0.70 0.85 0.40
Ss 0.38 0.38 0.38
Sés 0.50 0.50 0.50
S7 0.12 0.12 0.12
Ss 1.32 0.29 1.41
So 2.46 0.70 0.00
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Figure 55: Projection of the simultaneous 5D fit to the full data-set of BT — J/i K*T events. All
events are weighted according to the acceptance correction function. No angular folding is applied.
The sub-sets are RunlI (a) + (b) and RunlI (¢) + (d) with DD tracks and LL tracks events,
respectively. Note that the mpg+ distributions in the first row are plotted semi-logarithmically,
while all following histograms experienced a cut in mpg+ to show only events with maximum
50 MeV/c? deviation from the peak centre.
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Figure 56: The individual sub-sets of the simultaneous fit to BT — J/i) K*T events as shown in
Fig. [55] are added up into one histogram. All events are weighted according to the acceptance
correction function. The fit does not include any angular folding. Note that the mpg+ distribution
is plotted semi-logarithmically, while all following histograms experienced a cut in mp+ to show
only events with maximum 50 MeV/c? deviation from the peak centre.
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Figure 57: Angular folding 0 - Projection of the simultaneous 5D fit to the full data-set of
Bt — Jhp K*t events. All events are weighted according to the acceptance correction function.
The sub-sets are Runl (a) + (b) and RunlII (¢) + (d) with DD tracks and LL tracks events,
respectively. Note that the mp+ distributions in the first row are plotted semi-logarithmically,
while all following histograms experienced a cut in mg+ to show only events with maximum
50MeV/c? deviation from the peak centre.
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The individual sub-sets of the simultaneous fit to BT —

J/p K*t events as shown in Fig. |57 are added up into one histogram. All events are weighted
according to the acceptance correction function. Note that the mpg+ distribution is plotted
semi-logarithmically, while all following histograms experienced a cut in mpg+ to show only
events with maximum 50 MeV/c? deviation from the peak centre.
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Figure 59: Angular folding 1 - Projection of the simultaneous 5D fit to the full data-set of
Bt — Jhp K*t events. All events are weighted according to the acceptance correction function.
The sub-sets are Runl (a) + (b) and RunlII (¢) + (d) with DD tracks and LL tracks events,
respectively. Note that the mp+ distributions in the first row are plotted semi-logarithmically,
while all following histograms experienced a cut in mg+ to show only events with maximum
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50MeV/c? deviation from the peak centre.
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Figure 60: Angular folding 1 - The individual sub-sets of the simultaneous fit to BT —
J/p K*t events as shown in Fig. |59| are added up into one histogram. All events are weighted
according to the acceptance correction function. Note that the mpg+ distribution is plotted
semi-logarithmically, while all following histograms experienced a cut in mpg+ to show only
events with maximum 50 MeV/c? deviation from the peak centre.
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Figure 61: Angular folding 2 - Projection of the simultaneous 5D fit to the full data-set of
Bt — Jhp K*t events. All events are weighted according to the acceptance correction function.
The sub-sets are Runl (a) + (b) and RunlII (¢) + (d) with DD tracks and LL tracks events,
respectively. Note that the mp+ distributions in the first row are plotted semi-logarithmically,
while all following histograms experienced a cut in mg+ to show only events with maximum
50MeV/c? deviation from the peak centre.
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The individual sub-sets of the simultaneous fit to B* —
J/p K*t events as shown in Fig. |61 are added up into one histogram. All events are weighted
according to the acceptance correction function. Note that the mpg+ distribution is plotted
semi-logarithmically, while all following histograms experienced a cut in mpg+ to show only
events with maximum 50 MeV/c? deviation from the peak centre.
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Figure 63: Angular folding 3 - Projection of the simultaneous 5D fit to the full data-set of
Bt — Jhp K*t events. All events are weighted according to the acceptance correction function.
The sub-sets are Runl (a) + (b) and RunlII (¢) + (d) with DD tracks and LL tracks events,
respectively. Note that the mp+ distributions in the first row are plotted semi-logarithmically,
while all following histograms experienced a cut in mg+ to show only events with maximum
50MeV/c? deviation from the peak centre.
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Figure 64: Angular folding 3 - The individual sub-sets of the simultaneous fit to BT —
J/p K*t events as shown in Fig. |63 are added up into one histogram. All events are weighted
according to the acceptance correction function. Note that the mpg+ distribution is plotted
semi-logarithmically, while all following histograms experienced a cut in mpg+ to show only
events with maximum 50 MeV/c? deviation from the peak centre.
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Figure 65: Angular folding 4 - Projection of the simultaneous 5D fit to the full data-set of
Bt — Jhp K*t events. All events are weighted according to the acceptance correction function.
The sub-sets are Runl (a) + (b) and RunlII (¢) + (d) with DD tracks and LL tracks events,
respectively. Note that the mp+ distributions in the first row are plotted semi-logarithmically,
while all following histograms experienced a cut in mg+ to show only events with maximum
50MeV/c? deviation from the peak centre.
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Figure 66: Angular folding 4 - The individual sub-sets of the simultaneous fit to BT —
J/p K*t events as shown in Fig. |65 are added up into one histogram. All events are weighted
according to the acceptance correction function. Note that the mpg+ distribution is plotted
semi-logarithmically, while all following histograms experienced a cut in mpg+ to show only
events with maximum 50 MeV/c? deviation from the peak centre.

4.4.8 Fits to J/iy K*T channel using signal channel statistics

In addition to the fits of the complete data-set of the reference channel, the reference
channel was fitted with a statistic as low as expected for the rare signal channel. For this,
the estimated statistics of the second ¢? bin (see Table have been randomly selected
from the full data-set of the reference channel. Please note, that the number of events
is equal to fits of the rare channel in the second ¢? bin, but the signal fraction is much
larger in the J/b channel (approximately 0.8-0.9) compared to the rare channel (about
0.5 in this ¢* bin). This means, that the performed fits in the J/) channel have a larger
absolute number of signal events. However, since this is hard to correct precisely and
the ¢? bin with the lowest occupancy in the signal channel was taken as reference, this
strategy is good enough as a further cross-check.

In total 1000 fits were performed for each folding and the results have been evaluated.
Table [29| shows the results obtained from taking the average of all fit results. The given
uncertainty is equal to the spread of the result distribution. Both values are obtained
from an unbinned likelihood fit to the result distribution, similar to what is used for the
toy study evaluations.

The obtained results are in very good agreement with the results from the full data-set fit,
as presented in the previous paragraph, Section [4.4.
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Table 29: Comparison of the results from the reference channel between the average of 1000 fits
of low statistics (as expected for the signal channel) and from the full data-set of the reference
channel, as already presented in Table For both cases, the results are obtained from the five
different foldings. The results are in very good agreement to each other.

[8.68,10.09] GeVZ/c? full data-set  low statistic (average)
S1s 0.321 £ 0.002 0.316 £ 0.047
S3 —0.002 +£ 0.004 —0.001 + 0.067
Sa —0.246 + 0.004 —0.256 £ 0.095
Ss —0.003 £ 0.004 —0.008 £ 0.078
Ses —0.003 £ 0.003 —0.006 £ 0.062
S7 —0.001 £ 0.004 —0.005 £ 0.085
Sg —0.063 £ 0.004 —0.060 £+ 0.086
So —0.084 + 0.004 —0.085 £ 0.070
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4.5 Fitter configuration for the final fit

As mentioned before, the FCNCFITTER is highly flexible and may be configured in various
different ways. In this section, all relevant configuration steps are collected and give an
overview of how the fitter is configured for the final fit on signal data events.

The four sub-sets (see Section [2.1)) are fitted simultaneously with all angular observables (P-
wave and S-wave) shared between the four sets. All further fit parameters are independent
for each sub-set. Each sub-set uses a different angular acceptance correction function,
which is extracted from the corresponding sub-set of PHSP MC events.

In total there are 40 individual final fits, one fit for each ¢* bin, as they are shown
in Table and for each of the five folding techniques. The statistical uncertainty is
determined using the HESSE method and a scan in the likelihood profile is used to confirm
the correct determination of the statistical uncertainties. If the two methods do not show
coherent results, further techniques like Feldman-Cousin (see Section have to be
considered.

4.5.1 Configuration of the S-wave component

The toy studies with estimated event yield statistics indicate that the S-wave fraction, Fg,
has to be Gaussian constrained. Toy studies with a floating Fs show biases in the mean
values for some angular observables. Therefore, Fs will be Gaussian constrained to the
value (together with its uncertainties) obtained from a 2D fit to the invariant masses of
the B and K** meson. This fit is as well used for the method of moments, which will be
introduced in Section 4.7

4.5.2 Results for S;; and S3; from different folding techniques

Using five different angular foldings, as introduced in Section [3.5] yields five different
results for the angular observables S, and S3. All other angular observables are only
determined by a single folding technique, as shown in Table [I6]

For Si5 and S5, the mean value obtained by the fit using folding 4 will be chosen for the
final results. Toy studies have revealed, that folding 4 shows the least biases in the final
fit configuration, which is consistent with having the lowest number of free parameters
in the fit (folding 4 is the only folding in all three angles, see Eq. (26)). Tests to the
reference channel show no significant deviations between the five foldings for these two
observables, but a systematic uncertainty will be applied if necessary. The details about
an additional uncertainty on Sis and S3 due to the different foldings will be discussed in
the studies on the systematic uncertainties.

4.6 Feldman-Cousin scans

For both sets of angular observables, Feldman-Cousins [44] scans are used to determine
the statistical uncertainty. Albeit the angular observables of the S basis showing only
small deviations from the nominal width of the pull distribution up to values between 0.1
and 0.2 as shown in Tables [21] 23 and the effort of running Feldman-Cousins scans is
only a question of computing resources once correctly implemented. Latter is given, as
the Feldman-Cousins scans are obviously required for the observables in the P basis, as
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the poor coverage for different variables in Appendix is showing.

Hence, each parameter (15 S and P observables without F) are scanned in eight ¢* bins.
Around all resulting values of the S (P) observable, a range from +0.5 (£1.0) is scanned in
steps of 0.01. At each step, 500 toy samples are generated with the investigated parameter
fixed to the value at the corresponding step. Each toy sample is fitted twice: once with
the parameter fixed and once with the parameter floating. Also the data sample is fitted
with the parameter value fixed according to each step. The fraction of toy samples with a
Alog L; s smaller than the Alog £%® in data is obtained at each step and the trends are
plotted. The index s indicates the step in the scan and index j runs over the toy samples.
The likelihood ratios are determined

Alog L = log Lizea — 108 L f10ated (37)

The likelihood from the fit with the parameter floating is of course not dependent on the
steps, is equal to the initial fit to data and only run once. All other likelihoods are obtained
individually at each step. From these scans, the 68.3% confidence level intervals (1o) are
extracted and used as the statistical uncertainty. The results are shown in Section [7.3|

4.7 Method of moments

The Method of Moments [45] is a tool to extract the angular observables from the signal
events without using a fit. However, any results from this method are not foreseen to be

attached to the paper, but act as an internal cross-check or validation for the likelihood
fit.

The P-wave angular moments of b— s¢™¢~ decays are orthogonal by deﬁnitionﬂ As

8The angular terms fi,fic,f2s and fo. are correlated as described in Eq. and will be treated
accordingly in the Method of Moments.
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introduced in Eq. , the angular moments from the angular decay rate are

fis(cos O, cos Ok, ¢) = sin® O

fre(cos B, cos Ok, @) = cos? Ok

¢) =
fas(cos O, cos Ok, @) = sin® O cos 20,
fac(cos O, cos O, ) = cos? Oy cos 20,

fa(cosbp,cosOk, ¢) = sin? Oy sin? 0; cos 2¢
) =
) =
fos(cos O, cos Ok, ¢) = sin® O cos O,

(
(
(
(
(
(
(
(
fec(cosOy, cos O,
(
(
(
(
(
(
(
(
(

fa(cosOp, cos Ok, @) = sin 20k sin 26}, cos ¢

f5(cos O, cos Ok, ¢) = sin 20 sin Oy, cos ¢

= cos? O cos b (38)

fr(cos O, cosblk, ¢) = sin 20k sin 07, sin ¢

fs(cos O, cos b, ¢) = sin 20k sin 26, sin ¢

fo(cos @y, cos Ok, @) = sin® Ok sin® O, sin 2¢

= sin? 6@, cos Oy

¢

frs(cosOr,cos Ok, ¢

fs1(cos B, cos b,
¢

fso(cosbr, cos Ok, @) = sin 20, sin O cos ¢

fs3(cosBr,cosb, @) = sinfy sin O cos ¢

fsa(cos B, cosbp, @) = sin b, sin O sin ¢

¢) =

) =

¢) =

¢) =

) = sin*0;,

¢) =

) =

¢) =

¢) =

fss(cosOr, cos bk, ¢) = sin 20y, sin O sin ¢
The angular dimensions can be expressed by the vectorial notation 0= (cos Oy, cosbk, ).
By integrating these angular moments for each ¢ bin, one can determined the expectation
value M; for each P-wave angular moment f;

IS N (9) I - I
= [ @i - [ 2 2 S - D (39)

providing a relation between the expectation value M; and the angular observables S;. For
all orthogonal moments, the angular observable, f;, is directly related to the expectation,
M;. However, the correlations of fis, fic,fas and fo. as presented in Eq. have to be
considered and are included in the conversion of expectation values to angular observables.
Furthermore, fgs and fg. require a 2D linear equation system, with only very minor
contributions from fs.. For completeness, the fg. term is included. These resulting
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relations — solved for the angular observables S; — are

5= 2,
5= B,

5 = 5y (40)
Ses = 3Me. — 2Ms,

.

S

5= 2,

To determine the angular observables from data using the Method of Moments, the
expectation values M; are calculated from the sWeighted data-set by summing over all
events, e,

1 N
My = —— S wefi( @) (41)
i N eJi\" e
Ze:l We e=1
with, w,, the product of the angular acceptance correction weight and the sWeights for
each event e and N, the total number of events. The uncertainties on all M; are estimated
by the weighted variance

IM; = ﬁ ﬁ;wg <MZ _ fl(Q’)>2 (42)

The sWeights are obtained from a 2D fit in the mgy,+,- and mg, dimensions, as
explained in Section In addition, the S-wave fraction Fy is taken from the 2D mass
fit and is used to scale the P-wave expectation values M; before the conversion to the
angular observables S;.

For the Method of Moments, the full data-set is evaluated without any splitting by
Runs or by K? track types, but the full set is used at once. The acceptance correction
weights for each event however are assigned according to the sub-sets as described in

Section [3.4]

With the validation of the Method of Moment on signal channel MC events and the
reference channel data in the following two paragraphs, it is shown that this alternative
approach of extracting the angular observables is a suitable tool to cross-check the
maximum likelihood fit. The comparison of the Method of Moments results using data
from the rare signal channel will be presented and discussed in Appendix [A.23]
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4.7.1 Results from signal channel MC events

To validate the method and compare the Method of Moments with the likelihood fit,
the signal channel MC data-set is evaluated using a pure signal sample without S-wave
pollution. Therefore, no 2D fit prior to the Method of Moments is required and the
Method of Moments can be applied directly after assigning the acceptance correction
weights.

In Tables and (in the appendix) as well as in Fig. [67] the Method of Moments
is compared to the likelihood fit from Section and are found to be in very good
agreement throughout all ¢ bins and for all angular observables.
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Figure 67: The Method of Moments (red) is compared to the likelihood fit (black) from
Section In addition, the generator level results are shown in dashed grey. Throughout all
¢? bins, the two methods are in very good agreement.

4.7.2 Toy event studies for Method of moments

The functionality of the method of moments is verified using toy event samples with the
same statistics as expected for the final fit. These are the same event numbers as used
for the toy studies of the likelihood fit (see Section [2.6). In Tables [30] and 1] the width
and the mean positions of the angular observables are summarized for toy event studies
with starting values compatible with SM predictions. Small biases are observed and the
uncertainty of Fp is clearly over-estimated, as the width of the pull distribution is smaller
than one. Therefore, the statistical uncertainty of Fj from the Method of moments is
scaled by the widths in row one of Table [30] for the final Method of moments on the rare
signal channel. The same is true for the identical toy event studies with toys generated
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from predictions of NP contributions of C = —1.0. Note that some widths are slightly
smaller than one, but are not corrected for, as the differences are not exceeding 0.1.
The narrow width of F, is only present for low statistics and in the presence of an S-wave
contribution. Larger samples, such as the application of the Method of moments to MC
or J/ip are therefore not affected.

Table 30: The widths of the pull distribution obtained from toy event studies with Method of
moments. The event statistics used for this are the same as previously used for the likelihood
fit and as given in Section All observables but Fp, are showing good agreement with the
expected width equal to one. The overestimation of the uncertainty of F7, is correct for in later

use.

| ¢° bin | 0 1 2 3 |
Fr 0.3618 = 0.0083 0.4098 £ 0.0110 0.4421 £0.0119 0.5212 + 0.0131
Sy 1.0117 +0.0227 0.9676 4 0.0222 0.9113 4+ 0.0211 0.9583 =+ 0.0219
Sy 1.0043 £ 0.0225 1.0061 +0.0233  0.9451 4+ 0.0222  0.9606 =+ 0.0220
S 0.9955 + 0.0223  0.9360 & 0.0217 0.9344 + 0.0218  0.9628 + 0.0221
App | 1.0544 £0.0236  1.0193 +0.0234 1.0170 4+ 0.0235 0.9658 + 0.0219
Sy 1.0262 +0.0230 0.9442 4 0.0217 0.9461 4 0.0220 0.9320 + 0.0213
S 1.0520 +0.0236 1.0121 4 0.0234 0.9779 4 0.0229  0.9625 + 0.0221
Sy 0.9914 £ 0.0222  0.9252 £+ 0.0212 0.9348 +0.0217 0.9479 + 0.0216

| ¢° bin | 4 5 6 7]
Fy 0.5675 + 0.0132 0.5221 + 0.0118 0.5953 + 0.0134 0.4280 + 0.0098
S 0.9652 +0.0217  0.9627 4 0.0215 0.9885 £ 0.0221  0.9885 + 0.0222
Sy 0.9661 +0.0217 0.9453 4 0.0212 0.9812 + 0.0219 1.0066 + 0.0226
Ss 0.9949 + 0.0224  0.9550 4 0.0214  0.9927 + 0.0222  0.9890 + 0.0221
App | 1.0020 £ 0.0225 0.9162 4+ 0.0205 0.9678 & 0.0216 0.9743 + 0.0218
Sy 0.9933 +0.0223  0.9268 & 0.0207 0.9935 + 0.0222 1.0518 + 0.0236
S 0.9866 +0.0222  0.9543 4 0.0213  0.9689 + 0.0217  0.9976 + 0.0223
Sy 0.9844 £ 0.0221  0.9249 + 0.0207 1.0024 + 0.0224  0.9949 + 0.0223

4.7.3 Results from reference channel events

In the reference channel, S-wave and background events are present and, hence, the 2D
mass fit is needed to constrain the S-wave fraction Fg and to determine the sWeights.
The reference channel consists of a single ¢ bin of which the results are given in Table
in comparison with results from the likelihood fit in Section All angular observables
are in good agreement between the two methods. Largest deviation was found in the
S-wave parameter Sg1, which is not of interest for the analysis results. Both projections
from the 2D fit can be seen in Fig. [68]

4.7.4 Fit to signal channel data

Due to the limited statistics of the signal channel, the sWeights for the method of moments
will be extracted from a mass fit to the full data-set without splitting the data up into
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Table 31: The mean position of the pull distribution obtained from toy event studies with the
Method of moments. The event statistics used for this are the same as previously used for the
likelihood fit and as given in Section

| ¢° bin | 0 1 2 3
Fr 0.0615+0.0118 —0.1261 +0.0155 —0.1411 +0.0168 —0.1842 + 0.0186
S, —0.0552 £ 0.0321  —0.0050 + 0.0313 —0.0321 £0.0299  0.0396 & 0.0310
Sy 0.0256 £+ 0.0318 —0.0322 4+ 0.0329  0.0506 £ 0.0313  0.0573 & 0.0311
Ss 0.0240 +0.0315 —0.0231 +0.0306  0.0408 +0.0309  0.0861 & 0.0312
Apg 0.0234 +£0.0334  0.1192+0.0331  0.0148 £0.0332 —0.0322 £ 0.0310
Sy 0.0092 £0.0325  0.0396 &+ 0.0307  0.0182+0.0312  0.0237 £ 0.0301
Sg —0.0178 £0.0333  0.01494+0.0331  0.0511+£0.0324  0.0589 & 0.0312
Sy 0.0343 £0.0314 —0.0234 4+ 0.0300  0.0048 + 0.0306 —0.0722 + 0.0305
¢* bin 4 5 6 7
Fr —0.1316 £0.0187  0.0594 +0.0167  0.0562 £0.0190  0.1155 4 0.0139
Sy —0.0047 £0.0307 —0.0142 +0.0305  0.0878 £0.0313  0.0977 & 0.0313
Sy 0.0105+0.0307  0.0061 £+ 0.0299  0.0863 £+ 0.0310  0.1524 + 0.0319
S 0.0858 £ 0.0317  0.0654 &+ 0.0303  0.0904 + 0.0314  0.0418 & 0.0313
App | —0.0782 +£0.0318 —0.0459 4+ 0.0290 —0.0451 +0.0306 —0.0399 + 0.0309
Sy 0.0822 £0.0316  0.0123 +£0.0293  0.0736 £ 0.0314 —0.0011 £ 0.0333
S 0.0572 £0.0313  0.0065 &+ 0.0302 —0.0367 £0.0306  0.0032 £ 0.0316
Sy 0.0105+0.0313 —0.0633 +£0.0293  0.0162 +0.0317  0.0264 + 0.0315
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Figure 68: The two dimensional fit in the invariant mass of the B meson and the K** meson
are shown for the reference channel. The data is split into RunI, (a) and (b), and RunII, (c)
and (d), for DD tracks and LL tracks events, respectively.

RunI and RunlI or DD tracks and LL tracks. The results from these fits are used in the
pre-unblinding cross-checks in Section to compare to the results from the likelihood
fit. For completeness, the numerical values of the results from the method of moments

are given in Appendix

111



Table 32: Toy study evaluation of the method of moments using generated values equal to a
Wilson coefficient Cg = —1.0. The widths of the pull distribution obtained from toy event studies
to verify the non-existence of bias in the Method of moments. The event statistics used for this
are the same as previously used for the likelihood fit and as given in Section All observables
but Fj, are showing good agreement with the expected width equal to one. The overestimation

of the uncertainty of F7, is correct for in later use.

| ¢* bin | 0 1 2 3 |
Fr 0.3641 £ 0.0085 0.4762 +0.0123 0.3314 £0.0085 0.3996 + 0.0100
Ss 1.0011 +0.0224  0.9313 +£0.0214  0.9026 4 0.0210  0.9514 + 0.0219
S 1.0262 4+ 0.0230  0.9807 £ 0.0227  0.9568 4 0.0227  0.9510 = 0.0220
S 1.0299 +0.0231  0.9867 £ 0.0227 0.9641 4 0.0226  0.9486 + 0.0218
App | 1.0378 £0.0233 1.0300 +0.0236 1.0073 £ 0.0232  0.9389 + 0.0214
S7 0.9836 £ 0.0220  0.9944 4 0.0228  0.9516 £ 0.0223  0.9437 4 0.0217
Ss 1.0035 4 0.0225  0.9672 +0.0224 0.9681 4 0.0227  0.9532 = 0.0220
So 1.0008 4 0.0224  0.9426 £ 0.0216  0.9230 4 0.0214  0.9529 + 0.0219

| ¢° bin | 4 5 6 7]
Fy 0.5514 £ 0.0127 0.5742 4+ 0.0130 0.6426 £ 0.0144  0.3955 + 0.0090
Ss 0.9914 £ 0.0222  0.9760 4 0.0218  0.9858 £ 0.0221  1.0017 4 0.0224
S 0.9932 £ 0.0223  0.9351 4 0.0210 1.0210 £ 0.0229 1.0138 4 0.0227
Ss 0.9805 £ 0.0220 0.9611 4 0.0215 0.9741 £ 0.0218  0.9929 + 0.0222
App | 1.0066 £ 0.0226  0.9486 + 0.0212 0.9868 4 0.0221  0.9868 + 0.0221
S 0.9851 £ 0.0221 0.9374 4 0.0210 1.0053 £ 0.0225 1.0144 + 0.0227
Ss 0.9843 £0.0221  0.9460 4 0.0212  1.0172 £ 0.0228 1.0500 4 0.0235
S 0.9689 £ 0.0217  0.9937 4+ 0.0222  0.9601 £ 0.0215 1.0326 + 0.0231
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Table 33: Toy study evaluation of the method of moments using generated values equal to a
Wilson coefficient C9 = —1.0. The mean position of the pull distribution obtained from toy event
studies to verify the non-existence of bias in the Method of moments. The event statistics used
for this are the same as previously used for the likelihood fit and as given in Section The

biases of F, will be correct together with the widths, as mentioned in the previous table.

| ¢° bin | 0 1 2 3]
Fy, 0.0903 £0.0120 —0.1314 4+ 0.0174 —0.1009 £ 0.0120 —0.1023 + 0.0142
Sy —0.0118 £ 0.0317 —0.10124+0.0302  0.0142 4+ 0.0297  0.0020 + 0.0309
S, 0.0412+0.0325  0.01574+0.0322  0.0822 +£0.0321  0.0010 + 0.0311
S —0.0034 £0.0326  —0.0020 4+ 0.0321  0.0636 & 0.0320  0.0574 + 0.0309
Arp 0.0146 +0.0329  0.0249 4+ 0.0334  0.0306 £+ 0.0328 —0.0512 + 0.0303
Sy 0.0335+0.0312  0.0201 +0.0323  0.0282 £ 0.0315 —0.0297 + 0.0307
S —0.0287 £ 0.0318  0.0641 +0.0317  0.0450 £ 0.0321 —0.0008 + 0.0312
Sy —0.0212 £ 0.0317 —0.0126 +0.0306  0.0364 & 0.0303 —0.0338 + 0.0310

| ¢° bin | 4 5 6 7|
Fy, —0.0997 £0.0179  0.0998 +0.0183  0.1182+0.0204  0.0881 £ 0.0128
S 0.0221 +0.0314 —0.0180 4+ 0.0309  0.0277 £0.0312  0.0968 + 0.0317
S, 0.0139 £ 0.0315  0.0302 4 0.0296  0.1098 £ 0.0323  0.1373 + 0.0321
Ss —0.0033 £ 0.0311  0.0021 +0.0304  0.1024 £ 0.0308  0.0336 + 0.0314
App | —0.0278 +0.0319 —0.0491 £ 0.0300 —0.0527 +£0.0312 —0.0478 +0.0312
Sy 0.0559 + 0.0312 —0.0028 4 0.0297  0.0492 £0.0318  0.0210 + 0.0321
S —0.0078 £ 0.0312 —0.0263 +0.0299  0.0208 & 0.0322 —0.0398 + 0.0332
Sy —0.0268 £ 0.0307  0.0077 +£0.0315 —0.0469 £ 0.0304 —0.0153 + 0.0327

Table 34: Comparison of Method of Moments and the likelihood fit for all eight angular

observables in the reference channel.

| [8.68,10.09] | fit MoM |
S 0.313+£0.002  0.308 + 0.002
Ss —0.004 £ 0.003  —0.005 =+ 0.003
Sy —0.246 £ 0.004  —0.240 =+ 0.005
Ss —0.003 £0.004  0.002 + 0.004
Ses —0.003 £ 0.003  —0.003 + 0.003
S —0.001 £0.004  0.000 + 0.004
Ss —0.062 +0.004 —0.058 & 0.004
S —0.083 £0.004 —0.083 + 0.004
Fs 0.053 +£0.006  0.057 +0.011
Ss1 —0.161 £ 0.006 —0.119 + 0.008
Sso 0.022+£0.004  0.016 + 0.004
Sss —0.001 4 0.004 —0.006 =+ 0.004
Ssi —0.005£0.004  0.001 + 0.004
Sss —0.073 £0.005  —0.070 + 0.004
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4.8 Discussion on the nominal method

The nominal method for the extraction of the angular observables is investigated by
using studies on generated toy event samples. The results from these fits (or method of
moment) are used as an input to perform a global fit using the flav.io [35] framework to
determine the sensitivity on the Wilson coefficient Cy, The Method of Moments profits
from having a full correlation matrix of all angular observables. It should be noted that
in the Method of Moments (see Tables |35 and and in the fit to the reference channel
(see Table only small correlations of up to about 0.2 are observed.

For the likelihood fit, the different foldings do not give a full correlation matrix but the
statistical precision of the fit is greater than for the Method of Moments. The evaluation
of the toy study results on the Wilson coefficient Cy compares two different results from
the likelihod fit. One is the combined results from all foldings, with the correlation matrix
filled up with zeros if no correlation was determined from the fit. The other scenario uses
only information from folding 2, which is sensitive to S, and S5, which are most sensitive
to Cy. The resulting likelihood distributions for Cy are shown in Fig.

The single folding with results only for Si,, S3 and S5 clearly shows the least sensitivity
on Cy, followed by the Method of Moments. The combination of results from five folded
likelihood fits performs best. However, the result assumes a full correlation matrix, even if
many correlations are set to zero by the lack of knowledge. This assumption is including
not known information.

To solve this, we will derive the correlation matrix between different foldings using the
BOOTSTRAPPING [31] on the signal data. The full strategy is shown in the following
paragraph, Section [4.9]

T
—— B* - K*(Kgn)uu LHCD 9.0/fb MoM
8 Bt — K**(Kgnt)up LHCD 9.0/fb LLH
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Figure 69: Sensitivity study on the Wilson coefficient Cgy for three different methods: Method of

moments, a likelihood fit with only folding 2 and a likelihood fit with all five foldings. The toy

events are generated with theoretical values determined for a Wilson coefficient Cg = —1.0. See

text for more details.
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Table 35: The averaged correlation matrices for ¢ bins 1-4 from toy event studies using 1000
generated toy samples. The statistics are using the event estimation for the rare channel in the
final fit configuration, as previously shown in Table

bin 0 FL 53 54 55 AFB 57 Sg Sg
Iy 1.000 —-0.001 —-0.004 —-0.014 —-0.016 —0.000 —0.001 —0.001
Ss 1.000 0.036 0.115 0.007  —0.002 0.003 0.003
Sy 1.000  —0.071 0.043 —0.004 —0.000 0.002
Ss 1.000 0.032 0.001 —0.004 —0.004
Arp 1.000 0.001 —0.001 0.007
S7 1.000 = —0.075 0.109
Ss 1.000 0.032
So 1.000
bin 1 FL 53 84 85 AFB 57 Sg Sg
Fr, 1.000  0.001 0.003 —-0.001 —-0.010 —0.002 0.000  —0.002
Ss 1.000  —0.008 0.022 0.003 0.000 0.000 0.004
Sy 1.000  —0.038 0.001 —0.003 —0.018 0.004
Ss 1.000 —-0.004 —-0.016 —0.002 —0.004
Arpp 1.000 0.004 0.007 0.004
Sz 1.000 ~ —0.034 0.017
Ss 1.000 0.008
So 1.000
bin 2 FL Sg 54 S5 AFB 57 Sg Sg
Fr, 1.000 —=0.001 —0.002 0.000 —0.007 0.003 0.002 —0.001
Ss 1.000 —0.013 —0.038 0.001 —0.002 0.001  —0.009
Sy 1.000 0.000  —0.006 0.004 —0.001 0.014
Ss 1.000 0.000  —0.008 0.004 0.001
Arp 1.000  —0.001 0.004 —0.007
S7 1.000 ~ —=0.009 —0.034
S 1.000 0.000
So 1.000
bin 3 FL Sg S4 55 AFB S7 Sg Sg
Fy, 1.000 ~ 0.001  —0.005 0.006 0.014 0.001  —0.002 0.000
Ss 1.000  —=0.028 —0.065 0.008 0.010 —0.002 —0.004
Sy 1.000 0.032 —-0.051 —0.005 —0.001 0.000
Ss 1.000 —0.035 —0.006 0.001 0.001
Arp 1.000 0.002 0.002 —0.004
Sy 1.000 0.020 —0.079
S 1.000  —0.017
So 1.000

s 4.9 Correlation matrix from bootstrapping

1z The direct extraction of the full correlation matrix from the likelihood fitter is sacrificed
s in favour of fit stability due to angular folding, as explained in Section [3.5] However,
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Table 36: The averaged correlation matrices for ¢ bins 5-8 from toy event studies using 1000
generated toy samples. The statistics are using the event estimation for the rare channel in the
final fit configuration, as previously shown in Table

bin 4 FL 53 54 55 AFB 57 Sg Sg
Iy 1.000 —0.001 —0.028 0.001 0.100 0.002 —0.001 0.000
Ss 1.000 -0.039 —0.119 0.006 —0.010 —0.003 0.003
Sy 1.000 0.083 —0.089 —0.001 0.002 0.001
Ss 1.000  —=0.060 —0.006 —0.002 0.004
Arp 1.000 ~ —0.002 0.002 0.004
S7 1.000 0.072 —0.131
Ss 1.000 ~ —0.041
So 1.000
bin 5 FL 53 54 55 AFB 57 Sg Sg
Fr 1.000 -0.015 —0.022 —0.001 0.157  —0.000 0.002 —0.001
Ss 1.000 —0.046 —0.121 —0.036 0.006  —0.002 0.002
Sy 1.000 0.240 —-0.186 —0.002 —0.001 0.002
Ss 1.000 —=0.212 —-0.008 —0.001 0.005
Arp 1.000 ~ —0.001 0.001  —0.007
Sz 1.000 0.156 —0.153
Ss 1.000  —0.059
So 1.000
bin 6 FL Sg 54 S5 AFB 57 Sg Sg
Fr, 1.000  —0.045 0.018 0.014 0.169 0.001 0.001 —0.001
Ss 1.000 —-0.078 —0.125 —-0.014 —0.000 0.003  —0.000
Sy 1.000 0.237 —0.112 —0.005 0.000  —0.002
Ss 1.000 = —0.104 0.001  —0.005 0.002
Arp 1.000 0.001 —0.002 —0.002
S7 1.000 0.209 —0.141
Ss 1.000 = —0.084
So 1.000
bin 7 FL Sg 54 55 AFB 57 Sg Sg
Fy, 1.000  —0.028 0.013 0.015 0.071 0.001  —0.000 0.003
Ss 1.000  —=0.107 —0.112 0.017 0.003 0.002 0.004
Sy 1.000 0.187  —0.040 0.002  —0.005 0.001
Ss 1.000 = —0.049 0.000 0.000 0.006
Arp 1.000  —0.001 0.000  —0.002
Sy 1.000 0.161 —0.101
Ss 1.000 = —0.088
So 1.000

1330 studies on the sensitivity of the global fit to the results of this analysis revealed a great
130 improvement of the usage of the full parameter set with a full correlation matrix over the
1 use of only a single folding, see Fig. [69]
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This full correlation matrix is extracted using BOOTSTRAPPING [31] on signal data events.
For this, 3000 sets of randomly chosen events are each fitted by all five foldings. The size
of these randomized samples is also randomly altered by a Poissonial probability with a
mean equal to the genuine size. From these, the correlation for each pair of two parameters
is determined from the 3000 results. The precision of the correlation factor scales with
\/—IN, which is about 0.018 for 3000 samples. In the following paragraph, Section 4.9.1| this
method is validated on toy events. The resulting correlation matrices of for the signal
data are later given with the fit results in Section [7.2]

4.9.1 Validation of bootstrapping method

The technique to extract the correlation matrix via the BOOTSTRAPPING method is
validated using some large statistic toy samples. One ¢? bin is filled with four times 2000
toy events. Then first one nominal fit with full angular configuration is performed to
obtain the reference correlation matrix, which the BOOTSTRAPPING method is compared
to. Afterwards, each toy sample is fitted with all five foldings for 667 bootstrapped samples.
For seven samples, with five fits for 667 bootstrappings, this adds up to 7 x5 x 667 = 23345
fits with each a statistic of about 8000 toy events. This huge number is the reason for
limited statistics in both the number of samples and number of bootstrappings per sample.
From the bootstrapping results, the correlation for each off-diagonal cel]ﬂ are determined
by using the n = 667 results for both variables. The correlations are calculated using the

formula n ZZ TiYi — Z, ZT; Zz Yi
\/n > — (00 xz)Q\/n >y — (O yi)2

for the two variables x and y. The resulting correlation matrices are all listed in Ap-
pendix[A.T9. All off-diagonal cells from all seven pairs of correlation matrices are compared
between the correlation matrix from the full angular fit and the BOOTSTRAPPING method.
The mean value as shown in Fig. [70]is fairly compatible with zero, as would be expected.
Even though the small bias has an almost three sigma significance, the absolute value
of only 0.015 is small compared to the precision required for the signal channel. The
width of about 0.067 is in good agreement with the expected value for the spread of the
correlation values. This expectation is based on the observed spread of correlations equal
to sq%(N)’ which can be observed on simple toy experiments with random numbers. For
this validation, the corresponding N; » for the uncertainties on the correlation matrices
are N; = 8000 for the full angular likelihood fit and Ny = 667 for the BOOTSTRAP-

PING method. For the presented study, the numbers result in an expected width of

Oaiff = V07 + 03 = \/ 505 + g7 ~ 0.040. Given that this is a theoretical limit for the

precision, the observed width of 0.067 in Fig. [70]is in good agreement and satisfies the
precision needed for the correlation matrix extraction.

The method is therefore validated for extracting the correlation of the final fit from
different foldings.

(43)

COTT gy =

9The diagonals have been evaluated in the beginning to verify that the results are equal to one, but
later are skipped to save computing resources.
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Figure 70: Absolute differences of correlation values of each cell (top right triangle only and
without diagonal elements) of the correlation matrices obtained from the full angular fit and
from the BOOTSTRAPPING method. Seven toy samples with each 8000 toy events are evaluated.
The mean and width values are obtained from a binned fit using a Gaussian bell shape. The
agreement between both methods is good enough for the expected precision and therefore
validates the usage of the BOOTSTRAPPING method for the extraction of the correlation matrix.
See text for more details.
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5 Study of systematic uncertainties

In addition to the statistical uncertainty on the determined values for all angular ob-
servables, the following list of systematic effects is investigated and their uncertainty is
quantified.

The first parts investigate systematic effects of the angular acceptance correction and the
PHSP MC which the acceptance correction weights are obtained from. The MC-data
re-weighting of PHSP MC events is investigated. In addition, the uncertainty of finite
statistics of the PHSP MC samples is quantified by using the bootstrapping method. The
uncertainty due to the parametrization of the 4D acceptance correction using Legendre
polynomials is evaluated by increasing the maximum order of these polynomials by 2 in
each of the four dimensions.

The S-wave fraction, Fy, is varied within the uncertainty of the 2D mass fit and the
systematic effect on the angular observables is determined.

All systematic effects are summarized and added up quadratically to a final systematic
uncertainty on each observable in each ¢ bin. The final systematic uncertainties are given

in Section B.13l

5.1 Re-weighting of PHSP MC

To match the kinematic distributions of simulated events and recorded data, all MC
events are re-weighted as described in Section [2.7.4] In order to understand the impact
of this reweighting on the angular observables, a systematic study was performed and a
systematic uncertainty is assigned. This systematic uncertainty is taken from 200 fits with
different acceptance correction configurations. In each configurations the weights for every
underlying PHSP MC event has been varied within the weight’s uncertainty. The width
of the result distributions for all angular observables in all eight ¢? bins is assigned as the
systematic uncertainty. All fits are performed on toy event samples of large statistics (four
times 2000 events) to remove any statistical effects on the differences and extract the pure
effect of the PHSP MC reweighting. The resulting values are summarized in Table [37]

Table 37: The width of the resulting distributions for all parameters due to fluctuating the PHSP
MC weights for the angular acceptance correction parametrization is assigned as a systematic
uncertainty of this PHSP MC reweighting.

¢’ bin | 0 1 2 3 4 5 6 7]

Sis 0.0134 0.0021 0.0011 0.0023 0.0007 0.0010 0.0009 0.0012
Ss 0.0023 0.0015 0.0011 0.0009 0.0009 0.0012 0.0015 0.0023
Sa 0.0062 0.0029 0.0022 0.0058 0.0013 0.0015 0.0017 0.0021
Ss 0.0191 0.0025 0.0019 0.0030 0.0015 0.0018 0.0016 0.0024
Ses 0.0097 0.0020 0.0011 0.0012 0.0009 0.0012 0.0013 0.0013
Sz 0.0015 0.0005 0.0007 0.0014 0.0003 0.0003 0.0003 0.0003
Sg 0.0376 0.0009 0.0009 0.0018 0.0008 0.0005 0.0007 0.0007
Sy 0.0378 0.0003 0.0003 0.0004 0.0002 0.0002 0.0002 0.0002
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5.2 Bootstrapping of PHSP MC

The finite statistics of the PHSP MC sample are introducing a possible systematic
effect on the result of the angular observables as the parametrization of the acceptance
correction uses a moment analysis for the 4D polynomials. Due to the finite statistics, the
parametrization may describe statistical fluctuations inside the 4D space of the PHSP
MC.

To evaluate the effect of the statistical power, the BOOTSTRAPPING |31] method is used.
Sets of identical statistics as the original PHSP MC samples but with the events resampled
randomly are used to generate randomly fluctuated acceptance corrections.m For each
generated acceptance correction, a fit to an identical toy event sample (which is generated
using the nominal acceptance correction) is performed in all eight ¢? bins and the angular
observables are saved. 200 iterations of this strategy generate a Gaussian-like distribution
for each angular observable and in each ¢? bin. The width of these distributions is taken
as the systematic uncertainty associated to the PHSP MC statistics and all values are
given in Table [38]

Table 38: The statistical power of the PHSP MC sample is determined using the BOOTSTRAPPING
method. 500 random subsets with equal size to the original PHSP MC set are taken, acceptance
correction determined for each and the width of the signal parameter distribution is equal to the
systematic uncertainty.

| ¢° bin | 0 1 2 3 4 5 6 7]

Sis 0.0166 0.0166 0.0068 0.0079 0.0065 0.0082 0.0067 0.0125
Ss 0.0194 0.0065 0.0056 0.0048 0.0049 0.0054 0.0078 0.0150
Sa 0.0334 0.0184 0.0142 0.0139 0.0084 0.0087 0.0109 0.0155
Ss 0.0282 0.0165 0.0125 0.0128 0.0080 0.0080 0.0088 0.0180
Sés 0.0348 0.0143 0.0066 0.0078 0.0073 0.0104 0.0080 0.0146
S7 0.0117 0.0069 0.0051 0.0051 0.0027 0.0044 0.0031 0.0102
Sg 0.0183 0.0128 0.0066 0.0088 0.0033 0.0075 0.0063 0.0169
Sy 0.0377 0.0025 0.0012 0.0011 0.0010 0.0009 0.0010 0.0033

5.3 Parametrization of angular acceptance

The PHSP MC is parametrized as described in Section and uses four dimensional
polynomials with a finite maximal order. This maximum order has been thoroughly
studied and optimized as described. Since a description with one or two more orders
does not improve the residuals in the projections nor improves the determined y? of the
parametrization, a systematic is assigned to this part.

To assign a systematic uncertainty to this cut-off in the polynomial approximation of
the distributions, all orders in the four dimensions have been increased by two more
orders. Fitting each of the 200 toy event samples with the two different sets of angular

10The BOOTSTRAPPING method would actually also require fluctuations of the total number of events
selected. This is thought to be a negligible second order effect and would require a more complicated
technical implementation. Hence the number of events is kept identical to the original PHSP MC sample.
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acceptance corrections, a systematic uncertainty is determined from the mean position of

the distribution of resulting differences for every angular observable. These numbers are
given in Table [39]

Table 39: The absolute value of the difference in the mean values of all signal parameters between
a fit with acceptance correction using the nominal order of polynomials and one fit of where
the acceptance is parametrized by two additional orders per dimension. The absolute value of
the difference is considered as an estimation of the systematic uncertainty for the PHSP MC
parametrization.

| ¢° bin | 0 1 2 3 4 5 6 7]

Sts 0.0250 0.0189 0.0370 0.0127 0.0036 0.0033 0.0065 0.0122
Ss 0.0093 0.0216 0.0056 0.0003 0.0140 0.0114 0.0139 0.0283
S4 0.0124 0.0223 0.0004 0.0137 0.0000 0.0179 0.0063 0.0522
Ss 0.0166 0.0415 0.0091 0.0195 0.0108 0.0195 0.0214 0.0317
Sés 0.0020 0.0420 0.0165 0.0006 0.0056 0.0032 0.0004 0.0141
S7 0.0043 0.0185 0.0217 0.0103 0.0028 0.0104 0.0131 0.0055
Sg 0.0166 0.0301 0.0129 0.0200 0.0156 0.0079 0.0057 0.0143
Sy 0.0101 0.0026 0.0069 0.0112 0.0028 0.0045 0.0066 0.0112

5.4 S-wave parameter constraints

The final fit configuration toy studies (see Section show a bias in the mean position
of the pull distribution (see Table . This bias was diagnosed to origin from the fact
that the constraint on Fs from the 2D mass fits is not strong enough. In the investigations
leading to this conclusion, the constraint on Fg was artificially strengthened (similar to
the toy studies in Section and it was found that at an Gaussian constraint on Fy
of 0.01 or better, the bias is removed from the pull distributions. Therefore, this bias is
assigned as a systematic uncertainty of the S-wave parameter. In Table 40| the resulting
systematics are shown.

5.5 Signal peak mass model

To evaluate a potential systematic effect due to the usage of a double-sided Crystal Ball
function as the model for the signal peak in the mass dimension of the mother B meson,
a toy study is performed. In this study the events are generated using the nominal signal
peak model, the double-sided Crystal Ball function. The distributions of 200 independent
sets of toy events is then fitted using a single Gaussian bell curve with the same width
as the Crystal Ball function. As for the systematics studies before, the distribution of
x — xg is plotted for every angular observable and in each of the eight ¢* bins. From these
distributions, the shift of the mean position is obtained using a Gaussian fit model and

is assigned as the systematic uncertainty. All values are summarized in the following
Table 41l
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Table 40: Due to the large uncertainty on the Gaussian constraint of Fg, the toy study results of
the final fit configuration with SM values show a bias, as shown in Table The bias disappears
when a stronger Gaussian constraint is applied for Fg. Here, the resulting values are not given
relative to the statistical uncertainty as in Table but the absolute values of the shift are
given. These values are assigned as a systematic uncertainty.

| ¢° bin | 0 1 2 3 4 5 6 7]

Sis 0.0230 0.0317 0.0291 0.0009 0.0031 0.0053 0.0008 0.0003
Ss 0.0001 0.0006 0.0001 0.0080 0.0080 0.0065 0.0030 0.0141
S4 0.0046 0.0123 0.0211 0.0138 0.0040 0.0037 0.0003 0.0132
Ss 0.0019 0.0051 0.0102 0.0136 0.0097 0.0069 0.0058 0.0188
Sés 0.0020 0.0212 0.0011 0.0057 0.0005 0.0010 0.0037 0.0063
S7 0.0032 0.0007 0.0177 0.0029 0.0070 0.0074 0.0083 0.0063
Sg 0.0041 0.0071 0.0146 0.0104 0.0054 0.0041 0.0076 0.0008
Sy 0.0029 0.0009 0.0041 0.0012 0.0070 0.0111 0.0026 0.0081

Table 41: The toy events are generated with the nominal double-sided Crystal Ball model for
the B meson signal peak. Then these events are fitted with a single Gaussian bell shape and the
mean value of the z — x( distributions is assigned as the systematic uncertainty for the mass
model.

| ¢* bin | 0 1 2 3 4 5 6 7]

Sts 0.0007 0.0005 0.0010 0.0013 0.0021 0.0022 0.0005 0.0015
Ss 0.0013 0.0019 0.0035 0.0001 0.0000 0.0033 0.0035 0.0048
Sy 0.0033 0.0020 0.0003 0.0027 0.0086 0.0068 0.0077 0.0038
Ss 0.0009 0.0086 0.0007 0.0064 0.0030 0.0082 0.0074 0.0049
Ses 0.0063 0.0023 0.0042 0.0018 0.0036 0.0000 0.0050 0.0065
S7 0.0009 0.0019 0.0020 0.0027 0.0094 0.0009 0.0014 0.0038
Sg 0.0014 0.0012 0.0003 0.0007 0.0039 0.0011 0.0002 0.0004
Sy 0.0018 0.0002 0.0004 0.0037 0.0008 0.0002 0.0010 0.0023

5.6 Veto against peaking background

In Section , the veto cut against peaking background from B® — K?u*tu~ plus a
random 7t is explained. As the cut around the B° mass also removes combinatorial
background, as it can be seen by a undershoot in the residual at around 5500 MeV/c? in
Figs. [p] and [0] the effect of this removal is investigated in a dedicated toy study. For this, a
negative gaussian shape at 5500 MeV with width of 30 MeV/c? and a relative normalization
to the exponential of 2% is added to the exponential model of the background at toy event
generation. This negative shape imitates the removal of combinatorial background at this
masses and generates a hole in the exponential distribution. The values of the Gaussian are
obtained from reference distributions in Figs. [5] and [6|and averaged. Applying this artificial
cut into the generated background spectrum results in the systematic uncertainties given
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in Table [42

Table 42: By removing a Gaussian shaped hole from the upper mass side-band during the
generation of toy events, the veto against B® — K{u*pu~ plus a random 7+ decays are simulated.
In the fit, only the nominal background model is applied. The mean value of the difference
between a nominal fit and the modified fit are assigned as the systematic uncertainty.

| ¢° bin | 0 1 2 3 4 5 6 7]

Sts 0.0004 0.0020 0.0036 0.0003 0.0009 0.0016 0.0021 0.0004
Ss 0.0000 0.0058 0.0045 0.0004 0.0044 0.0003 0.0002 0.0044
S4 0.0002 0.0061 0.0013 0.0023 0.0016 0.0022 0.0008 0.0057
Ss 0.0002 0.0048 0.0010 0.0028 0.0009 0.0018 0.0018 0.0000
Sés 0.0040 0.0076 0.0013 0.0016 0.0042 0.0009 0.0037 0.0003
S7 0.0008 0.0047 0.0077 0.0046 0.0075 0.0010 0.0057 0.0016
Sg 0.0056 0.0075 0.0036 0.0003 0.0012 0.0050 0.0077 0.0001
Sy 0.0076 0.0014 0.0042 0.0046 0.0017 0.0016 0.0031 0.0049

5.7 Angular backround model

The polynomial parametrization of angular background is cut-off at orders 2 for cos 6y
and cosfr. In the ¢ dimension it is a flat distribution (order 0). This orders were found
by examining the mass sidebands, as explained in Section [3.3.4 To cover a potential
under-coverage of the actual angular background components, toy studies are generated
with an additional order of size 0.1 These generated events are then fitted with the nominal
angular background model and the results are compared to the nominal toy event fits.
The mean of the shift of these results is assigned as a systematic uncertainty. The values
are given in Table [43]

5.8 Angular resolution

The finite angular resolution is determined in Appendix [A.6] To propagate the resolution
to the final results of the angular observables, a toy event study with 2000 toy events per
sub-set and per ¢? bin is performed. For 200 times, the same set of toy events is used
and all angular values (cosfg, cosf, and ¢) for each event in this set is varied randomly
within the angular resolution. From the distribution of these 200 fit results, the width is
obtained for each angular observable and in each ¢? bin. This width is assigned as the
systematic uncertainty of the angular resolution and all values are shown in Table
The effect is very small compared to the statistical uncertainties and as well to other
systematic effects.

5.9 Study of systematic effects on S;; and S35 due to angular
folding

Since S5 and S3 are accessible in all five angular foldings, as it is shown in Table [16]
a systematic tests has been performed to investigate potential biases by the choice of
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Table 43: The angular background model is increased by an additional polynomial order compared
to the nominal orders (cosfg: 2, cosfr: 2 and ¢ : 0) with an amplitude of 0.1 for the new order.
The events are then fitted with the nominal background model and the difference to fit to a
nominal background sample are compared. The mean differences are assigned as the systematic
uncertainty.

| ¢° bin | 0 1 2 3 4 5 6 7]

Sis 0.0016 0.0001 0.0008 0.0003 0.0026 0.0003 0.0013 0.0023
Ss 0.0041 0.0063 0.0054 0.0037 0.0043 0.0005 0.0012 0.0064
S4 0.0015 0.0065 0.0027 0.0023 0.0041 0.0015 0.0016 0.0031
Ss 0.0030 0.0055 0.0020 0.0014 0.0047 0.0017 0.0045 0.0014
Sés 0.0033 0.0015 0.0044 0.0012 0.0045 0.0031 0.0026 0.0023
S7 0.0034 0.0035 0.0033 0.0044 0.0041 0.0006 0.0028 0.0007
Sg 0.0031 0.0015 0.0035 0.0002 0.0063 0.0061 0.0051 0.0022
Sy 0.0089 0.0143 0.0182 0.0166 0.0154 0.0134 0.0108 0.0100

Table 44: Results of the systematic effects of the angular resolutions on the angular observables.
The angular resolutions have been determined using the TRUE information on MC, which is
presented in Appendix [A.6] For this study, the generated angles of all toy events have been
repeatedly varied within their resolution. The width of the result distribution from all fits is
given in this table and assigned as an systematic uncertainty.

| ¢° bin | 0 1 2 3 4 5 6 7]

Sis 0.0007 0.0011 0.0005 0.0004 0.0005 0.0004 0.0002 0.0003
Ss 0.0007 0.0004 0.0004 0.0005 0.0004 0.0004 0.0003 0.0004
Sa 0.0015 0.0015 0.0009 0.0008 0.0007 0.0006 0.0007 0.0006
Ss 0.0013 0.0009 0.0006 0.0007 0.0005 0.0005 0.0004 0.0006
Ses 0.0028 0.0013 0.0006 0.0006 0.0004 0.0006 0.0003 0.0004
Sz 0.0014 0.0011 0.0007 0.0007 0.0005 0.0005 0.0004 0.0004
Ss 0.0029 0.0020 0.0011 0.0008 0.0006 0.0005 0.0005 0.0005
Sy 0.0005 0.0005 0.0006 0.0005 0.0005 0.0004 0.0003 0.0004

using the results from folding 0 for these two observables. Toy events studies are run to
investigate potential biases in the different foldings. Every toy sample is fitted with all
five foldings, which is repeated on 3000 sets of toy events. The For this effect, only very
small biases have been observed, as can be seen in Table {5l The systematic uncertainty
is accordingly assigned for the choice of picking folding 0 as reference for S;5 and Ss.

5.10 LOMuon efficiency disagreement in Monte Carlo and data

The obvious difference in LOMuon efficiency in data and MC events, as determined and
explained in Section [2.7.6 was used to determined a potential systematic effect of this
difference on the angular observable. Using the ratio of data and MC efficiencies from
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Table 45: The root mean square of the mean values from five different foldings for each angular
observable and in each ¢? bin is determined. The mean values are determined from 3000 fits to
randomly generated toy event samples.

| ¢° bin | 0 1 2 3]
Sis 0.0018 0.0005 —0.0020 + 0.0013 —0.0023 +0.0004 ~ 0.0015 % 0.0007
Sy —0.0010 +0.0010  0.0013 +0.0012 —0.0004 £ 0.0018  0.0000 = 0.0022
| ¢° bin | 4 5 6 7]
Sis 0.0028 +0.0004  0.0045 £+ 0.0008  0.0023 +0.0005  0.0025 + 0.0013
Ss —0.0025 + 0.0013  —0.0007 £ 0.0031  —0.0012 £ 0.0018 —0.0081 =+ 0.0043

Fig. [13| (blue graphs), the PHSP MC events are weighted prior to the parametrization of
the angular acceptance correction. With these resampled PHSP MC sets, an alternative
set of angular acceptance correction coefficients is determined. Using toy events studies
with 2000 events per bin and per sub-set, and 200 fits per bin, the mean values for each
angular observable and in each ¢? bin are determined. For no systematic effect, the mean
value should be (compatible with) zero. The results of this systematic study reveal a very
small systematic effect, with the numbers presented in Table 46| and these values will be
assigned as a systematic uncertainty. Within three sigma, all values are compatible with
Zero.

Table 46: The differences in the LOMuon trigger line efficiency (see Fig. is used for an
alternative determination of the angular acceptance correction coefficients. Toy studies are
performed by generating events with the nominal acceptance and fitted with the alternative
acceptance correction. This table presents the observed absolute values of the bias in the result
distribution, which is assigned as a systematic uncertainty to the LOMuon trigger efficiency
difference in data and MC events.

¢* bin | 0 1 2 3 4 5 6 7]

Sis 0.0024 0.0026 0.0014 0.0003 0.0003 0.0012 0.0004 0.0011
Ss 0.0022 0.0010 0.0022 0.0000 0.0005 0.0041 0.0001 0.0012
Sa 0.0022 0.0051 0.0019 0.0025 0.0033 0.0036 0.0010 0.0043
Ss 0.0028 0.0004 0.0008 0.0038 0.0023 0.0014 0.0006 0.0001
Ses 0.0058 0.0009 0.0025 0.0001 0.0018 0.0016 0.0005 0.0002
S7 0.0003 0.0018 0.0005 0.0024 0.0078 0.0031 0.0047 0.0036
Sg 0.0037 0.0056 0.0034 0.0055 0.0026 0.0007 0.0022 0.0016
Sy 0.0004 0.0006 0.0012 0.0021 0.0007 0.0005 0.0009 0.0028

5.11 Discrepancy in K? pr between data and MC

The comparison of resonant J/i» data and resonant J/i») MC show a mostly great agreement
between sWeighted data and re-weighted MC events. A observed discrepancy in the pr
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100 spectrum of K? and K** in the DD tracks sample was observed, as it is shown in Figs. m,
1510 and

Table 47: The non-flat ratio between MC and data DD tracks events in KQ pr are used to weight
the PHSP MC events prior to the determination of the angular acceptance correction coefficients.
With the alternative coefficients, as well as with the nominal coefficients, toy events have been
fitted repeatedly. The shift in the mean position of the difference distribution is assigned as an
systematic uncertainty. Compared to other systematic effects, the size of this uncertainty is
small.

| ¢° bin | 0 1 2 3 4 5 6 7]

Sis 0.0002 0.0025 0.0018 0.0009 0.0036 0.0023 0.0042 0.0026
Ss 0.0010 0.0080 0.0049 0.0052 0.0033 0.0043 0.0029 0.0013
Sa 0.0045 0.0031 0.0049 0.0025 0.0011 0.0032 0.0004 0.0068
Ss 0.0003 0.0009 0.0006 0.0014 0.0008 0.0018 0.0023 0.0035
Ses 0.0014 0.0004 0.0018 0.0029 0.0016 0.0042 0.0018 0.0040
S7 0.0011 0.0028 0.0044 0.0015 0.0021 0.0014 0.0030 0.0002
Ss 0.0041 0.0027 0.0000 0.0024 0.0006 0.0005 0.0004 0.0018
Sy 0.0001 0.0023 0.0036 0.0038 0.0030 0.0019 0.0008 0.0001

su 95.12  General bias of the likelihood fit

sz The toy event studies reveal some biases for different parameters and in different ¢? bins.
1513 As the bias is not identical for different start values, the biases from different toy event
1514 configurations are added up quadratically to form a single systematic uncertainty. The
115 Systematic uncertainty is clearly dominated by values of the toy studies using final fit on
15,6 data events. The mean and width for all pull distributions of these studies are given in
1517 Tables [24) and [25] with a significant bias of the mean position visible for some parameters
s in different ¢ bins. The coverage of the pull distributions however is good (except the
1519 one case of Sgs, which will use Feldman-Cousins to obtain the uncertainty) and though
120 the bias is assigned as a systematic uncertainty. Results of these systematic uncertainties

1521 are given in Table [48]

2 9.13  Summary of systematic uncertainties

1523 The final systematic uncertainties assigned to the results are given in Table 49 In this
124 table, all previously measured systematic uncertainties are added up quadratically for
155 each parameter and in each ¢ bin. The total systematic uncertainty is dominated by the
126 systematic effects of the angular acceptance correction and the bias of the toy studies
17 with final fit values as start values. However, the total systematic uncertainty is small
128 1N comparison to the expected statistical uncertainty for each angular observable and in
1520 each ¢? bin.
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Table 48: The observed bias in toy studies with values equal to the final fit results are assigned
as a general systematic uncertainty to the unknown bias of the likelihood fit.

¢’ bin | 0 1 2 3 4 5 6 7]

Sis 0.0194 0.0261 0.0020 0.0014 0.0018 0.0040 0.0084 0.0069
Ss 0.0064 0.0065 0.0078 0.0025 0.0088 0.0027 0.0189 0.0042
Sa 0.0057 0.0084 0.0268 0.0416 0.0083 0.0042 0.0026 0.0104
Ss 0.0043 0.0121 0.0105 0.0045 0.0011 0.0008 0.0128 0.0048
Ses 0.0032 0.0091 0.0039 0.0010 0.0059 0.0666 0.0085 0.0001
Sz 0.0051 0.0117 0.0035 0.0006 0.0119 0.0029 0.0039 0.0039
Ss 0.0015 0.0213 0.0143 0.0020 0.0078 0.0007 0.0019 0.0066
Sy 0.0081 0.0021 0.0039 0.0083 0.0046 0.0183 0.0091 0.0034

Table 49: The final quadratic summation of systematic uncertainties. These values are assigned
to the results in addition to the statistical uncertainties. All results can be found in Section

¢’ bin | 0 1 2 3 4 5 6 7]

Sis 0.0447 0.0485 0.0478 0.0154 0.0098 0.0119 0.0137 0.0195
Ss 0.0232 0.0265 0.0152 0.0127 0.0205 0.0175 0.0257 0.0378
S4 0.0375 0.0345 0.0376 0.0486 0.0162 0.0225 0.0152 0.0581
Ss 0.0384 0.0480 0.0215 0.0287 0.0179 0.0240 0.0286 0.0419
Sés 0.0379 0.0507 0.0196 0.0106 0.0133 0.0677 0.0141 0.0228
S7 0.0145 0.0240 0.0302 0.0141 0.0208 0.0143 0.0184 0.0148
Sg 0.0461 0.0410 0.0258 0.0251 0.0202 0.0142 0.0150 0.0233
Sy 0.0562 0.0152 0.0211 0.0230 0.0182 0.0258 0.0162 0.0188

s 5.14 Systematics for P") observables

sn All previous systematic studies have been repeated using the PY) angular basis. The
152 resulting total systematic uncertainties are given in Table[50] whereas all individual results
1533 are shown in the appendix in Appendix [A.21]

su 5.15 Systematics of S- and P! observables in two larger ¢ bins

1535 In addition to the nominal ¢* binning scheme as defined in Table two extra large bins
135 are fitted as well. The systematics for both observable bases have been evaluated in the
1537 very same way as before and the resulting values are presented in the combined table for
1538 both observable bases in Table (11
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Table 50: The final quadratic summation of systematic uncertainties for angular observables
in the PY) basis. The individual systematic uncertainties are listed in tables in the appendix
(Appendix . These values will be assigned to the results in addition to the statistical
uncertainty. All results can be found in Section

¢° bin | 0 1 2 3 4 5 6 7]

Fr, 0.0642 0.0340 0.0444 0.0309 0.0176 0.0299 0.0204 0.0371
P 0.1063 0.3167 0.2232 0.2909 0.1026 0.0861 0.0710 0.0932
Py 0.0330 0.1515 0.1132 0.0628 0.0545 0.0436 0.0263 0.0439
Py 0.0472 0.1801 0.2039 0.1499 0.0565 0.0455 0.0167 0.0174
P; 0.1187 0.1126 0.1413 0.0916 0.0628 0.0744 0.0750 0.1320
P! 0.1217 0.1036 0.0917 0.0856 0.0647 0.0549 0.0615 0.1275
P 0.0622 0.0818 0.0539 0.0467 0.0264 0.0254 0.0218 0.0379
P 0.0922 0.0499 0.0709 0.0511 0.0200 0.0388 0.0449 0.0729

Table 51: The final quadratic summation of systematic uncertainties for angular observables
in the S- and P") basis in the two larger ¢* bins. The individual systematic uncertainties are
listed in tables in the appendix (Appendix . These values will be assigned to the results in
addition to the statistical uncertainty. All results can be found in Section

| ¢° bin | [1.1-6.0] [15.0-19.0] || ¢* bin | [1.1-6.0] [15.0-19.0] |

Sis 0.0189 0.0207 || Fr, 0.0263 0.0219
Ss 0.0094 0.0292 || P 0.0760 0.0664
Sa 0.0271 0.0577 || P 0.0453 0.0352
Ss 0.0209 0.0247 || Ps 0.0446 0.0331
Sés 0.0320 0.0522 || P, 0.0665 0.1047
S7 0.0135 0.0110 || P} 0.0427 0.0479
Ss 0.0242 0.0124 || P 0.0374 0.0312
Sy 0.0137 0.0211 || P§ 0.0618 0.0266

128



1539

1540

1541

1542

1543

1544

1545

1546

1547

1548

1549

1550

1551

1552

1553

1554

1555

1556

1557

1558

1559

1560

1561

1562

1563

1564

1565

1566

1567

1568

1569

1570

1571

1572

1573

1574

1575

1576

1577

1578

6 Further systematic checks

In addition to the systematic studies in Section [5], which resulted in assigning a systematic
uncertainty to the final result values, further checks on systematic effects have been
performed. These tests might have used toy events or were cross-checks of different kinds.

6.1 Potential mix-up of primary 7" and 7" from K!

A potential mix-up of the 7" originating from the K** (primary =) with the 7t from
the K? (secondary 71) was investigated for the LL tracks sample. In the DD tracks sample,
the large flight distance of the K? prevents a potential mix-up.

For the LL tracks sample, the invariant mass of the primary 7% and the 7~ from the K?
was determined for all events with a K? flight distance of 10mm or less. The cut on the
K? flight distance was motivated by the fact, that primary and secondary 7 would need
a (close to) common vertex of origin to be mixed up. In the invariant mass spectrum of
the full DD tracks data-set (2011-2018), a yield of around 29 £+ 5 mix-up events could be
observed using a gaussian fit plus some polynomial background to fit the region around the
K? mass. With a total number of more than 75000 events, this results in a sub-per-mill
effect and is considered negligible.

6.2 Forcing a symmetric angular acceptance in cosfj,

Due to the symmetry in the di-muon system, the angular acceptance correction parametriza-
tion could be argued to be symmetric in the cosf; dimension. Investigations on whether
this statement is justified resulted in the systematic study by repeating toy event fits
with the nominal acceptance correction (allowing for even and odd polynomials in the
parametrization of cosfy) and a fit with a forced symmetry in the acceptance correc-
tion. Each toy event sample is generated using the nominal acceptance correction and
is afterwards fitted twice; once with the nominal acceptance correction and once with a
symmetric acceptance correction in cos 6. The difference of each each angular observable
is filled into histograms for every ¢ bin. In Table 52| the mean position of this difference
is shown, representing the effect of the forced symmetry in the acceptance of cosf;. The
result shows significant biases, especially in the observable Sy.

These results are not assigned as an systematic uncertainty, but show a potential bias due
to symmetric acceptance corrections. This is confirmed by observing a significant bias in
the results of the reference channel, when using a symmetric acceptance correction. The
value of Sy = —0.266 4 0.005 differs significantly from the literature values in Table
All other results from this fit can be seen in Table in the Appendix [A.20]

6.3 Angular background

The angular background is described using Chebyshev polynomials, as extensively described
in Section [3.3.4] From the lower and upper mass-sideband, the background description
is interpolated into the signal region underneath the B* mass peak and hence the two
sidebands should agree in their angular distributions to justify the negligence of a mass-
dependent description of the angular background polynomials.

To verify this statement, the lower and upper mass-sideband of the rare channel background
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Table 52: The absolute value of the difference in the mean values of all signal parameters between
a fit with acceptance correction using the assumption that cosf; should have a symmetric
acceptance effect and one fit of where the acceptance may contain non-symmetric terms in cos 6y,.
These values are not assigned as a systematic uncertainty.

| ¢° bin | 0 1 2 3 4 5 6 7]

Sis 0.0017 0.0005 0.0007 0.0042 0.0008 0.0033 0.0003 0.0002
Ss 0.0004 0.0009 0.0028 0.0029 0.0005 0.0019 0.0007 0.0051
Sa 0.0169 0.0304 0.0424 0.0360 0.0275 0.0191 0.0164 0.0410
Ss 0.0019 0.0030 0.0052 0.0020 0.0070 0.0057 0.0013 0.0085
Ses 0.0074 0.0047 0.0020 0.0112 0.0077 0.0041 0.0016 0.0019
Sz 0.0035 0.0004 0.0031 0.0037 0.0048 0.0035 0.0015 0.0021
Ss 0.0067 0.0000 0.0060 0.0004 0.0020 0.0044 0.0011 0.0030
Sy 0.0006 0.0023 0.0017 0.0013 0.0023 0.0022 0.0015 0.0002

samples have been parametrized individually as well as in a combined way. For this, the
data-set is not split into RunI and RunII nor in DD tracks and LL tracks due to the very
limited statistics. In most bins, the total amount of background events is just about 100
for the full data-set.

The results for the four angular background coefficients (2 in cosf; and 2 in cosff) are
presented in Table 53] Even though some parameters swap signs between upper and lower
mass-sideband, the large uncertainty on these values still provides a fair agreement for all
parameters. Hence, the chosen parametrization is justified and no systematic uncertainty
will be assigned to this.

6.4 Upper limit of B meson mass window

A potentially larger mass window for the BT mass of up to 7000 MeV/c? was investigated
using toy event studies. The nominal window up to 6000 MeV/c? is used as a reference
point. The results of evaluating the sensitivity from 1000 toy events are given in Tables
and Throughout all bins and parameters, no benefit from the increased mass window
is visible, as the values agree for the full tables. Hence, the upper limit of the B+ mass
window is set to 6000 MeV/c?.
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Table 53: The angular background coefficients from fits to pure background samples in the rare
channel. The data-set is only split into lower and upper mass-sideband (or the combined set of
both sidebands). The coefficients have significant uncertainties and are in fair agreement for all

¢? bins.

’ c;kg(cos 0r) ‘ low high combined
[0.10,0.98] —0.433£0.384 —0.262+£0.219 —0.303 £0.190
[1.10, 2.50] —0.001 £ 0.316 0.090 £ 0.222 0.067 £ 0.183
[2.50,4.00] 0.332 £ 0.255 0.080 £ 0.167 0.163 £0.142
[4.00, 6.00] 0.136 £0.245  0.140£0.186  0.139 £ 0.155
[6.00, 8.00] —0.248 £0.212 0.197 £ 0.167 0.050 = 0.135
[11.00, 12.50] 0.353 £0.235 —0.206 £ 0.205 0.010 &= 0.158
[15.00, 17.00] 0.540 4 0.307 0.184 +0.206 0.288 £ 0.170
[17.00,19.00] | —0.149 £+ 0.426 0.137 £0.217 0.078 £0.194

| Cipglcosf) | low high combined |
[0.10,0.98] 0.678 = 0.223 0.582 £ 0.150 0.609 4= 0.125
[1.10, 2.50] 0.592 £ 0.224 0.542 £0.158 0.555 £0.131
[2.50, 4.00] 0.898 £0.084  0.544 £0.107  0.663 = 0.080
[4.00, 6.00] 0.408 £ 0.216 0.519 = 0.121 0.498 £ 0.106
[6.00, 8.00] 0.309 4= 0.205 0.407 £ 0.136 0.387£0.113
[11.00,12.50] | —0.080 £ 0.285 —0.209 £+ 0.204 —0.151 £0.167
[15.00, 17.00] 0.147 £ 0.309 —0.009 £ 0.195 0.030 £ 0.168
[17.00,19.00] | —0.007 & 0.439 0.022 £ 0.225 0.012 £ 0.202

| Clpglcosbi) | low high combined
[0.10,0.98] 1.000 £ 0.000 0.774 £0.233 0.882 £ 0.207
[1.10, 2.50] 0.371 £0.335 0.997 £1.154 0.853 £ 0.200
[2.50,4.00] 0.901 £0.457 0.801 £0.159 0.831 £0.153
[4.00, 6.00] 0.512£0.260 0.791 +£0.190 0.727 £0.158
[6.00, 8.00] 0.902 £ 0.263 0.992 +£0.619 0.961 4= 0.231
[11.00,12.50] | 0.681 +0.296 0.566 + 0.200 0.620 £ 0.170
[15.00,17.00] | 0.405+0.366 0.240 4+ 0.228 0.351 £ 0.196
[17.00,19.00] | 0.341 +0.420 0.243 +£0.231 0.271 £0.201
| Chgcosti) | low high combined
[0.10,0.98] 0.342+0.310  0.312£0.148  0.322 £ 0.127
[1.10, 2.50] 0.398 + 0.247 0.622 4= 0.268 0.588 4= 0.093
[2.50, 4.00] 0.507 £ 0.218 0.493 £ 0.097 0.503 4= 0.085
[4.00, 6.00] 0.240 £+ 0.226 0.565 4= 0.099 0.509 £ 0.092
[6.00, 8.00] 0.517 £ 0.162 0.508 £ 0.112 0.506 4= 0.085
[11.00,12.50] | 0.290 + 0.167 0.549 £ 0.139 0.434 £ 0.107
[15.00,17.00] | 0.316 +0.274 —0.303 £0.211 —0.102 +0.171
[17.00,19.00] | 0.280 + 0.330 0.185£0.174 0.207 £ 0.153
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Table 54: Sensitivity study on the angular observables with an upper BT mass window at
6000 MeV/c? using 1000 toy event samples. Comparison with results of Table |55 are shown no
difference, more details in the text.

¢° bin | 0 1 2 3 4 5 6 7]

Sts 0.0801 0.1746 0.1697 0.0925 0.0769 0.0737 0.0626 0.0848
Ss 0.1253 0.2226 0.2231 0.1545 0.1187 0.1253 0.1138 0.1725
S4 0.1800 0.2986 0.2849 0.1940 0.1586 0.1530 0.1311 0.1934
Ss 0.1436 0.2412 0.2476 0.1737 0.1405 0.1421 0.1160 0.1765
Sés 0.1792 0.2737 0.2594 0.1525 0.1224 0.1228 0.1089 0.1642
St 0.1315 0.2406 0.2401 0.1779 0.1497 0.1338 0.1234 0.1730
Sg 0.1787 0.2908 0.2807 0.1845 0.1523 0.1429 0.1331 0.1830
So 0.1194 0.2449 0.2217 0.1498 0.1295 0.1273 0.1162 0.1754

Table 55: Sensitivity study on the angular observables with an upper BT mass window at
7000 MeV/c? using 1000 toy event samples. Comparison with results of Table [54] are shown no
difference, more details in the text.

| ¢° bin | 0 1 2 3 4 5 6 7]

Sts 0.0814 0.1650 0.1659 0.0926 0.0748 0.0738 0.0613 0.0847
Ss 0.1219 0.2084 0.2229 0.1479 0.1225 0.1205 0.1119 0.1681
S4 0.1812 0.3095 0.2817 0.1968 0.1562 0.1463 0.1379 0.1962
Ss 0.1435 0.2403 0.2349 0.1712 0.1406 0.1419 0.1222 0.1798
Ses 0.1776 0.2739 0.2604 0.1492 0.1257 0.1244 0.1122 0.1618
S7 0.1365 0.2393 0.2419 0.1757 0.1436 0.1368 0.1182 0.1860
Sg 0.1690 0.2990 0.2801 0.1936 0.1431 0.1366 0.1361 0.1872
So 0.1205 0.2284 0.2275 0.1584 0.1249 0.1231 0.1081 0.1796
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7 Results

After selection and fitting, the resulting values of the angular analysis of BT — K*Tpu*tpu~
with K**— K27 are presented in the following sections. Not only the likelihood fit with
S, and pY angular observables, but also the method of moments results are listed.
Prior to unblinding of the final results of the angular observables, different cross-checks
are performed.

7.1 Pre-unblinding cross-checks

In agreement with the review referees and as introduced in Section the following
cross-checks between different sub-sets (methods) of the full dataset are performed. Each
step is communicated with the referees and possible measured are discussed.

The cross-checks are performed in the following order for both sets of angular observables:

1) Method of moments compared to Likelihood fit (only S observables)

3

)
2) Polarity comparison: magnet down versus magnet up sub-samples
) RunI compared to RunII

)

4) DD tracks compared to LL tracks sub-sets

From all converged fits to the two sub-samples (methods), the deviations between all
parameters in all ¢? bins are calculated as follows

y2 = M (44)

/2 2
o5+ 0y

with the two sub-set indices a and b. A maximum of N = 64 deviations can be obtained
per test, mean 8 parameter in 8 ¢? bins.
The deviations are added up to a total x?

N
X?ot = Z X12 (45)
=0

and a p-value is determined for a hypothesis test using a test statistic distribution of
x?2, that is obtained from toy event fits. The null hypothesis, meaning that the two
sub-samples (methods) agree, is rejected for p-values below 0.05. For p-values below 0.05,
the alternative hypothesis (the two sub-samples (methods) do not agree) is accepted.

If the null hypothesis is false the following investigations will be performed:

1) Consider the reference channel for the same cross-check
2) Repeat the comparison using the method of momentﬂ

3) Further toy studies might help to find the source of the dis-agreement

HTn the case of likelihood fit versus method of moments comparison, the cross-check can be repeated in
different sub-samples, like in magnet down or magnet up. This however might need a different ¢ binning
scheme to guarantee the fit convergence.
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7.1.1 Toy studies with halved event statistics

During the attempts to demonstrate - using toy studies with statistics half of the expected
event numbers - that a fit to the sub-sample gives reasonable result, we had to discard
the ideas of comparing sub-samples of the already very limited statistics. The fits to
sub-samples are not suitable for pre-unblinding comparisons, as Tables [56| and 57| show
the mean positions and widths of the pull distributions. Especially the uncertainties are
significantly over-covering in many cases. In addition, the percentage of non-converged
fits on toy samples with half statistics is above 50% for ¢ bins with lowest occupancy,
mainly bin 2 and 3.

The pre-unblinding strategy is therefore adjusted to only compare the two methods -
likelihood fit and methods of moments - in the granularity of eight ¢? bins. Magnet polarity
comparisons, DD tracks and LL tracks comparisons and RunI versus Run Il comparisons
are evaluated on the two larger ¢? bins.

Table 56: Mean position of the pull distribution of toy event studies with statistics equal to half
the estimated event yields. The mean positions (together with the widths in Table of the pull
distributions show, that the splitting of the dataset to compare both half for a pre-unblinding
study does not work.

| ¢° bin | 0 1 2 3]
Shs —0.1015£0.1248 —0.1592+0.1193  0.2102+£0.1137  0.0171 £ 0.0936
S —0.09614+0.1137  0.1464 +0.1161  0.0758 +0.1086 —0.0900 + 0.1098
S, —0.0660 4+ 0.1204 —0.0284 4+ 0.0947 —0.1227 +0.0911 —0.1787 + 0.0878
Sk 0.1423 £0.1031 —0.0391+0.1034  0.1812+0.0939 —0.0044 £ 0.1018
Ses 0.1718 £0.1117  0.1651+0.1387  0.3546 £ 0.1063  0.0412 £ 0.1023
S, —0.0856 + 0.1074  0.1220 +0.0995 —0.0076 + 0.0968  0.0426 + 0.1063
S 0.0292 +0.1023  0.1531 £0.1158 —0.0605 +0.1036  0.2404 =+ 0.0965
Sy 0.0246 +0.1043  0.0256 £0.1188  0.0511 £0.1144 —0.0979 £ 0.0970

| ¢° bin | 4 5 6 7]
St 0.0131 £0.0961  0.1301 +£0.1104 —0.0106 £0.1154  0.0062 £ 0.1221
Ss —0.0619 £0.1006  0.1468 +0.1105  0.0891 + 0.1001  0.3917 £ 0.1178
Sy —0.0492 £0.1121  —0.2044 +0.0928  0.0333 £0.1026  0.2598 4 0.1124
Ss 0.1368 +0.0986  0.2994 +0.1189 —0.0700 + 0.1060 —0.1016 + 0.1221
Ses —0.0919 4+ 0.1021  —0.0809 + 0.1048 —0.2532 +0.1081 —0.1012 + 0.1085
S, 0.0805 + 0.0866  0.1056 + 0.0983  0.0342 + 0.0940 —0.0490 =+ 0.1006
Ss —0.0874 £ 0.1102  0.1409 +0.0979  0.0346 £ 0.1115 —0.1065 4 0.1104
So 0.0467 +0.0900 —0.1864 +0.1054 —0.0507 +0.1143  0.1282 + 0.1284
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Table 57: Width of the pull distribution of toy event studies with statistics equal to half the
estimated event yields. The widths (together with the mean positions in Table of the pull
distributions show, that the splitting of the dataset to compare both half for a pre-unblinding

study does not work.

| ¢° bin | 0 1 2 3|
S 1.1968 + 0.0884 1.1000 & 0.0844 1.0730 4 0.0805 0.8928 + 0.0662
Ss 1.0845 +0.0804  1.0449 £ 0.0821  0.9659 4 0.0768  1.0241 + 0.0776
Sy 1.2161 +0.0854 0.8685 £ 0.0670 0.8198 & 0.0644 0.8645 + 0.0621
Ss 1.0360 £ 0.0729  0.9812 £ 0.0731 0.8911 & 0.0664 1.0230 + 0.0719
Ses 1.1170 £ 0.0790  1.0293 £ 0.0981  0.9271 4 0.0752  0.9968 + 0.0723
Sy 1.0846 + 0.0760  0.9332 £ 0.0703  0.9282 4 0.0684 1.0627 + 0.0751
Sg 0.9762 & 0.0723  0.9967 +0.0819  0.9213 £ 0.0733  0.9005 4 0.0683
Sy 1.0585 4 0.0738  1.0221 £ 0.0840 1.0730 4 0.0809  0.9697 + 0.0686

| ¢° bin | 4 5 6 7]
Sis 0.9170 = 0.0680 1.0595 +0.0781 1.1071 £ 0.0817 1.1582 4 0.0864
Sy 0.9598 & 0.0711  1.0601 4+ 0.0782  0.9599 + 0.0708  1.0985 4 0.0833
Sy 1.1324 £0.0793  0.9420 +0.0656  1.0317 £ 0.0726  1.0900 4 0.0795
Ss 0.9861 & 0.0697 1.1828 +0.0843 1.0761 £ 0.0750 1.1588 & 0.0865
Ses 1.0164 £ 0.0722  1.0373 £0.0741 1.0977 +0.0765 1.0121 £ 0.0767
Sy 0.8834 £ 0.0612 1.0076 +0.0695 0.9637 £ 0.0665 1.0162 4 0.0711
Sg 1.0456 +0.0779  0.9389 £ 0.0692 1.0696 4= 0.0788  1.0238 + 0.0781
So 0.9184 & 0.0637 1.0800 + 0.0746 1.1709 £ 0.0809 1.2834 4 0.0913
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7.1.2 Likelihood fit versus method of moments

The actual results from the likelihood fit are compared to the results from the method of
moments. Both methods use the same full dataset of the signal decay and are therefore
correlated. The test statistics for the statistical evaluation of the discrepancy between
method of moments and the likelihood fit are given in Fig. [71] The comparison between
data and the toy event test statistic will be done using x?%,, even though we see a slightly
lower number of degrees of freedom in the toy test statistics, with an average of about 60
(compared to the 63 in data). The slightly lower numbers in the number of degrees of
freedom is the result of few toy event fits not properly converging with a correct fit status
from the HESSE error calculations.

Taking x?, however is seen as the more conservative approach as compared to the usage
of the reduced x2,/d.o.f..
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Figure 71: Distribution of the x2, (as defined in Eq. ) for 1000 toy event samples. The
degree of freedoms may slightly vary, if individual fits did not converge. Using the value for x2,
obtained in data, the p-value is determined by the fraction of toy results with a larger x7,, than
in data. Details in the text.

7.1.3 Magnet down versus up

For this cross-check, RunI and RunII are fitted individually in two large ¢? bins. Other
than before, all four PDFs are fitted simultaneously. Again, toy event studies are used to
determine the total x? distribution for two datasets with agreeing underlying distributions.
The total y? along with the number of degrees of freedom, which represents the number
of successfully converged fits, and the reduced total x? are shown in Fig. [73]
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Figure 72: Deviations (as defined in Eq. ) for all eight angular observables in the S-basis
between results from dataset split up by the magnet polarity into magnet down and magnet up.
These deviations are statistically evaluated in Fig.
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Figure 73: Distribution of the x2, (as defined in Eq. ) for 1000 toy event samples of the
two magnet polarities for the S angular observables. The degree of freedoms may slightly vary,
if individual fits did not converge. Using the value for x?, obtained in data, the p-value is
determined by the fraction of toy results with a larger 2, than seen in the data fit.
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Figure 74: Distribution of the x2, (as defined in Eq. ) for 1000 toy event samples of the
two magnet polarities for the P’ angular observables. The degree of freedoms may slightly vary,
if individual fits did not converge. Using the value for x?, obtained in data, the p-value is
determined by the fraction of toy results with a larger 2, than seen in the data fit.
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Figure 75: Deviations (as defined in Eq. ) for all eight angular observables in the S-basis
between results from dataset split up by the magnet polarity into magnet down and magnet up.
These deviations are statistically evaluated in Fig.
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Figure 76: Deviations (as defined in Eq. ) for all eight angular observables in the P’-basis
between results from dataset split up by the magnet polarity into magnet down and magnet up.
These deviations are statistically evaluated in Fig.
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wss 7.1.4 Runl versus RunlIl

165 For this cross-check, RunI and RunII are fitted individually in two large ¢* bins. Only
1656 two PDF's are fitted simultaneously (DD tracks and LL tracks), which also reduces the
167 number of free parameters in the fit. Again, toy event studies are used to determine the
s total y? distribution for two datasets with agreeing underlying distributions. The total x?
1o along with the number of degrees of freedom, which represents the number of successfully
e converged fits, and the reduced total y? are shown in Fig. [77]
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Figure 77: Distribution of the x%,, (as defined in Eq. ) for 1000 toy event samples of RunlI
versus Run IT comparisons for the S angular observables. The degree of freedoms may slightly
vary, if individual fits did not converge. Using the value for x2,, obtained in data, the p-value is
determined by the fraction of toy results with a larger 2, than seen in the data fit.
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Figure 78: Distribution of the x2,, (as defined in Eq. ) for 1000 toy event samples of Runl
versus Run IT comparisons P’ angular observables. The degree of freedoms may slightly vary,
if individual fits did not converge. Using the value for x?, obtained in data, the p-value is
determined by the fraction of toy results with a larger 2, than seen in the data fit.
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Figure 79: Deviations (as defined in Eq. ) for all eight angular observables in the S-basis
between results from the Runl dataset and from the RunlIl dataset. These deviations are
statistically evaluated in Fig.
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Figure 80: Deviations (as defined in Eq. ) for all eight angular observables in the P’-basis
between results from the Runl dataset and from the RunlIl dataset. These deviations are
statistically evaluated in Fig.
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7.1.5 DD tracks versus LL tracks

For this cross-check, DD tracks and LL tracks are fitted individually in two large ¢* bins.
Only two PDFs are fitted simultaneously (Runl and RunII), which also reduces the
number of free parameters in the fit. As before, toy event studies are used to determine
the total x? distribution for two datasets with agreeing underlying distributions. The
total y? along with the number of degrees of freedom, which represents the number of
successfully converged fits, and the reduced total x? are shown in Fig. [81]
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Figure 81: Distribution of the x7, (as defined in Eq. ) for 1000 toy event samples of DD
tracks versus LL tracks comparisons for the S angular observables. The degree of freedoms may
slightly vary, if individual fits did not converge. Using the value for x7,, obtained in data, the
p-value is determined by the fraction of toy results with a larger x7, than seen in the data fit.
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Figure 82: Distribution of the x?, (as defined in Eq. ) for 1000 toy event samples of DD
tracks versus LL tracks comparisons for the P’ angular observables. The degree of freedoms may
slightly vary, if individual fits did not converge. Using the value for x7,, obtained in data, the
p-value is determined by the fraction of toy results with a larger x7,, than seen in the data fit.
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Figure 83: Deviations (as defined in Eq. ) for all eight angular observables in the S-basis
between results from the DD tracks dataset and from the LL tracks dataset. These deviations are
statistically evaluated in Fig.
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Figure 84: Deviations (as defined in Eq. ) for all eight angular observables in the P’-basis
between results from the DD tracks dataset and from the LL tracks dataset. These deviations are
statistically evaluated in Fig.
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7.1.6 Comparisons of the reference channel

All four previously mentioned cross-checks have been performed on the reference channel.
The main difference is that no toy event samples are consulted to generate test statistics
for the comparison, due to the large statistics of more than 100.000 signal candidates.
The large statistic justify the assumption that the differences follow a x? distribution, and
hence the p-value can directly be calculated from the x?, and the number of degree of
freedom. In Fig. , the deviations between every two sub-samples for all eight ¢* bins
are shown, together with the resulting p-values. All cross-checks show a p-value larger
0.05, confirming the hypothesis that every two sub-samples have the same underlying
distributions.
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Figure 85: Summary plots for the deviations in terms of sigma (as defined in Eq. ) between
resulting angular observables from two sub-sets (or extraction methods) using fits to the reference
channel data-set. No significant differences are observed and the resulting p-values are above
the previously defined threshold for agreement of 0.05.

7.1.7 Summary

The pre-unblinding cross-checks between different sub-samples shows a consistent and good
agreement for all performed tests. In the comparisons between DD /LL, magnet down/up
and Run 1/2 for both sets of angular observables as well as the method of moments with
the likelihood fit for the S observables, all determined p-values are significantly above the
set threshold for agreement of 0.05.

The cross-checks are therefore considered a success.
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7.1.8 Mass fits and signal yield

After the blinded result comparison of different sub-samples or different analysis method
have been performed, the fit projection in the mass-dimension of the BT are unblinded.
The projection of the fit are checked for consistency with the underlying event distributions.
All fit projections of the 2D fit in the dimension of the invariant mass of the B are shown
in Fig. [86] The four sub-sets (RunI and RunII with DD tracks and LL tracks) are added
together into one plot to achieve a proper statistics for each ¢? bin and limit the number
of plots in this section. The 2D fit uses the option of extended likelihood, in which the
signal fraction, fyg4, is defined by the ratio of the number of signal candidates, n;,, over
the sum of signal and background candidates, ng, + nyg. In addition to the standard
PDF, the sum ngqg of ny, is constrained by a Poissonian PDF to the total number of
events in the fit. From this method, one gets a reliable number of signal and background
events with their corresponding uncertainties.

Table [58| shows the extracted numbers of signal events from all ¢ bins. Compared to the
estimated numbers of signal events in Table [I9] the total number of events in Table [5§]is
in good agreement. The number of events in the lowest occupancy bins between 1.1 and
4.0 is lower than expected from the MC extrapolation. The individuals yields per Run
dataset and in each ¢? bin are fluctuating and show no sign of a systematic inefficiency in
the selection for the low occupancy ¢? region. Additional toy event studies are used to
verify that these fluctuations have not impact on the results of the analysis. The observed
background numbers are slightly lower than expected from the estimation in Table [19]
but the difference of about 10% is acceptable.

Table 58: Combined yield of signal candidates from the final fit for all eight ¢? bins and for the
full dataset of combined RunI+1II and DD tracks plus LL tracks. Both, signal and background
event numbers, are given over the integrated mass range of the B meson, from 5150 MeV/c? to
6000 MeV/c?.

bin ¢* (GeV?/c?) signal events background events

1 [0.1,098 101.6+124 186.1 + 15.4
2 1.1, 2.5] 49.0 +9.9 219.2 4+ 16.5
3 [2.5, 4.0] 42.249.7 274.9 4+ 18.1
4 [4.0,6.0]  108.8+13.4 286.9 & 19.0
5 6.0,8.0]  104.6+£13.9 297.7 +19.7
6 [11.0,12.5]  110.6 £ 12.9 170.8 + 15.0
7 [15.0,17.0] 1442+ 134 108.7 + 12.0
8  [17.0,19.0] 75.7+9.8 106.0 + 11.2

total 736.7 £ 34.1 1650.35 £ 45.6
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Figure 86: All mass projection of the eight ¢ bins. Shown here are the fit results in the BT
mass dimension from the 2D fits (which is using an extended likelihood to extract the number
of signal and background events). All fit projections look fine. In addition, the projections are
identical to the fits from all five foldings. The number of signal candidates are listed in Table
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7.2 Results from likelihood fit

In the following, the resulting values from the likelihood fits to the data events are
presented for both, the S, observables in Section and the P\ angular observables
in Section [7.2.3] Along with the values, the statistical uncertainties from the Feldman-
Cousins scans (see Sections 4.6/ and and the systematic uncertainties (see Sections|[5.13]
and are stated. In addition, the correlation between all angular parameters (see
Section of the same basis are shown in the corresponding tables. However, first all fit
projections of the angular 4D fit are given in Section [7.2.1] For these projections, the four
sub-sets are combined into one projections, in which both the event distributions as well
as the fit PDF are added up.

7.2.1 Fit projections of the 4D angular fit

In the following, the fit projections of the invariant mass of the B meson and the three
angles, cosfg, cosfr and ¢ are given for all angular foldings 0 — 4 in Figs. |87 to [91] for
the nominal eight ¢? bins. Also, the fit projections of the two larger bins are given in
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+50 MeV/c? around the measured peak of the B meson mass. Agreement between fit PDF and
the underlying event distribution is given by pulls underneath the main histogram.
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Figure 89: Fit projections using the angular folding 2 in all eight nominal ¢? bins in the four
dimensions of the angular fit, mp+ (left), cosfx (central left), cos@ (central right) and ¢
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ARaARRRARS]
LHCb data
0.10<q7 <098

Events / 8.5 MeV/c?

(xex /o

Events /0.1

LHCb data
0.10<q? <098

Events / 0.31

«

(xx )G

(xx )Io

=51 L Il L L Il L Il
5200 5300 5400 5500 5600 5700 5800 5900 6
m(K{mp) [MeV/e!

2

sk T |
-1 -08-06-04 02 0 02 04 06 08 1
<os(@)

LHCb data
LI0<q <250

Events /8.5 MeV/c?

(e lo
-
vﬁ

=

(xx o

; ; ;
2 03 04 05 06 07 08 09 1
cos(@,)

=SB
001 0,

Events /0.1
. 8 5
s USRARRARRRRRRRRRRD}

S

=Skl L L I
5200 3300 3400 3300 3600 3700 3800 5900 6
mK{w) [MeVie?]

;
06 08 1
<os(©y)

LHCb data

250 <gt <400

Events /8.5 MeV/c?

125 LHCb data

mwuq;

Events /0.1

‘Bl
p
2 5
<0
B S N T P N T I R P P T I P A BT
320033005300 550056005700 3800 3900 6! T 0806082027000 04 06 08
mKR) [MeV/e?] cos(@y)
T T = Basaanes
s
LHCb data 3 LHCb data
§ 4004 <600
@

Events / 8.5 MeV/c?

L 5 L
X 2
R T T TN I S T z
5200 3300 3300 3300 3600 3700 3800 3900 61 60
K w) MeViet] cos(O)
{ARananaans = T
LHCb data LHCb data

600<q" <800

Events / 8.5 MeV/c?

Events

7U 0.1 02 03 04 05 06 07 08 09 1
cos(®,)

S 20 =
S 1sE LHCb data <
£ 16E 250<<4m z
&4 &

8
6
48
2
o st °
£ 0 %
& ST e L L T R N P W AR
000303 0403 080T 0808
cos(®)
= =
3 LHCb data < LHCb data
g £ 200 <4’ <600
= @

BNE N

(x-x )/

o

(x-x)/0

Events /0.1

Events /0.31

L SE 2 2 2

B > 3 >

Z -SELl L I L L L L L & L I I I 1 = -SEL L L I L L I L L | L2
5200 5300 5400 5500 5600 5700 5800 5900 60 02 04 06 08 1 0 01 02 03 04 05 06 07 08 09 1
m(K:‘I!‘u‘}l ) [MeV/c?] cos(@) cos(®,)

ARaARRRARS]
LHCb data
1100 <q* < 1250

Events /8.5 MeV/c?

T
LHCb data
100 <q* < 1250

(e lo
L
v{ e

Events /0.1

T T
LHCb ddta
1100 <! <J230

Events /0.31

° e °
bl Pl e —— m—— O . S —— p—
Skl L L L L L L L = Z 5B L L L L L L L L L | L
5200 3300 3400 3300 3600 5700 3800 5900 6000 001 02 03704 05 06 07 08 09 1
mK{w) [MeVie?] cos(@)
A aasassasas z =
< 3
35} LHCb data Z =
1500 < g* < 17.00 5 z
| &

Events /8.5 MeV/c?

1

by g
Lsad g 5
L e
P B e o o
L N P T P T ST 2 |
5200 3300 5400 5500 3600 5700 3800 5900 6 0270406 038
mKw) [MeVie?] cos(O)
% ARAM AR
] LHCb data
z 1o0< < w
%
@

=SBl | | L 1 | L | |
5200 3300 5400 3500 3600 5700 3800 5900 6000
m(K‘:ﬂ‘p‘p ) [MeV/e?]

Figure 90: Fit projections using the angular folding 3 in all eight nominal ¢? bins in the four
dimensions of the angular fit, mp+ (left), cosfx (central left), cos@ (central right) and ¢
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(right). The eight rows show the eight ¢? bins. The formerly splitted data-set is recombined

for the projections. Signal PDF are shown in blue with background PDF in orange. The

total PDF is given by the solid black line. V\/g’g%hted events are shown in black markers. The

angular distributions show only events (and the corresponding PDF) within the signal region of

+50 MeV/c? around the measured peak of the B meson mass. Agreement between fit PDF and
the underlying event distribution is given by pulls underneath the main histogram.
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Figure 91: Fit projections using the angular folding 4 in all eight nominal ¢? bins in the four
dimensions of the angular fit, mp+ (left), cosfx (central left), cos@ (central right) and ¢
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(right). The eight rows show the eight ¢? bins. The formerly splitted data-set is recombined

for the projections. Signal PDF are shown in blue with background PDF in orange. The

total PDF is given by the solid black line. V\/g’élhted events are shown in black markers. The

angular distributions show only events (and the corresponding PDF) within the signal region of

+50 MeV/c? around the measured peak of the B meson mass. Agreement between fit PDF and
the underlying event distribution is given by pulls underneath the main histogram.
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7.2.2 S, angular observables

The fits including angular folding techniques to the signal channel data have returned the
following values for the angular observables, S,. In addition to the statistical uncertainty
from the Feldman-Cousins scans (see Section , the systematic uncertainty from
Section [5.13| are added to the values. The resulting profiles from the Feldman-Cousins
scans for the S, observables are shown in Figs. [94] to in Section [7.3]

The numeric tables with final results and their statistical and systematic uncertainties are
given in Table [59| for all eight plus two extra ¢* bins. The results from the nominal eight
¢* bins are plotted as a function of ¢? for all eight angular observables in Fig. [92] The
Feldman-Cousins profile scans revealed a global minimum in the fit of folding 3 in the ¢
region between 1.1-2.5 GeV?/¢*, which consequently resulted in changing the central value
of the result for S7 in this bin to the new best fit value.

All eight plus two correlation matrices obtained by the bootstrapping (see Section of
data event samples are given in Tables [60] to [67] and Tables [68 and [69] The correlation
matrices obtained by the bootstrapping method are statistically compared to the results
from the folded fits. This cross-check is only executable for correlations between observables
which are fitted within the same folding. The results show no sign of a bias between the
two methods, and the statistical precision is quantified with 11%, which is slightly higher
than estimated in Section [4.9, This finding however does not impact the final results of
the analysis, as the precision of the correlation matrix is only a qualitative information
given in the paper.

Remark on usage of F}, and Apg: Even though the observables S, and Sg, are
measured and investigated throughout the analysis, the results in the paper are given for
F1, and Apg, which are directly correlated to former observables, as defined in Section |3.3.1}
This is done to be consistent with previous analyses. Numerical values of the results and
their visualisations in figures in the paper are converted from Si; to Fy, and from Sg, to
Apg. In this document the tabular values for Sis and Sg, are given and only the visual
presentation of the results in Fig. are converted to F}, and Apg.
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Table 59: Result values of the S, basis angular observables for all eight nominal and the two
larger ¢® bins, the numerically labelled bins are the nominal bins as defined in Table [15| plus the
two extra bins. The first uncertainty is of statistical nature coming from the Feldman-Cousins
scans and the second is the combined uncertainty from the systematic studies. The values and
uncertainties for the nominal eight ¢> bins are plotted in Fig. along with the theoretical

predictions.

| ¢ [GeV/c ] |

Sls

S3

Sy

Ss |

[0.1,0.98] 0.49475072 £0.045  0.1447077, £0.023  —0.04170159+£0.037  0.24070 145 & 0.038
[1.1,2.5] 0.34570122 4 0.048  0.36875:972 4 0.027  0.28870312 +0.034  0.44070377 +0.048
[2.5,4.0] 0.619%328 +0.048 —0.1217055 +0.015  —0.392+0475 £0.038  —0.35170:499 4 0.022
4.0,6.0] 0.24613094 +0.015 —0.20470157 4 0.013  —0.37370%! £0.049 —0.1177014 4 0.029
6.0, 8.0] 04577512 4 0.010 —0.23875181 +0.021  —0.2097929 +0.016 —0.0707159 +0.018
[11.0,12.5] 045870130 £ 0.012 —0.098%012T +£0.017 —0.30770152 £0.023  —0.42970137 + 0.024
[15.0,17.0] 0.441751% 4 0.014 —0.25975122 4 0.026 —0.155791% +£0.015 —0.069199% + 0.029
[17.0,19.0] 0.493750:079 +0.019  —0.13375197 +0.038  —0.27375127 4 0.058 —0.31875-358 4 0.042
[1.1,6.0] 0.307750%7 £ 0.019  —0.10375 108 +£0.009 —0.2007572¢ +0.027 —0.0367) 39 & 0.021
[15.0, 19.0] 0.453%309%2 +0.021 —0.212700% +0.020  —0.191%319 +0.058  —0.11870:07> 4 0.025

’ q2 [G€V2/64 ] ‘ Sﬁs S7 Sg Sg ‘

[0.1,0.98] —0.06770122 £0.038 —0.008T01% £0.015  0.21570%2+0.046  0.27975155 £ 0.056
[1.1,2.5] —0.27570308 £ 0.051  0.14570335 £0.024  0.05770390 £ 0.041  0.0457535% +0.015
2.5, 4.0] 0.03770373 £0.020  —0.15210459 4 0.030  0.04370735 +0.026  0.31575-359 +0.021
4.0,6.0] —0.10170128 +0.011  —0.04310185 £0.014 —0.07270298 +0.025 —0.17610222 +0.023
6.0, 8.0] —0.07270122 4 0.013  —0.360101%5 £ 0.021 —0.18970181 +0.020 —0.10819219 +0.018
[11.0,12.5] 0.7237927¢ 4 0.068 —0.05475128 +0.014  0.0640140 +0.014  0.18919236 +0.026
[15.0,17.0] 0.53975952 4 0.014 —0.236751%7 +0.018 —0.170"5102 +£0.015  0.14010422 +0.016
[17.0,19.0] 0.182%31% +0.023  0.057701824+0.015  0.1717018 £0.023 —0.077701%8 +0.019
[1.1,6.0] —0.10979%5 £0.032 —0.10170 136 £0.014  0.0167313 £0.024 —0.04870 15 £0.014
[15.0,19.0] 0.41070:07% £0.052  —0.13973972 4 0.011  —0.055790957 +0.012  0.04175:589 + 0.021
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Figure 92: The final results for the S, basis angular observables in the nominal eight ¢? bins in
comparison with the predictions from FLAV.IO in blue. The numerical values are given in

Table @
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Table 60: Correlation matrix for all eight angular observables in the S, basis for the ¢? bin
0.1-0.98 GeV?/c*. The matrix is determined from 3000 pseudo-experiment samples generated by

applying the bootstrapping method to data events, as explained in details in Section

bin 0 515 53 S4 55 SGs S7 SS Sg
Sts 1.000 —0.043 0.010 —-0.029 —-0.045 —0.125 0.005 0.113
Ss 1.000 —0.025 0.117 —0.015 0.018 0.059 0.025
Sy 1.000 —-0.270 —-0.091 —-0.253 0.236 —0.061
Ss 1.000 0.103 0.216 —-0.177 0.060
Sés 1.000 0.186 —0.273 —0.064
Sz 1.000 —0.349 0.220
Ss 1.000 —0.082
So 1.000

Table 61: Correlation matrix for all eight angular observables in the S, basis for the ¢? bin
1.1-2.5 GeV?/ct. The matrix is determined from 3000 pseudo-experiment samples generated by

applying the bootstrapping method to data events, as explained in details in Section

bin 1 Sis Ss S Ss Sés S7 Ss Sy
Sis 1.000 -0.165 0.047 -0.107 -0.115 -0.040  0.102 0.028
Ss 1.000 0.056  0.093 —0.025 0.135 —-0.013 —-0.115
Sa 1.000 —0.018 0.172 0.050  0.325 0.089
S5 1.000 0.196 0.221 —0.058 0.039
Sés 1.000 0.203  0.114  0.116
S7 1.000  0.062 0.162
Ss 1.000 0.215
So 1.000
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Table 62: Correlation matrix for all eight angular observables in the S, basis for the ¢? bin
2.5-4.0 GeV?/c*. The matrix is determined from 3000 pseudo-experiment samples generated by
applying the bootstrapping method to data events, as explained in details in Section

bin 2 Sis Ss Si Ss Sés Sz Sg Sy
Sis 1.000 —0.019 0.007 —-0.061 0.081 0.017  0.074 —0.038
Ss 1.000 0.020 —-0.057 -0.013 —-0.027  0.072 0.016
Sa 1.000  0.000 —0.061 0.098 —0.048 —0.005
Ss 1.000 0.009 -0.070  0.004 —0.110
Sés 1.000 0.052 0.056 —0.161
S7 1.000  0.262 —0.142
Ss 1.000 —0.086
Sy 1.000

Table 63: Correlation matrix for all eight angular observables in the S, basis for the ¢? bin
4.0-6.0 GeV?/c*. The matrix is determined from 3000 pseudo-experiment samples generated by
applying the bootstrapping method to data events, as explained in details in Section

bin 3 Sls Sg S4 55 S@s 57 Sg Sg
Sts 1.000 —0.201 0.091 0.091 —-0.073 —0.008 —0.155 0.034
Ss 1.000 —0.076 —0.100 0.026 0.109 0.174 0.031
Sy 1.000 —0.081 —0.152 0.072 —0.035 0.048
Ss 1.000 —-0.173 —0.017 0.092 —0.024
Segs 1.000 —-0.041 —-0.027 —-0.011
Sy 1.000 0.089 0.088
Ss 1.000 —0.081
Sy 1.000

Table 64: Correlation matrix for all eight angular observables in the S, basis for the ¢? bin
6.0-8.0 GeV?/c*. The matrix is determined from 3000 pseudo-experiment samples generated by
applying the bootstrapping method to data events, as explained in details in Section

bin 4 Sls Sg 54 S5 S@'S 57 Sg Sg
Sis 1.000 —0.263 0.014 —0.068 —0.011 0.043 —0.062 —0.054
Ss 1.000 0.013 —-0.035 —0.053 0.083 —0.043 —0.004
Sy 1.000 0.352 0.022 —-0.054 —-0.028 —0.101
Ss 1.000 0.022 —-0.106 —-0.071 —0.166
Ses 1.000 —-0.048 —-0.192 —-0.134
S7 1.000 —-0.102 —0.055
Ss 1.000 0.035
So 1.000
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Table 65: Correlation matrix for all eight angular observables in the S, basis for the ¢? bin
11.0-12.5GeV?/c*. The matrix is determined from 3000 pseudo-experiment samples generated
by applying the bootstrapping method to data events, as explained in details in Section

bin 5 Sts Ss S4 Ss Sés S7 Ss So
Sts 1.000 —-0.092 —-0.033 —0.092 0.444  0.091 0.133  0.076
Sy 1.000 -0.079 -0.134 -0.076 —0.043 —0.042 —0.188
Sa 1.000 0.078  0.055 —0.047 —-0.090  0.119
Ss 1.000 -0.297  0.053 -0.037 —0.100
Ses 1.000 0.097  0.106  0.151
S7 1.000 0.054 —0.067
Ss 1.000 —0.066
S9 1.000

Table 66: Correlation matrix for all eight angular observables in the S, basis for the ¢? bin
15.0-17.0 GeV?/c*. The matrix is determined from 3000 pseudo-experiment samples generated
by applying the bootstrapping method to data events, as explained in details in Section

bin 6 Sls 53 S4 S5 Sﬁs 57 Sg Sg
Sts 1.000 —-0.195 —-0.039 —0.069 0.283 0.058 0.131 0.071
Ss 1.000 —0.093 —0.057 0.036 0.013 —0.062 0.010
Sy 1.000 0.269 0.072  0.098 0.064 0.143
Ss 1.000 —0.153 0.092 —-0.061 —0.134
Sés 1.000 0.074 —0.022 0.161
Sy 1.000 0.231 0.024
Ss 1.000 0.003
So 1.000

Table 67: Correlation matrix for all eight angular observables in the S, basis for the ¢? bin
17.0-19.0 GeV?/c*. The matrix is determined from 3000 pseudo-experiment samples generated
by applying the bootstrapping method to data events, as explained in details in Section

bin 7 Sls Sg 54 S5 S@'S 57 Sg Sg
Sis 1.000 0.100 0.020 0.098 0.099 —0.066 0.098 0.013
Ss 1.000 —0.076 0.061 0.088 0.013 0.075 —0.022
Sy 1.000 —0.058 —0.070 0.001 0.058 0.038
Ss 1.000 —-0.194 —-0.026 0.090 0.022
Ses 1.000 0.168 0.014 -0.073
S7 1.000 —0.168 0.103
Ss 1.000 —0.194
So 1.000
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Table 68: Correlation matrix for all eight angular observables in the S, basis for the ¢? bin
1.1-6.0 GeV?¥/ ¢*. The matrix is determined from 3000 pseudo-experiment samples generated by

applying the bootstrapping method to data events, as explained in details in Section

bin 0 815 83 S4 55 Sﬁs S7 SS Sg
Sis 1.000 —0.170 0.001 0.018 —0.007 —-0.041 —-0.084 —-0.057
Ss 1.000 —0.010 -0.024 —-0.017 0.040 —-0.034 —-0.051
Sy 1.000 —0.030 0.056 —0.019 0.192 —0.013
Ss 1.000 0.008 0.143 0.044 0.043
Sés 1.000 —0.047 0.041 0.054
Sz 1.000 0.166 —0.016
Ss 1.000 —0.014
So 1.000

Table 69: Correlation matrix for all eight angular observables in the S, basis for the ¢? bin
15.0-19.0 GeV?/ct. The matrix is determined from 3000 pseudo-experiment samples generated
by applying the bootstrapping method to data events, as explained in details in Section

bin 1 Sls 53 S4 S5 S@S S7 Sg Sg
S1s 1.000 —0.130 0.046 0.019 0.172 0.025 —0.034 0.046
Ss 1.000 —-0.073 —-0.004 —0.016 0.122 0.100 —0.050
Sy 1.000 0.046 —0.139 0.065 0.049 —-0.021
Ss 1.000 0.049 —0.069 0.067 —0.055
Sés 1.000 —-0.102 —0.030 0.104
Sy 1.000 0.150 —0.009
Ss 1.000 —0.089
So 1.000
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7.2.3 Pél) angular observables

The fits including angular folding techniques to the signal channel data have returned
the following values for the angular observables, PY. In addition to the statistical
uncertainty from the Feldman-Cousins scans (see Section , the systematic uncertainty
from Section [5.14] are added to the values.
The resulting profiles from the Feldman-Cousins scans for the PY observables are shown
in Figs. to in Section [7.3] and for F, in Fig. [I03] The numeric tables with final
results and their statistical and systematic uncertainties are given in Table for all
eight plus two extra ¢? bins. The results from the nominal eight ¢ bins are plotted as a
function of ¢? for all eight angular observables in Fig. . All eight plus two correlation
matrices obtained by the bootstrapping (see Section of data event samples are given
in Tables [[1] to [[8§ and Tables [79 and ROl

Table 70: Result values of the ngl) basis angular observables for all eight nominal and the two
larger ¢® bins, the numerically labelled bins are the nominal bins as defined in Table [L5| plus the
two larger bins. The first uncertainty is of statistical nature coming from the Feldman-Cousins
scans and the second is the combined uncertainty from the systematic studies. The values and
uncertainties for the nominal eight ¢> bins are plotted in Fig. along with the theoretical

predictions.

’ q2 blIl ‘ FL P1 P2 P3 ‘
[0.1,0.98] 034179195+ 0.064 043579314+ 0.106 —0.05170122£0.033 —0.421702T £0.047
[1.1,2.5] 0.54070180 £0.034  1.60071 2% +£0.317 —0.27775213 £ 0.151  —0.09170-7%0 +0.180
[2.5,4.0] 0.175752%9 40.044 —0.294771:820 £0.223  0.02670235 £ 0.113  —0.44873251 +0.204
4.0,6.0] 0.6727019% +0.031 —1.2457%91 £0.291 —0.148%3153 £ 0.063  0.51570:821 4 0.150
6.0,8.0] 0.39070297 £ 0.018  —0.78010552 +0.103  —0.05775135 £0.055  0.17270333 + 0.056
[11.0,12.5] | 0.3897032% +£0.030 —0.31970311 +0.086  0.61715°%1 +0.044 —0.32370221 +0.045
[15.0,17.0] |  0.412%01%6 £0.020 —0.88270:413 +£0.071  0.44675932 £0.026 —0.23270251 +0.017
[17.0,19.0] | 0.342751%7 4 0.037 —0.40475:38540.093  0.14175990 +0.044  0.1197049 +0.017
[1.1,6.0] 0.59075 58 £0.026  —0.505"52%9 +0.076 —0.13375125 £ 0.045  0.117703%; £ 0.045
[15.0,19.0] |  0.3967512> 4 0.022 —0.7027533% +0.066  0.33675592 +0.035 —0.0681) 138 + 0.033

| ¢ bin ‘ P P! P P |
[0.1,0.98] [ —0.08679335+0.119 050779301 +0.122 —0.0177039¢ £ 0.062  0.4537)5° £ 0.092
[1.1,2.5] 0.57670%2 +£0.113  0.879707°0 +£0.104  0.255712154£0.082  0.116707% £ 0.050
2.5,4.0] | —0.808T5%87 +0.141 —0.867715% 4+ 0.092 —0.37073590 +0.054  0.11577:322 4+ 0.071
[4.0,6.0] | —0.795%0474 £0.092 —0.24670321 +0.086  —0.090754%2 £0.047 —0.15370437 +0.051
(6.0,8.0] | —0.430%0412 £0.063 —0.145704% +0.065 —0.74175%% £0.026 —0.387702% 4+ 0.020
[11.0,12.5] | —0.626703% £0.074 —0.878702%2 +0.055 —0.11175214+0.025  0.13279202 +0.039
[15.0,17.0] | —0.31779222 4 0.075 —0.14179212 4 0.061 —0.481F0207 +0.022 —0.3451022% 4 0.045
[17.0,19.0] | —0.57075228 +0.132  —0.66575:301 +0.127  0.12075:33° +0.038  0.36119:357 4 0.073
[1.1,6.0] | —0.40870282£0.067 —0.073702% £0.043 —0.206702:+0.037  0.032792% + 0.062
[15.0,19.0] | —0.3937527 4 0.105 —0.24175155 4 0.048 —0.28575199 +0.031  —0.113%91%5 £ 0.027
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Table 71: Correlation matrix for all eight angular observables in the ngl) basis for the ¢? bin
0.1-0.98 GeV?/c*. The matrix is determined from 3000 pseudo-experiment samples generated by
applying the bootstrapping method to data events, as explained in details in Section

bin 0 FL P1 P2 P3 Pi Pg PGI Pg/
Fr, 1.000 —0.141 0.023 -0.182 —-0.027  0.002  0.123 —0.006
Py 1.000 -0.002 -0.011 -0.027  0.167  0.009  0.027
Py 1.000  0.024 -0.076  0.090  0.188 —0.238
Py 1.000  0.055 —0.032 —-0.206  0.040
P 1.000 —-0.216 —0.232 0.151
P 1.000  0.184 —0.183
P 1.000 —0.251
P 1.000

Table 72: Correlation matrix for all eight angular observables in the ngl) basis for the ¢? bin
1.1-2.5 GeV?/ct. The matrix is determined from 3000 pseudo-experiment samples generated by
applying the bootstrapping method to data events, as explained in details in Section

binl| F, B P, Py P P P P
F, | 1000 0032 0.020 —0.008 —0.061 —0.008 0.047 —0.078
P 1.000 —0.054 —0.014 0.061 —0.089 —0.033  0.037
P, 1.000 —0.053  0.151  0.118  0.103  0.127
Py 1.000 —0.076 —0.073 —0.018 —0.127
P 1.000  0.025 —0.007  0.219
P 1.000  0.093 —0.079
P 1.000 —0.011
P 1.000

Table 73: Correlation matrix for all eight angular observables in the Px(/) basis for the ¢? bin
2.5-4.0 GeV?/c*. The matrix is determined from 3000 pseudo-experiment samples generated by
applying the bootstrapping method to data events, as explained in details in Section

bin2| F, P B P P P P P
F, | 1000 0004 0001 0022 —0.019 —0.034 —0.064 —0.030
P, 1.000 0.003 0.041  0.041  0.000 —0.039 —0.061
P, 1.000 0.069 —0.009 0.042  0.036 —0.034
Py 1.000 —0.035  0.019  0.061 —0.015
P 1.000  0.072  0.060  0.081
P 1.000 —0.016 —0.086
P 1.000  0.209
P 1.000
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Figure 93: The final results for the ng,) basis angular observables in the nominal eight ¢ bins in
comparison with the predictions from FLAV.IO in blue and from Ref. in orange. The
numerical values are given in Table @
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Table 74: Correlation matrix for all eight angular observables in the ngl) basis for the ¢? bin
4.0-6.0 GeV?/c*. The matrix is determined from 3000 pseudo-experiment samples generated by
applying the bootstrapping method to data events, as explained in details in Section

bin 3 FL P1 P2 P3 P4/ Pé PG/ Pg/
Fr, 1.000 0.157 -0.096 0.019 -0.023 -—-0.084  0.019  0.080
P 1.000 -0.032 0.022 -0.076  0.026  0.026  0.081
Py 1.000 0.042 -0.124 -0.137 -0.034 —0.053
Py 1.000 -0.023 -0.016 -0.047  0.091
P 1.000 -0.108 —0.014 —0.098
P! 1.000 —0.045  0.068
P 1.000  0.054
P 1.000

Table 75: Correlation matrix for all eight angular observables in the ngl) basis for the ¢? bin
6.0-8.0 GeV?/c*. The matrix is determined from 3000 pseudo-experiment samples generated by
applying the bootstrapping method to data events, as explained in details in Section

bind| F, P P, P P; P P P
F, | 1000 0111 —0.097 0.014 —0.033 0051 —0.049 —0.001
Py 1.000 —0.036 0.011  0.013 —0.023  0.015 —0.063
P, 1.000 0.117 —0.010  0.016 —0.046 —0.172
Py 1.000  0.037 0124  0.001 —0.041
P 1.000  0.251 —0.033 —0.011
P 1.000 —0.083 —0.059
P 1.000  —0.050
P 1.000

Table 76: Correlation matrix for all eight angular observables in the Px(/) basis for the ¢? bin
11.0-12.5GeV?/c*. The matrix is determined from 3000 pseudo-experiment samples generated
by applying the bootstrapping method to data events, as explained in details in Section

binbs | Fy Py P, Py P P P P
F, | 1000 —0052 0347 —0.093 0001 0.039 —0.060 —0.138
P, 1.000 —0.048 0170 —0.086 —0.140 —0.035 —0.025
P, 1.000 —0.155  0.118 —0.139 —0.004  0.073
Py 1.000 —0.091  0.060  0.070  0.092
P 1.000  0.043 —0.028 —0.099
P 1.000  0.051 —0.010
P 1.000  0.064
P 1.000
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Table 77: Correlation matrix for all eight angular observables in the ngl) basis for the ¢? bin
15.0-17.0 GeV?/¢t. The matrix is determined from 3000 pseudo-experiment samples generated
by applying the bootstrapping method to data events, as explained in details in Section

bin 6 FL P1 PQ P3 P4/ Pé PG/ Pg/
Fr, 1.000 0.074 0.150 —0.091 0.084  0.094  0.003 —0.095
P 1.000 0.011 -0.050  0.000 —0.010 -0.002 —0.057
Py 1.000 -0.226  0.096 -0.058  0.066 —0.031
Py 1.000 —-0.147  0.103 -0.028  0.019
P 1.000  0.274  0.094  0.051
P! 1.000  0.095 —0.069
P 1.000  0.209
P 1.000

Table 78: Correlation matrix for all eight angular observables in the ngl) basis for the ¢? bin
17.0-19.0 GeV?/¢t. The matrix is determined from 3000 pseudo-experiment samples generated
by applying the bootstrapping method to data events, as explained in details in Section

bin7 | FL P, P, P Pj P P P
F, | 1000 —0.10L 0.095 0.074 0.016 —0.104 0.061 —0.080
Py 1.000 0.063 0.043 —0.103  0.019 —0.015  0.065
P, 1.000 0.075 —0.070 —0.163  0.130 —0.004
Py 1.000 —0.083  0.028 —0.076  0.174
P 1.000 —0.081 —0.033  0.049
P 1.000  0.003  0.079
P 1.000 —0.118
P 1.000

Table 79: Correlation matrix for all eight angular observables in the Px(/) basis for the ¢? bin
1.1-6.0 GeV?/ct. The matrix is determined from 3000 pseudo-experiment samples generated by
applying the bootstrapping method to data events, as explained in details in Section

bin 0| F, P P, P P P P P
F, | 1000 0111 —0.194 0013 —0.014 —0.022 0.016 0.079
P 1.000 —0.046  0.073  0.010 —0.010  0.001 —0.038
P, 1.000 —0.063  0.040  0.004 —0.050  0.012
Py 1.000  0.015 —0.039  0.013  0.009
P 1.000 —0.033 —0.019  0.175
P 1.000  0.140  0.043
P 1.000  0.171
P 1.000
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Table 80: Correlation matrix for all eight angular observables in the ngl) basis for the ¢? bin
15.0-19.0 GeV?/¢t. The matrix is determined from 3000 pseudo-experiment samples generated
by applying the bootstrapping method to data events, as explained in details in Section

bin 1| Iy, J2R ) P Iz P P P
F, | 1000 —0.003 0.020 —0012 0.004 0006 0.027 0.051
P 1.000 0.009  0.039 —0.065 0.035 0.029 0.085
P, 1.000 —0.065 —0.128 —0.002 —0.124 —0.029
Py 1.000  0.026 0.042  0.022  0.079
P 1.000 —0.001  0.122  0.037
P 1.000 —0.090  0.073
P 1.000  0.167
P 1.000
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7.3 Feldman-Cousins scan results

From the scans with toy event samples at steps around the mean value, the confidence
level for each parameter at each ¢? bin is obtained. The procedure is explained in details
in Section [4.6] In the following, the projections of these scans to the S, observables are
given in Figs. 94| to for the nominal eight ¢ bins and in Fig. [102] for the two extra
large bins. Identically the scans for the P observables are shown in Figs. |1_04| to m and
Fig. for the eight and two large ¢? bins, respectively.

The result from the nominal likelihood fit is indicated by the black triangular marker
in the profile scans. All scans of all observables and ¢? bins show very good agreement
between the minimum of the Feldman-Cousins (FC) scans, except for S; (P) in ¢ bin
1.1-2.5GeV¥ct. The nominal fit got stuck in the local minimum. Reconstructing the
procedure of the FC scans, the fit can be brought to converge into the global minimum
by fitting once, changing S7 (Pf) to the value of the minimum and repeating the fit with
these new start values for all floating fit parameters. Hence, the newly found minimum
is quoted in the results and is treated as the central value for these parameters in the
mentioned ¢? bin.
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Figure 94: Resulting profiles of the Feldman-Cousins scan performed on parameter Si; in all eight
¢ bins. The results from the toy event studies at each step are given by the black histogram,
plus the red vertical lines indicating the positions of the maximum likelihood position and the
410 values. In addition, the likelihood profile is shown in blue. The black triangular marker
notates the value obtained in the actual fit to the data.
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Figure 95: Resulting profiles of the Feldman-Cousins scan performed on parameter Ss in all eight
¢ bins. The results from the toy event studies at each step are given by the black histogram,
plus the red vertical lines indicating the positions of the maximum likelihood position and the
410 values. In addition, the likelihood profile is shown in blue. The black triangular marker
notates the value obtained in the actual fit to the data.
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Figure 96: Resulting profiles of the Feldman-Cousins scan performed on parameter Sy in all eight
¢ bins. The results from the toy event studies at each step are given by the black histogram,
plus the red vertical lines indicating the positions of the maximum likelihood position and the
410 values. In addition, the likelihood profile is shown in blue. The black triangular marker
notates the value obtained in the actual fit to the data.
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Figure 97: Resulting profiles of the Feldman-Cousins scan performed on parameter Sy in all eight
¢ bins. The results from the toy event studies at each step are given by the black histogram,
plus the red vertical lines indicating the positions of the maximum likelihood position and the
410 values. In addition, the likelihood profile is shown in blue. The black triangular marker
notates the value obtained in the actual fit to the data.
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Figure 98: Resulting profiles of the Feldman-Cousins scan performed on parameter Sgs in all eight
¢ bins. The results from the toy event studies at each step are given by the black histogram,
plus the red vertical lines indicating the positions of the maximum likelihood position and the
410 values. In addition, the likelihood profile is shown in blue. The black triangular marker
notates the value obtained in the actual fit to the data.
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Figure 99: Resulting profiles of the Feldman-Cousins scan performed on parameter S7 in all eight
¢ bins. The results from the toy event studies at each step are given by the black histogram,
plus the red vertical lines indicating the positions of the maximum likelihood position and the
410 values. In addition, the likelihood profile is shown in blue. The black triangular marker
notates the value obtained in the actual fit to the data.
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Figure 100: Resulting profiles of the Feldman-Cousins scan performed on parameter Sg in
all eight ¢? bins. The results from the toy event studies at each step are given by the black
histogram, plus the red vertical lines indicating the positions of the maximum likelihood position
and the +10 values. In addition, the likelihood profile is shown in blue. The black triangular
marker notates the value obtained in the actual fit to the data.
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Figure 101: Resulting profiles of the Feldman-Cousins scan performed on parameter Sy in
all eight ¢® bins. The results from the toy event studies at each step are given by the black
histogram, plus the red vertical lines indicating the positions of the maximum likelihood position
and the +10 values. In addition, the likelihood profile is shown in blue. The black triangular
marker notates the value obtained in the actual fit to the data.
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Figure 102: Resulting profiles of the Feldman-Cousins scan performed on all eight .S, observables
in the two larger ¢> bins. The first two rows show the eight observables for the bin [1.1-
6.0] GeV?/c* and two bottom rows show the observables in the bin [15.0-19.0] GeV?/ct. The
results from the toy event studies at each step are given by the black histogram, plus the red
vertical lines indicating the positions of the maximum likelihood position and the +1¢ values.
In addition, the likelihood profile is shown in blue. The black triangular marker notates the
value obtained in the actual fit to the data.
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Figure 103: Resulting profiles of the Feldman-Cousins scan performed on parameter F7, in
all eight ¢? bins. The results from the toy event studies at each step are given by the black
histogram, plus the red vertical lines indicating the positions of the maximum likelihood position
and the £10 values. In addition, the likelihood profile is shown in blue. The black triangular
marker notates the value obtained in the actual fit to the data.
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Figure 104: Resulting profiles of the Feldman-Cousins scan performed on parameter P; in
all eight ¢? bins. The results from the toy event studies at each step are given by the black
histogram, plus the red vertical lines indicating the positions of the maximum likelihood position
and the +10 values. In addition, the likelihood profile is shown in blue. The black triangular
marker notates the value obtained in the actual fit to the data.
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Figure 105: Resulting profiles of the Feldman-Cousins scan performed on parameter P in
all eight ¢? bins. The results from the toy event studies at each step are given by the black
histogram, plus the red vertical lines indicating the positions of the maximum likelihood position
and the £10 values. In addition, the likelihood profile is shown in blue. The black triangular
marker notates the value obtained in the actual fit to the data.
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Figure 106: Resulting profiles of the Feldman-Cousins scan performed on parameter P in
all eight ¢? bins. The results from the toy event studies at each step are given by the black
histogram, plus the red vertical lines indicating the positions of the maximum likelihood position
and the +10 values. In addition, the likelihood profile is shown in blue. The black triangular
marker notates the value obtained in the actual fit to the data.
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Figure 107: Resulting profiles of the Feldman-Cousins scan performed on parameter P; in
all eight ¢? bins. The results from the toy event studies at each step are given by the black
histogram, plus the red vertical lines indicating the positions of the maximum likelihood position
and the £10 values. In addition, the likelihood profile is shown in blue. The black triangular
marker notates the value obtained in the actual fit to the data.
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Figure 108: Resulting profiles of the Feldman-Cousins scan performed on parameter Ps in
all eight ¢? bins. The results from the toy event studies at each step are given by the black
histogram, plus the red vertical lines indicating the positions of the maximum likelihood position
and the +10 values. In addition, the likelihood profile is shown in blue. The black triangular
marker notates the value obtained in the actual fit to the data.
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Figure 109: Resulting profiles of the Feldman-Cousins scan performed on parameter Pg in
all eight ¢? bins. The results from the toy event studies at each step are given by the black
histogram, plus the red vertical lines indicating the positions of the maximum likelihood position
and the £10 values. In addition, the likelihood profile is shown in blue. The black triangular
marker notates the value obtained in the actual fit to the data.
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Figure 110: Resulting profiles of the Feldman-Cousins scan performed on parameter Py in
all eight ¢? bins. The results from the toy event studies at each step are given by the black
histogram, plus the red vertical lines indicating the positions of the maximum likelihood position
and the +10 values. In addition, the likelihood profile is shown in blue. The black triangular
marker notates the value obtained in the actual fit to the data.
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Figure 111: Resulting profiles of the Feldman-Cousins scan performed on all eight Pag/) observables
in the two larger ¢2 bins. The first two rows show the eight observables for the bin [1.1-6.0] GeV?/c*
and two bottom rows show the observables in the bin [15.0-19.0] GeV?/ct. The results from
the toy event studies at each step are given by the black histogram, plus the red vertical lines
indicating the positions of the maximum likelihood position and the +1¢ values. In addition,
the likelihood profile is shown in blue. The black triangular marker notates the value obtained
in the actual fit to the data.
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- A Appendices

ws A1 Trigger configuration

s The HLT configuration is saved in a Trigger Configuration Key (TCK). A complete list of
e used TCK in the complete data-set from 2011 to 2018 is given in Tables [81] and [82] for
e Runl and Runll, respectively.
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Table 81: All TCK used for the data acquisition for all years RunI and for both magnet polarities
(up and down). The total and relative number of events recorded in this HLT configuration.

data-set | TCK events fraction [%]
2011 down | 360032 2536 0.50
480032 1497 0.29
4a0033 2080 0.41
5a0032 24475 4.82
5b0032 47 0.01
640032 | 86781 17.08
700034 950 0.19
710035 868 0.17
730035 54310 10.69
760037 | 167538 32.98
790038 | 166959 32.86
2011 up 520032 25557 7.36
5b0032 1262 0.36
5d0033 1241 0.36
730035 | 107650 31.02
740036 3318 0.96
760037 | 86990 25.06
790037 | 28324 8.16
790038 92731 26.72
2012 down | 7e003a 99 0.01
70040 205 0.02
860040 3990 0.44
8c0040 55255 6.05
8e0040 506 0.06
94003d | 90147 9.87
95003d 1010 0.11
97003d | 140235 15.35
990042 | 176819 19.35
990044 | 101568 11.12
a30044 | 135808 14.86
a30046 9160 1.00
290046 57298 6.27
ab0046 49213 5.39
ac0046 92431 10.12
ad0046 27 0.00
2012 up 94003d | 167149 15.98
95003d 123 0.01
97003d | 123996 11.85
990042 | 382918 36.61
990043 2481 0.24
990044 | 30438 291
9a0042 14 0.00
90045 27356 2.62
al0044 25692 2.46
al10045 78053 7.46
a20044 1430 0.14
a30044 | 176031 16.83
a30046 21075 2.01
ac0046 9240 0.88
ad0046 50 0.00
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Table 82: All TCK used for the data acquisition for RunII and for both magnet polarities (up
and down). The total and relative number of events recorded in this HLT configuration.

data-set | TCK events fraction [%)]
2015 down | 10600a2 132582 50.33
10600a3 99710 37.85

10600a6 82 0.03

10600a7 2021 0.77

10700a1 10688 4.06

10800a2 18331 6.96

2015 up 10800a2 76056 39.75
11400a8 115294 60.25

2016 down | 11291600 8610 0.71
11291603 54137 4.46

11291604 38846 3.20

11291605 | 118218 9.74

11371609 93173 7.68

1137160e 33973 2.80

11381609 10121 0.83

1138160e 47072 3.88

1138160f | 809285 66.69

2016 up 11321609 | 159801 13.83
11341609 | 179726 15.55

11351609 32569 2.82

11361609 | 593831 51.38

11381611 64709 5.60

11381612 | 125226 10.83

2017 down | 11541707 | 118639 10.09
115417a7 638 0.05

11561707 | 297539 25.32

11611707 | 161553 13.75

11611708 | 203675 17.33

11611709 | 393266 33.46

2017 up 114e1702 4202 0.38
114e1703 2391 0.22

11501703 31274 2.84

11501704 36176 3.28

11501705 | 161821 14.68

11501706 33023 3.00

11561707 | 113734 10.32

11601707 | 142334 12.91

11601708 | 146844 13.32

11611709 | 430635 39.06

2018 down | 11741801 | 112116 8.69
11751801 | 365265 28.30

11771801 19934 1.54

117al18a2 | 687151 53.24

117al18a4 | 106303 8.24

2018 up 11671801 5755 0.47
11711801 6736 0.55

11731801 | 125663 10.18

11741801 | 215701 17.47

11771801 | 234149 18.97

117718al 597 0.05

117a18a2 | 378874 30.69

117al18a4 | 267084 21.63
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Figure 112: Bt mass distribution of J/) MC events from 2011 DD (a) and LL (b) track events
and 2012 DD (c) and LL (d) track events. These data samples consist entirely of u*u~ decays
coming from a J/i. In consistency with the data selection, the invariant mass squared of the
php~ is cut, 8.68 GeV?/c* < ¢? < 10.09 GeV?/ct. The BT mass peak is modelled by a two tailed
Crystal Ball (one tail to low mass region and one towards high mass region).

A.2 Monte Carlo mass shape fits

To fix certain parameters of the Crystal Ball function in the fits to pre-selected data, a fit
to the corresponding sample in MC is performed. Equal to the fit projections of data in
Figs. [fl and [f] in Section the mass fits of MC events for RunI and RunII are shown in

Figs. and [113]
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Figure 113: BT mass shape of signal MC events from 2015 DD (a) and LL (b), 2016 DD (c)
and LL (d), 2017 DD (e) and LL (f) and 2018 DD (g) and LL (h) track events. These signal
channel MC events do not have a ¢? cut applied. The BT mass peak is modelled by a two tailed
Crystal Ball (one tail to low mass region and one towards high mass region).
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A.3 Data-Monte Carlo comparison

Data events are sWeighted and simulated MC events are re-weighted to these data events.
To check the agreement between both, the distributions of both are shown in direct
comparison and their normalized ratio is created. All variables of interest for all six years
are presented. The following pages present the comparison of data events from the full
q? range (mostly resonant J/i) events) with signal channel MC events for the years 2011
DD tracks and LL tracks in Figs. to [I17], 2012 DD tracks and LL tracks in Figs. [I18
to 2015 DD tracks and LL tracks in Figs. to 2016 DD tracks and LL tracks in
Figs. to 2017 DD tracks and LL tracks in Figs. to and 2018 DD tracks
and LL tracks in Figs. to

In addition, the comparison between resonant data events and resonant channel MC
events is presented for 2011 DD tracks and LL tracks in Figs. to 2012 DD tracks
and LL tracks in Figs. [142] to [144] and [149] and 2016 DD tracks and LL tracks in Figs. [144]

[146] [147) and [149]
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Figure 114: Comparison (1/2) of variables between sWeighted data (black) and 2 x 1D re-
weighted simulated events (red). The samples are 2011 with DD tracks only.
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Figure 115: Comparison (2/2) of variables between sWeighted data (black) and 2 x 1D re-

weighted simulated events (red). The samples are 2011 with DD tracks only.
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Figure 116: Comparison (1/2) of variables between sWeighted data (black) and 2 x 1D re-
weighted simulated events (red). The samples are 2011 with LL tracks only.
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Figure 117: Comparison (2/2) of variables between sWeighted data (black) and 2 x 1D re-
weighted simulated events (red). The samples are 2011 with LL tracks only.
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Figure 118: Comparison (1/2) of variables between sWeighted data (black) and 2 x 1D re-
weighted simulated events (red). The samples are 2012 with DD tracks only.
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Figure 121: Comparison (2/2) of variables between sWeighted data (black) and 2 x 1D re-
weighted simulated events (red). The samples are 2012 with LL tracks only.
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Figure 122: Comparison (1/2) of variables between sWeighted data (black) and 2 x 1D re-
weighted simulated events (red). The samples are 2015 with DD tracks only.
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Figure 123: Comparison (2/2) of variables between sWeighted data (black) and 2 x 1D re-
weighted simulated events (red). The samples are 2015 with DD tracks only.
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Figure 124: Comparison (1/2) of variables between sWeighted data (black) and 2 x 1D re-
weighted simulated events (red). The samples are 2015 with LL tracks only.
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Figure 128: Comparison (1/2) of variables between sWeighted data (black) and 2 x 1D re-
weighted simulated events (red). The samples are 2016 with LL tracks only.
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Figure 136: Comparison (1/2) of variables between sWeighted data (black) and 2 x 1D re-
weighted simulated events (red). The samples are 2018 with LL tracks only.
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Figure 138: Comparison (1/2) of variables between sWeighted J/ip data (black) and 2 x 1D
re-weighted simulated J/i) events (red). The samples are 2011 with DD tracks only.
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Figure 139: Comparison (2/2) of variables between sWeighted J/ip data (black) and 2 x 1D
re-weighted simulated J/i) events (red). The samples are 2011 with DD tracks only.
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Figure 140: Comparison (1/2) of variables between sWeighted J/ip data (black) and 2 x 1D
re-weighted simulated J/i) events (red). The samples are 2011 with LL tracks only.
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Figure 141: Comparison (2/2) of variables between sWeighted J/iy data (black) and 2 x 1D
re-weighted simulated J/i) events (red). The samples are 2011 with LL tracks only.
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Figure 142: Comparison (1/2) of variables between sWeighted J/ip data (black) and 2 x 1D
re-weighted simulated J/i) events (red). The samples are 2012 with DD tracks only.
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Figure 143: Comparison (2/2) of variables between sWeighted J/iy data (black) and 2 x 1D
re-weighted simulated J/i) events (red). The samples are 2012 with DD tracks only.

212



%, - %, 5,3 '
s 258 s 25F = s 25F L ;:
gl )E i * {1 £ i
3 15 3 15 {, E S 15F H'H E
s 1 %T‘v};{';%g? i’?{'u';'qwh.__ X j«}‘ s 1 aagu b ity ?‘j% lL ‘lv'}‘ it B wwqufgj‘g&# #J“ r’lL l] |
£ ose! ‘ L sese e TMIE Ee I T
ZIXTN) t t z t t t z t t
£ ; £ 0.08E E £ V10
£0.045E &, E = = E
EOO(,)OZ - +|0E“'B,P|"LD"$Z+ V) sWeighted % 882 :;“‘““ 4 B_plus ENDVERTEX_CHI2 sWeighted % 1" —4— B_plus_FD_OWNPV sWeighted E
'cot;‘)gg 3 4 lox(1-B.plus_ DIRA_OV ¥b2Dw0|ghw(1 e 2 003k, + 4 Bplus ENDVERTEX_CHI2 b2Duweighted NCTN 5 t _4- B_plus FD_ OWNPY b2Dweighted MC T bfere
20.025E INedBKGCAT=1 % E E 004E* " TMedBKGCAT=1 E E - TMedBKGCAT=1 3
BO0E o E 2003E - E = * E
S00E et *;? i 2002F T, E g a 3
0.005E, ) ) 0.0& 3 ‘ e R 3 ""’%«.._‘ ‘ 3
=20 -15 -10 0 10 20 30 40 50 100
Log(1-B_plus_DIRA_OWNPV) B_plus_ENDVERTEX_CHI2 B_plus_FD_OWNPV
< 3 T T ~ 3 ~ 3
& 25F E & 25F E & 25 E
i 3 i = 1 =2 ;
2 15§ = 2 15§ +% * l = 2 158 =
s 1M #&M&’ahﬁvm Sppot st 4 s 1 SR ’}% rh s 1 I oL . Y *
R T gy R U] | - £ 05k +I§T++ et 3
; ! I ! ; I ; I I I
20,0456 1 t g t = 2o e t : 20.05F t t t =
;2)000% 3 +|og\B,p|mJPcMﬁ V) sWeighted £ 007F s —4- B_plus_IP_OWNPV sWeighted E £ 004F 4 B_plus NEW_ConebTaggm Weighied
= 0.03E 4 lox(B_plus_IPCHI2 OW voDweigheadicT  — 0.06 + *".Q 4 B_plus TP OWNPY b2Dycightcd MC TM Rfferer 2 E 4 Bplus NEW. Cnﬁgﬁ}% ohted M? ™
20.025E TMcdBKGCAT=1 _ 2 0.05E# TMedBKGCAT=1 E 2 003 TMedBKGCAT=1 #}. E
B0.02E s 3 500k 1, ] £ Y Py
20,015 ¥ té.(. E 5 0.03E¥ " E B 0.02F K "
=0.01E T 2 002F -, - % 001F iad pE
0.005 ‘ L 00 Hosetepsanns tevosone R ‘ ‘
-2 0 2 0 0.05 0.1 -1 -0.5 0 0.5 1
Log(B_plus_IPCHI2_OWNPV) B_plus_IP_OWNPV B_plus_NEW_ConePTasym
~ 3 ~ 3 T ~ 3
8 25F E 8 25F 8 25F s
s i £ Ton JE BB :
2 15 b 2 15 - 215 b
= sensndid Tl Il N eoarbtb badd ;mm% d’h% H', . N Lok # sttt it it 4]
£ oé R T H_ £ oé TN T L Yl g 0; T e LA S T
g a E g > 3
s A At s : : : o : 1 4
2 1 Bo0TE g E 20.043F 4 E
z —4— B_plus_PT_DTF sWeighted E 2 006E 4 —4- K_short_FD_OWNPV sWeighted E 5000% 3 +ﬂ+1<,shon,|:r,\ SWeighted -
2 B_plus_PT_DTF b2Dweighted MC TM Refergnce 3 0.05 3 4*:, K_short_FD_OWNPYV b2Dweighted MC TMZRefer 27 03 E- s K_short_ETA b2Dweighted MC TM ReferengCha
2 TMedBKGCAT=1 3 2 0.04 . % TMedBKGCAT=1 = Z0.025E TMEdBK(}CATA:&‘ -
H 1 2l0E * k B0)SE 4 33. 7
H 2 0.02F e, E 20015E 3
o, E 0018 farn KO : o g, 3
e naaian , \ bt o o TN 005 E e \ | e
20000 30000 40000 0 200 400 600 2 3 4 5
B_plus_PT_DTF K_short_FD_OWNPV K_short_ETA
~ 3 ~ 3 ~ 3 T
8 25F E 8 25F E 8 25F E
S l . g F % | s l l
= = =
B 15E : B 15E L I B 15E + -
s 1 ot %%*9@%‘%‘ i Ty 5 12#4’& IO '.-.a.'u?*.a.;f!"%’xj‘;&% I TT_ s 1 eatateth +“"L“%*%ﬁ %% ﬂ% Ff 1l
=} g L4 g b
= = - = - H = — =
E 03 ‘ ‘ 11414 g 05 ‘ ‘ t B 05 ‘ ‘ bk
g R I i 7z A AR AR
% —4— K_short_PT_DTF sWeighted E 50008‘51 3 *&+KV,pl,mmux,ETA SWeighted E % —4— Ks_pi_minus_PT_DTF sWeighted E
o I' 4 K_short_PT_DTF b2Dueighted MC T™ Refdgnce g 0.03 z’; 4 Ko.pi_nminus_ETA b2Dweightcd MC TV Refrene 5 4 Ko.pi_minus_PT_DTF b2Dweighied MC TNERefe
2 * TMedBKGCAT=1 £0.025F if TMedBKGCAT=}; E 2 TMedBKGCAT=1 =
5 * ER e ! R E
2004 .. 3 20 4 %, . 5 004 . 3
E 0.005 Eg¥ E E
| " oo 0 | | L " |
2000 4000 6000 8000 10000 2 3 4 5 1000 2000 3000 4000 5000
K_short_PT_DTF Ks_pi_minus_ETA Ks_pi_minus_PT_DTF

Figure 144: Comparison (1/2) of variables between sWeighted J/ip data (black) and 2 x 1D
re-weighted simulated J/i) events (red). The samples are 2012 with LL tracks only.
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Figure 145: Comparison (2/2) of variables between sWeighted J/ip data (black) and 2 x 1D
re-weighted simulated J/i) events (red). The samples are 2012 with LL tracks only.
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Figure 146: Comparison (1/2) of variables between sWeighted J/iy) data (black) and 2 x 1D
re-weighted simulated J/i) events (red). The samples are 2016 with DD tracks only.
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Figure 147: Comparison (2/2) of variables between sWeighted J/ip data (black) and 2 x 1D
re-weighted simulated J/i) events (red). The samples are 2016 with DD tracks only.
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Figure 148: Comparison (1/2) of variables between sWeighted J/ip data (black) and 2 x 1D
re-weighted simulated J/i) events (red). The samples are 2016 with LL tracks only.
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Figure 149: Comparison (2/2) of variables between sWeighted J/ip data (black) and 2 x 1D
re-weighted simulated J/i) events (red). The samples are 2016 with LL tracks only.
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A.4 Angular efficiency of the peaking background veto

The effect of the veto against peaking background from B® — K2u*u~ plus a random
7 on the angular distributions of the upper mass side-band was investigated. In cos 6y,
and ¢, no significant changes in the angular distribution have been observed. Fig. [L50
shows the distributions before and after the veto, as well as their difference. In Fig. [151],
the ratio of the distributions before and after the veto are given. The vetoed background
events peaking towards cosfx = 1 is very plausible for the background coming from
decays of B®— K{u*pu~ plus a random 7+. The reconstructed momenta of the K** from
these events is clearly dominated by the K. And since 0 is the angle between the flight
directions of the K** and the K, values of cos 0y close to one are expected.

As the distributions do not suffer from generated spikes or peak by the veto, and as the
agreement between lower and upper mass side-band was demonstrated in Section |3.3.4)
no systematic uncertainty applied to this veto.
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Figure 150: The efficiency of the veto against B® — K{utpu~ in the angular distributions
is investigated. The data is from 2017 with magnet polarity up, a reconstructed m(B*) >
5350 MeV/c? and for DD tracks in the top row (a)-(c) and LL tracks in the lower row (d)-(f). In
black all events passing the pre-selection are shown, in green the events that pass the veto and
in red the vetoed events. For cosfr in (b) and (e) as well as ¢ in (c¢) and (f), no significant
effect on the angular distributions is observed. For cosf in (a) and (d), the veto cuts away the
peaking structure towards cos @ = 1.0, which is expected. The remaining distributions are not
distorted.

A.5 Selection efficiency in the m(K7") dimension

The acceptance correction is done in four dimensions (¢* and the three decay angles),
where the m(K7") dimension is not considered. This requires and flat acceptance in
this dimension and hence was tested using the PHSP MC tuples. In analogy to ¢2, the
m(K7T) dimension is tested in the invariant mass squared of the system, p®. In Figs.
to[154] the distribution of before (black) and after (red) selection are shown as a function
of p?, together with the ratio of both distributions. We observe no signs of any acceptance
effects.
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Figure 151: The efficiency of the veto against B — K{u*u~. The data is from 2017 with

cos(6,)

cos(0,)

magnet polarity up, a reconstructed m(B*) > 5350 MeV/c? and for DD tracks in the top row
(a)-(c) and LL tracks in the lower row (d)-(f). The efficiency corresponds to the ratio of the

green and black curves in Fig. [150
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Figure 152: Runl: The comparison of the p? distribution before (black) and after (red) the
full selection using PHSP MC events. Both, the distributions and the ratios show no sign of a
non-flat acceptance effect.
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Figure 153: 2015+16: The comparison of the p? distribution before (black) and after (red) the
full selection using PHSP MC events. Both, the distributions and the ratios show no sign of a
non-flat acceptance effect.
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Figure 154: 2017+18: The comparison of the p? distribution before (black) and after (red) the
full selection using PHSP MC events. Both, the distributions and the ratios show no sign of a
non-flat acceptance effect.
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A.6 Angular resolution

In the following Figs. to the angular resolutions are shown. The distributions
are determined from MC events for all six years and are calculated from the difference
of the reconstructed angle and the true angle. For the true angle, the true momentum
information of the MC events are used.

The resolution is obtained by a fit using the sum of two Gaussian distributions and by
calculating the effective width from the relative fraction and the two individual width:

ooy =\ ot (1 f) - o3, (46)

the relative fraction, f, and individual widths o} 2 of the two Gaussian bell functions.
In LL tracks tracks, the resolution is found to be a slightly better, especially for the RunI
data-set. However, the difference between DD tracks and LL tracks samples is low enough
to not be considered in the simultaneous fit, given the low event statistics of the fit and
the absolute values of the angular resolutions.
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better resolution.
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Figure 156: The angular resolution for all three angles, cosfx (left column), cosfy (central
column) and ¢ (right column) for the first two years of RunlII, 2015 & 2016. The data-set is
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width (see text) of a double-gaussian fit is stated in the plot. The LL tracks samples are found

to have a very slightly better resolution.
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Figure 157: The angular resolution for all three angles, cosfx (left column), cosfy (central
column) and ¢ (right column) for the first two years of RunlII, 2017 & 2018. The data-set is
split in DD tracks and LL tracks events by every other row. For all distribution, the effective
width (see text) of a double-gaussian fit is stated in the plot. The LL tracks samples are found

to have a very slightly better resolution.
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A.7 Sensitivity on Fs by differently dimensional fits

The sensitivity on the S-wave fraction, Fg was studied in details in Section 8.5 of Ref. [34].
In Fig. the results of these sensitivity studies are given. The results show, that the
sensitivity on Fig comes mainly from the K** mass dimension, as the 2D fit shows similar
sensitivity as the full 5D fit.

wn 0-4: T T ]
= 035E -+ 5D Fit (angles, Kn mass) 3
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Figure 158: Sensitivity study on Fs by Ref. [34]. 2D fit (in blue) shows a similar sensitivity as
the full 5D fit (black).

A.8 Scaling of Fy using the I} ¢*> dependence

Due to low statistics, Fig can only be determined in large ¢ bins. In order to obtain the
values for the nominal ¢* bins (see Table , one exploits the fact that the ¢> dependence
of Fy, and Fg is the approximately the same (as shown later). The Fg value in each
nominal bin is therefore obtained by scaling the Fg value in the large bin by the ratio of
the value of F, in the nominal and the large bin. In the following, in Table [83|the ratio
of Fr, between the larger binning scheme and the nominal, finer binning scheme are given.
The values are obtained from the flav.io package |35] and the resulting scaling factors for
Fs are given. All absolute values for the two ¢® binning schemes are shown in Fig. [159]
which is made from the results of the flav.io package.

1.0
4 fine bins
large bins

0.8 —4-
TS
0.6 —+—

0.4

<F. >

0.2

0.0

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5
g% [GeV?]

Figure 159: Trend of the longitudinal polarization fraction Fy, in different ¢? binnings. The
values are determined by the flav.io package [35].

The method was tested on previous results of Fg measured in the neutral B meson
decay [47]. For this, the values of the finer (eight) ¢* bins were averaged and the scaled
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Table 83: Ratio of I, between larger and nominal ¢? bins, which are used to scale Fg in the 4D
fit. Values obtained using the flav.io package [35] and are shown in Fig.

larger binning \ nominal binning \ ratio

scaled from next bin (0.1, 0.98] | 0.430
[1.1, 2.5 | 1.088
2.5, 4.0] | 1.132
(1.1, 8.0] (4.0, 6.0] | 1.009
6.0, 8.0] | 0.860
[11.0, 12.5] [11.0, 125] | 1.0
[15.0, 17.0] | 1.025
[15.0,19.0 [17.0, 19.0] | 0.964

1851 accordingly to the Fp, distribution in Table The results are in good agreement with
1852 the original measurement and peaks in the Fjg distribution are smoothed out. See Fig. [L60
183 for the overlay of the original measurement and the representation after applying the Fp,
1854 scaling.

-+ Runl measured

—— FL scaled larger bins
0.15 4 9

0.10 1

Fs

0.05 1

—

0.00 =+

-0.05

0.0 215 530 7?5 16.0 12‘.5 1_’;40 17‘5

q? [GeV?]
Figure 160: Test application of the F7, scaling strategy on the results published in Ref. [47]. For
the scaling, the F7, ratios from Table [83| are applied after the Fg values were averaged to the
larger ¢® bins, as described in the table and text. The scaled values are a good representation of
the underlying distribution.

w5 A9  Background in ¢ in bins of cosf; and cosfx

s In addition to the background distribution of the reference channel in Fig. [29] the flatness
187 of the ¢ distribution is verified in different regions of cos#;, and cos 0. Fig. shows the
s ¢ background distributions in each four bins (of width 0.5) in cos 6, and in cosfx. The
180 @ background distribution in the four quadrants of the cos 8.-cos 6 plane are shown in
weo Fig. [I62] All bins show a very good agreement with the assumption of a flat background
181 distribution in ¢.
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Figure 161: Distribution of background events in the ¢ dimension for events of the reference
channel. Top (bottom) row shows the background in bins of cosfx (cosfr). Each histogram
shows a cos Ok (cosfr) bin of size 0.5; starting of range [-1.0, -0.5] for cos 0 in (a) to [0.5, 1.0]
for cos @y, in (h). All bins show a flat background distribution for ¢.
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Figure 162: Distribution of background events in the ¢ dimension for events of the reference
channel. The events are binned in the four regions of the cos 6x-cos 0y, plane. The four quadrants
of the plane are given with the four histograms being aligned as if they form the plane: cos0x
on the x-axis and cos @z, on the y-axis, i.e. (b) is for both cosfx and cos @, positive and (d) for
positive cos 8 but negative cos 6. All bins show a flat background distribution for ¢.

A.10 Angular background distributions of signal channel

By removing the mass window around in the B* peak (£ 50 MeV/c?), a pure background
sample is generated. The combined data-set of RunI+1I (including both, DD tracks and
LL tracks) is fitted for each ¢? bin to obtain the angular background description, which
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wes will be fixed in the final fit. Figs. and show all three angles cos 0, cos @, and ¢.
187 The maximum order of Chebyshev polynomials (see subSection |3.2is: 0 (¢) and 2 (cos €k
s and cosfp,).
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Figure 163: The pure background distributions of the signal channel for ¢? bin 0 — 3. Each row
contains the three projections of one ¢ bin, with the left, central and right column showing
the angles cos 6k, cosfr, and ¢, respectively. The maximum order of polynomials is 0 (¢) and 2
(cos Ok and cosfr).
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Figure 164: The pure background distributions of the signal channel for ¢

with the left, central and right column showing

)

bin

2

contains the three projections of one ¢

cos 01, and ¢, respectively. The maximum order of polynomials is 0 (¢) and 2

the angles cos 0,
(cos Ok and cosfr).
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Table 84: The correlation between the angular dimensions for the full data-set of background
events in all eight ¢ bins. Background events are selected to have m Kty at least 50 MeV/ c?
away from the BT PDG value. The observed correlation is small and in most cases negligible,
as expected. Hence a factorizable description of the background PDF is justified.

[0.10, 0.98] \ cosfy cosfg ) [1.10, 2.50] \ cosf cosbg o

cosfr | 1.00 -0.019 -0.116 cosfr | 1.00 0.055 -0.004
cos O 1.00  0.012 cos O 1.00  -0.065
) 1.00 ) 1.00
[2.50, 4.00] ‘ cosl; cosfOg ) [4.00, 6.00] ‘ cosl; cosfg 1)
cosfy | 1.00 -0.009 -0.093 cosfr | 1.00 -0.094 -0.013
cos Ok 1.00 -0.061 cos Ok 1.00 0.135
) 1.00 ) 1.00
[6.00, 8.00] | cosf, cosbx ¢ [11.0, 12.50] | cosf, cosOx ¢
cosfr | 1.00 -0.067 0.059 cosfr | 1.00 -0.040 -0.002
cos O 1.00 -0.046 cos O 1.00 0.086
) 1.00 1) 1.00
[15.0, 17.0] \ cosf; cosfk 1) [17.0, 19.0] \ cosf; cosfk )
cosfr | 1.00 0.026 0.042 cosfr | 1.00 0.080 0.027
cos O 1.00 0.012 cos Ok 1.00 0.115
10) 1.00 ) 1.00

Table 85: The correlation between the angular dimensions for the full data-set of background
events in the reference channel. Background events are selected to have mpg,,+,- at least
50 MeV/c? away from the BT PDG value. The observed correlation is negligible, as expected.
Hence a factorizable description of the background PDF is justified.

[8.68, 10.09] \ cosf cosfOk 1)
cosfr | 1.00 0.011 -0.009
cos O 1.00 0.004
P 1.00

A.11 Correlation of angular background distributions

The events used in the following are weighted accordingly to the angular acceptance
correction. For all eight ¢* bins plus the reference channel ¢? bin, the correlation between
angular dimensions was determined. In Tables [84] and [85| the correlation between angular
dimensions are given for the eight bins of the signal channel and the single bin of the
reference channel, respectively.
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A.12 Toy study result tables

In addition to the quick and easy to read summary plots from subSections 4.4.1} and 4.4.2]
all values for the mean position of the pull distribution, the width of the pull distribution
and the sensitivity from the toy studies are given in the following pages. For the large
(realistic) statistic toy studies, the tables for the full angular fits and for all five foldings

are presented in Appendix [A.12.1| (Appendix [A.12.2)).

A.12.1 Large statistic toy study result tables
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Table 86: Results from the toy event studies with 10000 events. No angular folding is used. All

eight ¢® bins are shown.

[0.10, 0.98] pull mean pull width sensitivity [1.10, 2.50] pull mean pull width sensitivity
Sis 0.010 £ 0.019 1.005 + 0.015 0.034 £ 0.000 Sis —0.068 £+ 0.019 1.014 + 0.014 0.046 £+ 0.001
S3 —0.021 + 0.019 1.007 + 0.013 0.055 £ 0.001 S3 —0.032 £+ 0.020 1.052 + 0.016 0.064 £ 0.001
Sy 0.043 £ 0.020 1.040 4+ 0.017 0.079 £ 0.001 Sy —0.013 £ 0.019 1.034 + 0.015 0.104 £ 0.001
Ss —0.001 + 0.019 0.995 £+ 0.014 0.059 £ 0.001 Ss —0.029 £+ 0.019 1.027 + 0.014 0.084 £ 0.001
Ses 0.008 £+ 0.019 0.995 £+ 0.014 0.075 £+ 0.001 Ses —0.099 £+ 0.020 1.056 + 0.015 0.081 £ 0.001
St —0.008 £+ 0.019 0.999 4+ 0.014 0.061 £ 0.001 St —0.042 + 0.019 1.010 + 0.013 0.085 £ 0.001
Sg —0.003 £ 0.019 1.024 + 0.015 0.077 £+ 0.001 Sg 0.005 £+ 0.019 1.031 + 0.014 0.104 £+ 0.001
Sg —0.011 £ 0.019 0.982 4+ 0.014 0.054 £+ 0.001 Sy 0.004 £ 0.020 1.067 & 0.015 0.065 £ 0.001
Fg 0.006 £ 0.004 0.054 £+ 0.018 0.000 £ 0.000 Fg 0.008 £ 0.005 0.054 £+ 0.017 0.000 £ 0.000
Ss1 —0.010 + 0.019 1.013 +£ 0.015 0.096 £ 0.001 Ss1 —0.033 £ 0.020 1.068 + 0.015 0.151 £ 0.002
Sso 0.020 £ 0.019 1.023 + 0.015 0.090 £ 0.001 Sgo 0.007 £ 0.020 1.050 + 0.014 0.104 £ 0.001
Sgs 0.026 £+ 0.019 0.996 £+ 0.014 0.068 £+ 0.001 Sgs 0.003 £ 0.019 1.009 + 0.013 0.078 £ 0.001
Sgaq 0.032 £ 0.019 1.007 4+ 0.013 0.068 £+ 0.001 Sga —0.032 £+ 0.019 1.029 4+ 0.014 0.078 £ 0.001
Sgs 0.002 £ 0.019 0.989 £+ 0.014 0.090 £ 0.001 Sgs —0.038 £+ 0.020 1.069 + 0.014 0.105 £+ 0.001
fsig 0.077 £ 0.018 0.949 £+ 0.013 0.023 £ 0.000 fsig 0.064 £+ 0.017 0.890 £+ 0.012 0.018 £ 0.000
mpy —0.013 £ 0.018 0.988 £+ 0.014 1.159 4+ 0.015 mp4 0.012 £ 0.019 1.009 + 0.013 1.583 4+ 0.020
Am —0.026 £ 0.018 0.955 4+ 0.013 0.000 £ 0.000 Am —0.021 + 0.018 0.963 + 0.013 0.000 £ 0.000
cll)kq(cos 0r) 0.008 £+ 0.018 0.973 £ 0.013 0.095 £ 0.001 c(l)kg(cos 0r) 0.018 £+ 0.018 0.989 £+ 0.013 0.071 £ 0.001
cgkg(cos 0r) —0.059 £+ 0.018 0.990 £+ 0.014 0.066 £+ 0.001 Cgkg(COS 0r) —0.054 £+ 0.018 0.970 £+ 0.013 0.048 £+ 0.001
cllykg<cos 0K) —0.007 £ 0.017 0.937 £ 0.013 0.092 £ 0.001 cékg(cos 0K) —0.003 + 0.016 0.855 £+ 0.012 0.058 4 0.001
2y (cosOk)  —0.085+0.020 1.05740.014  0.079 % 0.001 2y (cosOk)  —0.056+0.018  0.963%0.014  0.041 % 0.001
[2.50, 4.00] pull mean pull width sensitivity [4.00, 6.00] pull mean pull width sensitivity
Sis —0.028 £ 0.018 0.980 4+ 0.013 0.046 £+ 0.001 Sis 0.029 £ 0.018 0.964 £+ 0.013 0.036 £ 0.000
S3 —0.009 + 0.020 1.084 + 0.016 0.071 £+ 0.001 S3 —0.009 + 0.019 1.008 + 0.014 0.058 £+ 0.001
Sy —0.039 £+ 0.019 1.006 4+ 0.014 0.104 £+ 0.001 Sy —0.046 + 0.019 1.028 + 0.014 0.080 £ 0.001
Ss —0.024 + 0.019 1.024 + 0.014 0.089 £ 0.001 Ss —0.027 £ 0.019 0.997 £ 0.014 0.071 £ 0.001
Sés —0.021 + 0.019 1.027 + 0.014 0.076 £ 0.001 Sé6s 0.033 £ 0.019 1.003 + 0.013 0.057 £+ 0.001
Sz 0.009 £ 0.018 0.996 £+ 0.014 0.089 £ 0.001 St —0.022 + 0.019 1.006 + 0.014 0.074 £+ 0.001
Sg 0.007 £ 0.018 0.992 £+ 0.013 0.104 £+ 0.001 Sg —0.020 £+ 0.019 1.005 + 0.014 0.080 £ 0.001
So —0.015 £+ 0.020 1.058 + 0.015 0.070 £ 0.001 Sg —0.004 £+ 0.019 1.018 + 0.014 0.059 £ 0.001
Fg 0.002 £ 0.002 0.055 £+ 0.019 0.000 £ 0.000 Fg 0.000 £ 0.001 0.056 £+ 0.020 0.000 £ 0.000
Sg1 0.009 £ 0.021 1.064 + 0.016 0.159 £ 0.002 Sg1 0.004 £ 0.020 1.054 + 0.015 0.135 £+ 0.002
Sgo 0.010 £ 0.019 1.026 4+ 0.014 0.102 £ 0.001 Sgo —0.017 £ 0.019 1.014 + 0.013 0.079 £ 0.001
Sss3 0.020 £ 0.020 1.062 4+ 0.015 0.082 £ 0.001 Sss —0.034 £ 0.019 1.001 4+ 0.014 0.068 £ 0.001
Ssa —0.002 £+ 0.019 1.018 +0.014 0.082 £ 0.001 Ssa 0.011 £ 0.019 1.037 + 0.015 0.072 £ 0.001
Sss —0.039 + 0.020 1.048 + 0.015 0.104 £ 0.001 Sss —0.036 + 0.019 0.997 £+ 0.014 0.080 £ 0.001
fsig 0.023 £ 0.017 0.884 £+ 0.012 0.015 £ 0.000 fsig 0.006 £+ 0.017 0.933 £+ 0.012 0.014 £ 0.000
mpy —0.007 £+ 0.019 0.999 + 0.014 1.790 £+ 0.023 mp4 —0.006 + 0.018 0.977 £ 0.014 1.439 + 0.019
Am 0.025 £+ 0.019 0.995 £+ 0.014 0.000 £ 0.000 Am —0.036 £+ 0.018 0.991 £+ 0.013 0.000 £ 0.000
cll)kg(cos 0r) —0.015 + 0.019 0.993 £+ 0.014 0.055 £ 0.001 cékg(cos 0r) —0.011 + 0.018 0.985 £+ 0.013 0.051 4 0.001
Zpg(cosfr)  —0.032£0.018  0.949£0.013  0.034 % 0.000 2pq(cosOL) 0.013£0.019  1.005+0.013  0.041 = 0.001
cékg(cos 0K) —0.034 + 0.018 0.949 £+ 0.013 0.054 £ 0.001 cékg(cos OK) 0.009 £+ 0.017 0.935 £ 0.013 0.045 £ 0.001
cgkg(cos 0K) —0.034 + 0.018 0.959 £+ 0.015 0.037 £+ 0.000 cgkg(cos 0K) —0.036 + 0.019 1.000 + 0.014 0.034 £ 0.000
[6.00, 8.00] pull mean pull width sensitivity [11.00, 12.50] pull mean pull width sensitivity
Sis 0.049 £ 0.019 1.035 + 0.015 0.031 £ 0.000 Sis 0.065 £ 0.020 1.041 + 0.014 0.031 £ 0.000
S3 0.023 £+ 0.019 1.017 + 0.014 0.050 £ 0.001 Ss —0.106 £+ 0.020 1.059 + 0.015 0.053 £+ 0.001
Sy —0.045 £+ 0.019 1.005 4+ 0.014 0.061 £ 0.001 Sa —0.039 £+ 0.021 1.114 + 0.016 0.060 £ 0.001
Ss —0.070 £+ 0.019 1.011 + 0.014 0.058 £+ 0.001 Ss —0.098 £+ 0.021 1.077 + 0.016 0.056 £+ 0.001
Se6s 0.046 £+ 0.019 1.038 + 0.015 0.048 £+ 0.001 Ses 0.100 £ 0.021 1.084 + 0.014 0.047 £ 0.001
Sz —0.012 £+ 0.019 1.018 + 0.014 0.063 £ 0.001 Sz 0.005 £ 0.019 1.032 4+ 0.014 0.061 £ 0.001
Sg 0.010 £ 0.019 1.000 4+ 0.014 0.065 £ 0.001 Sg —0.007 £+ 0.019 1.030 + 0.015 0.060 £ 0.001
S —0.016 £+ 0.019 1.034 + 0.014 0.050 £ 0.001 So —0.005 £+ 0.020 1.050 + 0.016 0.053 £ 0.001
Fg —0.000 + 0.001 0.056 £ 0.020 0.000 =+ 0.000 Fg —0.000 £ 0.001 0.056 £ 0.020 0.000 #£ 0.000
Ss1 0.013 £ 0.020 1.050 + 0.014 0.111 £ 0.001 Ss1 —0.021 £+ 0.019 1.047 + 0.015 0.098 £ 0.001
Ssa 0.032 £ 0.018 0.991 £+ 0.013 0.064 £ 0.001 Ssa —0.002 £ 0.021 1.099 + 0.016 0.067 £ 0.001
Sss3 0.004 £ 0.019 1.028 + 0.015 0.060 £ 0.001 Sss —0.085 £ 0.020 1.074 + 0.016 0.064 £+ 0.001
Ssa 0.024 £ 0.018 0.951 4+ 0.013 0.059 £ 0.001 Ssa —0.003 + 0.019 1.005 + 0.014 0.065 £ 0.001
Sss —0.028 £+ 0.019 1.007 + 0.013 0.067 £+ 0.001 Sss —0.058 + 0.019 1.010 + 0.014 0.068 £+ 0.001
fsig —0.007 £ 0.018 0.993 4+ 0.014 0.014 £ 0.000 fsig —0.034 + 0.019 1.014 4+ 0.013 0.017 £+ 0.000
mp4 —0.019 £ 0.019 0.991 4+ 0.014 1.110 £ 0.014 mp4 0.009 £ 0.018 0.962 £ 0.013 1.047 £ 0.014
Am 0.022 £ 0.019 0.997 £+ 0.013 0.000 =+ 0.000 Am 0.054 £+ 0.019 0.991 £+ 0.014 0.001 £ 0.000
cékg(cos 0r) —0.019 £ 0.018 0.986 £+ 0.014 0.052 £ 0.001 cll)kg(cos 6r) 0.002 £ 0.018 0.979 £+ 0.014 0.062 £ 0.001
cgkg(cos 0r) 0.015 £ 0.019 1.014 + 0.014 0.043 £+ 0.001 Cgkg(coseL) 0.008 £ 0.018 0.951 £+ 0.013 0.056 4 0.001
c}l)kq(cos Ok ) —0.042 £+ 0.016 0.810 £+ 0.013 0.039 £ 0.001 cékq(COSGK) —0.037 4+ 0.018 0.993 £+ 0.013 0.064 £+ 0.001
cgkg(cos OK) 0.008 £ 0.018 0.978 £ 0.013 0.029 £ 0.000 cgkg(coseK) —0.028 + 0.019 1.047 + 0.015 0.050 £ 0.001
[15.00, 17.00] pull mean pull width sensitivity [17.00, 19.00] pull mean pull width sensitivity
Sis 0.056 £+ 0.019 1.034 + 0.014 0.029 £ 0.000 Sis 0.013 £ 0.020 1.085 + 0.015 0.043 £ 0.001
S3 —0.056 4+ 0.019 1.022 £+ 0.014 0.054 £+ 0.001 S3 —0.171 4+ 0.022 1.119 4+ 0.017 0.088 £ 0.001
Sy —0.086 + 0.020 1.059 £+ 0.015 0.056 £+ 0.001 Sy —0.186 £+ 0.020 1.078 + 0.015 0.088 £+ 0.001
Ss —0.024 4+ 0.020 1.081 £+ 0.016 0.055 £ 0.001 Ss —0.037 £ 0.019 1.045 4+ 0.014 0.078 £ 0.001
S6s 0.086 £ 0.020 1.048 + 0.015 0.049 £ 0.001 Ses 0.125 £+ 0.021 1.092 + 0.015 0.078 £ 0.001
Sz 0.008 £ 0.018 0.986 £+ 0.014 0.059 £ 0.001 Sz 0.002 £ 0.019 1.039 + 0.015 0.087 £ 0.001
Sg 0.020 £+ 0.019 1.024 + 0.014 0.061 £ 0.001 Sg 0.013 £ 0.020 1.058 + 0.015 0.092 £+ 0.001
Sg —0.006 + 0.019 1.024 + 0.014 0.054 4+ 0.001 So 0.020 £ 0.020 1.086 + 0.015 0.084 £+ 0.001
Fg 0.002 £ 0.002 0.055 £ 0.019 0.000 £ 0.000 Fg 0.000 £ 0.001 0.056 4+ 0.020 0.000 £ 0.000
Ss1 —0.006 + 0.019 1.000 £+ 0.014 0.090 £+ 0.001 Ss1 0.000 £+ 0.019 1.029 + 0.014 0.126 £ 0.002
Sso —0.025 + 0.019 1.046 + 0.014 0.066 £+ 0.001 Ssa —0.014 £+ 0.021 1.140 + 0.016 0.111 £+ 0.001
Sss3 —0.026 + 0.019 1.025 + 0.014 0.062 £ 0.001 Sss 0.006 £ 0.020 1.096 + 0.016 0.095 £ 0.001
Ssa —0.029 £+ 0.019 1.011 + 0.014 0.071 £ 0.001 Ssa —0.008 + 0.019 1.021 + 0.014 0.106 £ 0.001
Sss —0.044 £+ 0.019 1.008 + 0.014 0.073 £+ 0.001 Sss —0.025 + 0.020 1.061 + 0.015 0.116 £ 0.001
fsig 0.018 £ 0.019 1.000 + 0.013 0.020 £ 0.000 fsig —0.032 £+ 0.018 0.958 £+ 0.012 0.026 £ 0.000
mpgy 0.027 + 0.019 1.020 + 0.014 1.238 + 0.016 mpyt 0.031 £ 0.018 0.989 £+ 0.014 1.767 + 0.023
Am —0.029 + 0.019 1.000 £ 0.013 0.000 £ 0.000 Am 0.002 £ 0.019 0.996 £+ 0.014 0.000 £ 0.000
Chpg(cosfr)  —0.035+£0.019  1.002£0.013  0.081£0.001  c}, (cos6y) 0.009 +0.019  1.01240.015  0.096 + 0.001
cgkg(cos 0r) 0.008 + 0.018 0.982 £ 0.014 0.084 £ 0.001 cgkg(cos 6r) —0.000 + 0.018 0.968 £+ 0.013 0.099 £ 0.001
cll,kg(cos 0K) 0.021 £ 0.018 0.988 £+ 0.013 0.083 £ 0.001 C;kg(coseK) 0.037 £ 0.019 0.995 £+ 0.014 0.107 £ 0.001
cgkg(cos 0K ) —0.016 4+ 0.020 1.062 + 0.015 —0.010 £+ 0.020 1.064 + 0.015 0.101 £ 0.001

0.072 & 0.001yy o .07, (€08 Oc)
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Table 87: Results from the toy event studies with 10000 events. Angular folding 0 is used. All

eight ¢® bins are shown.

[0.10, 0.98] pull mean pull width sensitivity [1.10, 2.50] pull mean pull width sensitivity
Sis 0.020 £ 0.019 0.992 4+ 0.014 0.035 £ 0.000 Sis —0.037 £ 0.018 0.963 4+ 0.013 0.043 £+ 0.001
S3 0.027 £ 0.019 1.015 + 0.015 0.056 £+ 0.001 S3 —0.014 + 0.019 1.015 + 0.015 0.059 £+ 0.001
Sés —0.027 + 0.018 0.980 £+ 0.014 0.074 £ 0.001 Sés —0.041 + 0.019 1.012 + 0.014 0.075 £ 0.001
So —0.029 + 0.018 0.992 £+ 0.013 0.055 £ 0.001 So 0.043 £ 0.019 1.037 + 0.014 0.061 £ 0.001
Fg 0.002 £ 0.002 0.055 £+ 0.019 0.000 £ 0.000 Fg 0.005 £ 0.004 0.055 £+ 0.019 0.000 £ 0.000
Ss1 —0.002 £+ 0.019 1.014 + 0.014 0.098 £+ 0.001 Sg1 0.028 £ 0.020 1.051 + 0.015 0.148 £+ 0.002
fsig 0.072 £ 0.018 0.950 £+ 0.014 0.022 £ 0.000 fsig 0.050 £+ 0.017 0.903 £+ 0.012 0.018 £ 0.000
mpy —0.033 £ 0.018 0.970 £+ 0.014 1.130 4+ 0.015 mp4 —0.009 £+ 0.019 1.024 + 0.014 1.592 4+ 0.021
Am —0.029 £+ 0.019 0.999 4+ 0.014 0.000 £ 0.000 Am 0.014 £+ 0.019 0.977 £ 0.013 0.000 £ 0.000
ipg(cosfr)  —0.002%0.018  0.969 +0.013  0.096 % 0.001 Chppg(cosOL) 0.030 £ 0.018  0.966 & 0.013  0.071 + 0.001
cgkg(cos 0r) —0.107 £+ 0.019 1.010 + 0.014 0.068 £ 0.001 cgkg(cos 0r,) 0.006 £+ 0.018 0.984 £+ 0.013 0.048 £ 0.001
cll,kg<cos 0K) —0.014 + 0.017 0.914 £+ 0.013 0.091 £ 0.001 ctl)kg(cos 0K) —0.041 £+ 0.016 0.836 £+ 0.011 0.058 £+ 0.001
2y (cosOk)  —0.083+£0.019  1.030+0.014  0.079 % 0.001 2y (cosOk)  —0.020£0.018  0.962%0.013  0.041 % 0.001
[2.50, 4.00] pull mean pull width sensitivity [4.00, 6.00] pull mean pull width sensitivity
Sis —0.018 + 0.018 0.981 £+ 0.013 0.046 £+ 0.001 Sis —0.004 £+ 0.018 0.969 £+ 0.013 0.037 £ 0.000
S3 —0.030 + 0.019 1.021 + 0.015 0.064 £ 0.001 S3 —0.002 + 0.019 1.006 + 0.015 0.057 4+ 0.001
Ses —0.045 £+ 0.019 1.006 4+ 0.014 0.073 £+ 0.001 Ses —0.030 + 0.018 0.985 4+ 0.014 0.056 £+ 0.001
Sg 0.027 £ 0.019 1.021 +0.014 0.064 £+ 0.001 Sy 0.019 £+ 0.018 0.979 4+ 0.014 0.056 4+ 0.001
Fg —0.000 + 0.001 0.056 4+ 0.020 0.000 £ 0.000 Fg 0.001 £ 0.001 0.055 4+ 0.020 0.000 £ 0.000
Ss1 0.001 £ 0.020 1.030 + 0.015 0.157 £ 0.002 Ss1 0.006 £ 0.019 1.033 + 0.014 0.133 £ 0.002
fsig 0.001 £ 0.017 0.906 £+ 0.013 0.015 =+ 0.000 fsig 0.034 £ 0.017 0.928 £+ 0.013 0.014 £ 0.000
mpy —0.017 £ 0.018 0.988 £+ 0.013 1.775 + 0.023 mp4 0.016 £ 0.018 0.986 £+ 0.014 1.456 + 0.019
Am —0.006 + 0.018 0.964 £+ 0.012 0.000 £ 0.000 Am 0.050 £ 0.019 1.017 + 0.014 0.000 £ 0.000
Cll)kg (cos07p,) 0.031 £ 0.019 0.991 £+ 0.013 0.055 £+ 0.001 Cékg (cos0p,) 0.008 £+ 0.018 0.966 £+ 0.013 0.050 £+ 0.001
cZpq(cosOr) 0.002+0.018  0.936+0.013  0.034£0.000 ey, (cosfz) 0.014+0.019  0.996 £ 0.014  0.040 % 0.001
cll)kg(COSGK) 0.011 £ 0.017 0.919 £+ 0.012 0.052 £ 0.001 cllﬂvg(COSGK) —0.007 £+ 0.017 0.927 £+ 0.013 0.045 £ 0.001
cgkg(cos Ok ) —0.016 £+ 0.018 0.948 £+ 0.013 0.036 £+ 0.000 Cgkg(cos Ok ) —0.023 £+ 0.019 1.010 4+ 0.014 0.034 £ 0.000
[6.00, 8.00] pull mean pull width sensitivity [11.00, 12.50] pull mean pull width sensitivity
Sis —0.011 £ 0.018 0.980 £+ 0.013 0.031 £ 0.000 Sis —0.023 £ 0.019 1.037 & 0.014 0.031 £ 0.000
S3 —0.030 + 0.019 1.018 +0.014 0.051 £ 0.001 S3 0.017 £ 0.019 0.998 £+ 0.014 0.049 £ 0.001
Ses —0.020 + 0.019 1.043 + 0.015 0.048 £ 0.001 Ses 0.008 £ 0.020 1.047 +0.014 0.046 £ 0.001
Sg 0.006 £ 0.018 0.968 £+ 0.013 0.049 £ 0.001 So 0.031 £ 0.019 1.013 + 0.015 0.051 £ 0.001
Fg 0.001 £ 0.001 0.055 £ 0.020 0.000 £ 0.000 Fg —0.001 #+ 0.001 0.055 £ 0.020 0.000 =+ 0.000
Ss1 —0.019 £ 0.019 1.036 + 0.015 0.114 £+ 0.001 Ss1 —0.014 + 0.019 0.996 4+ 0.014 0.098 £+ 0.001
fsig —0.019 £ 0.018 0.977 £ 0.014 0.014 £ 0.000 fsig 0.008 £+ 0.018 0.988 + 0.013 0.017 £ 0.000
mp4 0.001 £ 0.019 1.016 4+ 0.014 1.170 £ 0.015 mp4 0.001 £ 0.018 0.989 £+ 0.015 1.053 £ 0.014
Am —0.023 £+ 0.018 0.950 £+ 0.013 0.000 =+ 0.000 Am 0.007 £ 0.019 0.994 £+ 0.014 0.001 £ 0.000
cékg(cos 0r,) —0.006 + 0.018 0.978 £ 0.013 0.051 £ 0.001 c%kg(cos 6r) —0.028 + 0.018 0.981 £+ 0.014 0.061 £ 0.001
Cl2)k9<cos 0r) 0.045 £ 0.018 0.983 £+ 0.014 0.043 £+ 0.001 Cgkg(cos or) 0.008 £ 0.018 0.974 £+ 0.013 0.057 £+ 0.001
c;l)kq(cos Ok ) —0.067 £+ 0.016 0.722 £ 0.011 0.039 £ 0.001 Cékq(COSGK) 0.059 £ 0.018 0.985 £+ 0.014 0.064 £ 0.001
cgkg(cos 0K) —0.024 £+ 0.018 0.969 + 0.012 0.029 £ 0.000 cgkg(cos Ox) 0.000 £ 0.020 1.052 + 0.015 0.051 £ 0.001
[15.00, 17.00] pull mean pull width sensitivity [17.00, 19.00] pull mean pull width sensitivity
Sis 0.017 £ 0.019 1.041 + 0.015 0.030 £ 0.000 Sis 0.044 £ 0.019 1.011 + 0.013 0.041 £ 0.001
S3 —0.001 4+ 0.019 1.011 + 0.014 0.054 £+ 0.001 Ss —0.024 £+ 0.020 1.033 + 0.016 0.078 £ 0.001
S6s 0.025 £+ 0.019 1.032 £+ 0.014 0.049 £ 0.001 Ses 0.062 £ 0.019 1.007 + 0.014 0.072 £ 0.001
Sg 0.001 £ 0.019 1.009 £ 0.014 0.054 £+ 0.001 So —0.003 £+ 0.019 1.009 + 0.014 0.079 £ 0.001
Fg 0.001 £ 0.001 0.055 £ 0.020 0.000 £ 0.000 Fg 0.002 £ 0.002 0.055 £ 0.020 0.000 =+ 0.000
Ss1 0.012 £ 0.019 0.997 + 0.014 0.093 £ 0.001 Ss1 0.005 £ 0.019 1.007 + 0.014 0.130 £ 0.002
fsig 0.032 £+ 0.018 0.978 £+ 0.013 0.019 £ 0.000 Fsig 0.039 £ 0.018 0.986 £+ 0.013 0.027 £+ 0.000
mpy —0.005 + 0.019 0.996 + 0.014 1.238 + 0.016 mp4 0.032 £+ 0.019 0.996 £+ 0.014 1.766 4+ 0.023
Am —0.013 + 0.018 0.982 + 0.013 0.000 £ 0.000 Am —0.006 £+ 0.019 0.996 £+ 0.013 0.000 £ 0.000
Chpg(cosOrL) 0.020+£0.018 0.985+0.013 0.080+0.001  cf, (cos6r) 0.009 +£0.019  1.005 £ 0.015  0.096 % 0.001
cgkg(oos 0r) 0.035 £ 0.018 0.961 £ 0.013 0.081 £ 0.001 c%kg(COSGL) —0.023 £+ 0.018 0.985 £+ 0.013 0.102 £ 0.001
Cll)kg(cos Ok ) —0.005 + 0.019 0.995 + 0.013 0.084 £+ 0.001 C;kg(COSGK) 0.007 £ 0.019 1.002 + 0.015 0.108 £+ 0.001
chpg(cos0k) 0.014+0.020 1.080+0.016 0.074+0.001  cf, (cosOk) 0.018+£0.019  1.034£0.014  0.100 % 0.001
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Table 88: Results from the toy event studies with 10000 events. Angular folding 1 is

eight ¢® bins are shown.

used. All

[0.10, 0.98] pull mean pull width sensitivity [1.10, 2.50] pull mean pull width sensitivity
Sis 0.063 £ 0.019 1.011 +0.013 0.036 £ 0.000 Sis —0.028 £ 0.018 0.989 £+ 0.013 0.044 £+ 0.001
S3 0.041 £ 0.018 0.974 £+ 0.014 0.056 £+ 0.001 S3 0.033 £ 0.019 1.017 + 0.014 0.061 £ 0.001
Sy —0.012 £+ 0.019 1.014 + 0.014 0.079 £ 0.001 Sy —0.018 + 0.019 1.011 + 0.014 0.101 £ 0.001
Fg 0.001 £ 0.001 0.055 £ 0.020 0.000 £ 0.000 Fg 0.001 £ 0.001 0.055 £ 0.020 0.000 =+ 0.000
Ss1 —0.036 £+ 0.019 1.026 4+ 0.014 0.099 £ 0.001 Ss1 0.006 £ 0.020 1.060 #+ 0.015 0.150 £ 0.002
Ssa 0.039 £ 0.018 0.968 £+ 0.013 0.089 + 0.001 Ssa 0.010 £ 0.018 0.976 + 0.014 0.096 £ 0.001
fsig 0.054 £ 0.018 0.965 £+ 0.013 0.023 £ 0.000 fsig 0.057 £ 0.017 0.925 £+ 0.012 0.018 £ 0.000
mpy 0.017 £ 0.019 0.999 £+ 0.013 1.170 + 0.015 mp4 —0.006 £+ 0.018 0.963 £+ 0.013 1.544 4+ 0.020

m —0.000 £+ 0.019 1.008 4+ 0.014 0.000 £ 0.000 m —0.025 £+ 0.018 0.975 £ 0.014 0.000 £ 0.000
ciksI(cos 0r) —0.061 + 0.019 1.004 + 0.014 0.068 £ 0.001 cﬁkg(cos 0r) —0.027 £ 0.018 0.952 £+ 0.013 0.047 £+ 0.001
hpg(cosfx)  —0.002%0.018  0.943%0.013  0.093 % 0.001 ipg(cosfx)  —0.018£0.016  0.820+0.011  0.057 % 0.001
cgkg(cos 0K) —0.026 + 0.020 1.040 + 0.014 0.077 £ 0.001 cgkg(cos OK) —0.033 £ 0.019 0.978 £ 0.014 0.042 £ 0.001
[2.50, 4.00] pull mean pull width sensitivity [4.00, 6.00] pull mean pull width sensitivity
Sis —0.044 £+ 0.018 0.961 £+ 0.013 0.045 £ 0.001 Sis 0.026 £ 0.018 0.966 £+ 0.013 0.036 £ 0.000
S3 0.004 £ 0.019 1.030 + 0.015 0.063 £ 0.001 S3 0.022 £ 0.019 1.016 + 0.014 0.058 £ 0.001
Sy —0.032 £+ 0.019 1.018 + 0.014 0.105 £ 0.001 Sy —0.019 £+ 0.019 1.019 + 0.015 0.081 £ 0.001
Fg 0.001 £ 0.001 0.055 £ 0.020 0.000 =+ 0.000 Fg 0.003 £ 0.002 0.055 £+ 0.019 0.000 =+ 0.000
Ss1 0.005 £ 0.020 1.062 + 0.015 0.158 £ 0.002 Ss1 0.003 £+ 0.019 1.027 + 0.014 0.134 £ 0.002
Ssa —0.028 + 0.019 1.008 + 0.014 0.099 £ 0.001 Ssa —0.042 £+ 0.018 0.989 £+ 0.013 0.080 £ 0.001
fsig 0.034 £+ 0.016 0.869 £ 0.012 0.015 £ 0.000 fsig 0.018 £ 0.018 0.947 £+ 0.013 0.014 £ 0.000
mpy —0.002 + 0.019 0.996 + 0.013 1.796 4+ 0.023 mpy —0.003 £+ 0.018 0.981 £+ 0.013 1.458 4+ 0.019
Am —0.035 £+ 0.018 0.990 £+ 0.013 0.000 £ 0.000 Am 0.015 £ 0.018 0.953 £+ 0.013 0.000 £ 0.000
cipg(cosOr)  —0.009+£0.018 0.942+0.013 0.034£0.000 ey, (cosfy) 0.034+0.018  0.977£0.013  0.040 % 0.001
cll)kg(COSGK) 0.037 £ 0.018 0.955 £+ 0.013 0.053 £ 0.001 cllﬂvg(COSQK) —0.015 £+ 0.017 0.917 £+ 0.013 0.045 £ 0.001
cgkg(cos Ok ) —0.018 £+ 0.018 0.958 £+ 0.013 0.036 £+ 0.000 Cgkg(COS Ok ) —0.004 £+ 0.019 1.006 + 0.013 0.034 £ 0.000
[6.00, 8.00] pull mean pull width sensitivity [11.00, 12.50] pull mean pull width sensitivity
Sis —0.020 £+ 0.019 1.025 + 0.014 0.032 £ 0.000 Sis 0.031 £ 0.019 1.010 + 0.014 0.031 £ 0.000
S3 —0.014 + 0.019 1.010 + 0.015 0.052 £ 0.001 S3 0.043 £+ 0.019 0.996 + 0.014 0.054 £ 0.001
Sy —0.006 + 0.019 0.996 + 0.014 0.064 £ 0.001 Sy —0.010 £+ 0.018 0.967 £+ 0.013 0.059 £ 0.001
Fg —0.002 + 0.002 0.055 £+ 0.019 0.000 =+ 0.000 Fg —0.000 % 0.001 0.056 £ 0.020 0.000 =+ 0.000
Ss1 —0.013 + 0.020 1.068 + 0.014 0.117 £ 0.002 Ss1 0.013 £ 0.019 1.025 + 0.015 0.100 £ 0.001
Ssa —0.005 £+ 0.018 0.993 + 0.013 0.068 £+ 0.001 Sso —0.010 + 0.018 0.979 £ 0.013 0.068 £+ 0.001
fsig 0.029 £ 0.018 0.978 4 0.014 0.014 £ 0.000 fsig 0.017 £ 0.018 0.976 + 0.013 0.017 £ 0.000
mp4 0.002 £ 0.018 0.975 4 0.013 1.130 £ 0.015 mp4 —0.003 + 0.018 0.979 £+ 0.013 1.063 = 0.014

m 0.003 £ 0.019 0.997 £+ 0.014 0.000 =+ 0.000 Am —0.023 £ 0.018 0.987 £+ 0.014 0.001 £ 0.000
cgkg(cos 0r) 0.012 + 0.018 0.986 + 0.014 0.042 £ 0.001 cgkg(cos 6r) 0.031 £ 0.018 0.963 £+ 0.014 0.057 £+ 0.001
cll,kg<cos 0K) —0.111 + 0.016 0.720 £ 0.011 0.039 £ 0.001 C;kg(coseK) 0.016 £ 0.018 0.966 £+ 0.013 0.063 £ 0.001
cgkg(cos Ok ) 0.007 £ 0.018 0.986 £+ 0.013 0.030 £ 0.000 C%kg(COSGK) 0.039 £ 0.020 1.031 + 0.014 0.051 £ 0.001
[15.00, 17.00] pull mean pull width sensitivity [17.00, 19.00] pull mean pull width sensitivity
Sis 0.049 £+ 0.019 1.043 £+ 0.014 0.031 £ 0.000 Sis 0.035 £ 0.019 1.031 + 0.015 0.042 £+ 0.001
S3 —0.001 + 0.019 0.995 £+ 0.014 0.057 £ 0.001 Ss —0.020 + 0.018 0.986 £+ 0.014 0.079 £+ 0.001
Sy —0.006 + 0.019 0.988 £ 0.015 0.057 4+ 0.001 Sy —0.077 £ 0.020 1.046 + 0.015 0.083 £ 0.001
Fg —0.001 + 0.001 0.055 £ 0.020 0.000 £ 0.000 Fg —0.000 + 0.001 0.056 4+ 0.020 0.000 £ 0.000
Ss1 0.008 £+ 0.018 0.982 £ 0.013 0.093 4+ 0.001 Ss1 0.026 £+ 0.018 0.975 + 0.013 0.127 4+ 0.002
Sso —0.003 £ 0.018 0.991 £ 0.014 0.071 £ 0.001 Sso —0.044 + 0.019 1.013 + 0.014 0.105 £ 0.001
Fsig 0.027 £ 0.018 0.985 £+ 0.014 0.020 £ 0.000 fsig —0.013 £ 0.018 0.967 £+ 0.013 0.026 £ 0.000
mp4 0.028 £ 0.018 0.980 £ 0.013 1.239 + 0.016 mpg4 0.010 + 0.019 1.010 + 0.014 1.790 + 0.023
Am —0.049 + 0.018 0.973 £ 0.013 0.000 £ 0.000 Am —0.006 £+ 0.018 0.991 £+ 0.013 0.000 £ 0.000
cgkg(cos 0r) 0.020 £+ 0.018 0.983 £+ 0.013 0.084 £+ 0.001 C%kg(COSGL) —0.011 £+ 0.018 0.973 £ 0.013 0.104 £+ 0.001
Chpg(cosOK) 0.058+£0.018 0.989+0.013 0.083%£0.001  cfy (cosOx) 0.031+£0.019  1.005+0.014  0.109 % 0.001
cng(COSGK) —0.027 4+ 0.020 1.080 £+ 0.015 0.074 £+ 0.001 c%kg(coseK) —0.018 £+ 0.020 1.073 & 0.015 0.102 £ 0.001
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Table 89: Results from the toy event studies with 10000 events. Angular folding 2 is

eight ¢® bins are shown.

used. All

[0.10, 0.98] pull mean pull width sensitivity [1.10, 2.50] pull mean pull width sensitivity
Sis 0.032 £ 0.019 1.029 + 0.015 0.035 £ 0.000 Sis 0.010 £ 0.018 0.968 £+ 0.013 0.044 £+ 0.001
S3 0.000 £ 0.018 0.981 £+ 0.014 0.055 £+ 0.001 S3 0.017 £ 0.019 1.021 4+ 0.014 0.061 £ 0.001
Ss 0.000 £ 0.019 1.026 4+ 0.014 0.062 £ 0.001 Ss —0.001 £+ 0.019 1.004 + 0.014 0.083 £+ 0.001
Fg 0.003 £ 0.003 0.055 £+ 0.019 0.000 =+ 0.000 Fg 0.002 £ 0.002 0.055 £+ 0.019 0.000 £ 0.000
Ss1 0.010 £ 0.019 0.993 £+ 0.014 0.095 £ 0.001 Ss1 —0.032 £ 0.019 1.021 + 0.015 0.149 + 0.002
Sss —0.012 £+ 0.019 0.997 £+ 0.013 0.068 £ 0.001 Sss 0.016 £ 0.018 0.986 + 0.014 0.074 £+ 0.001
fsig 0.076 £ 0.018 0.939 £+ 0.013 0.023 £ 0.000 fsig 0.030 £ 0.017 0.908 £+ 0.012 0.018 £ 0.000
mpy 0.016 £+ 0.019 1.011 + 0.014 1.161 + 0.015 mp4 —0.011 £+ 0.019 1.013 + 0.014 1.609 + 0.021

m —0.023 £+ 0.018 0.980 £+ 0.013 0.000 £ 0.000 m —0.022 £+ 0.018 0.977 £ 0.013 0.000 £ 0.000
ciksI(cos 0r) —0.053 + 0.019 0.999 £+ 0.013 0.068 £ 0.001 Clz)kg (cos0p,) —0.077 £ 0.018 0.967 £+ 0.013 0.048 £+ 0.001
ipg(cosfx)  —0.014%0.017  0.92440.012  0.091 % 0.001 hpg(cosfx)  —0.007£0.016  0.838%0.011  0.057 % 0.001
cgkg(cos OK) —0.069 + 0.020 1.055 + 0.015 0.080 £ 0.001 cgkg(cos OK) 0.023 £ 0.019 0.980 £+ 0.013 0.042 £ 0.001
[2.50, 4.00] pull mean pull width sensitivity [4.00, 6.00] pull mean pull width sensitivity
Sis —0.030 £+ 0.018 0.939 £+ 0.014 0.044 £ 0.001 Sis 0.001 £ 0.018 0.969 £+ 0.014 0.036 £ 0.000
S3 0.027 £ 0.019 1.015 4+ 0.015 0.064 £ 0.001 S3 —0.010 £+ 0.019 1.020 + 0.015 0.058 £ 0.001
Ss —0.040 £+ 0.019 1.008 + 0.014 0.087 £+ 0.001 Ss 0.023 £+ 0.019 1.008 + 0.014 0.072 £ 0.001
Fg 0.001 £ 0.001 0.055 £ 0.020 0.000 =+ 0.000 Fg —0.000 £ 0.001 0.056 £ 0.020 0.000 £ 0.000
Ss1 —0.021 + 0.019 1.034 + 0.015 0.156 £ 0.002 Ss1 0.010 £ 0.019 1.042 + 0.015 0.132 £ 0.002
Sss3 —0.005 + 0.019 0.997 £+ 0.014 0.078 £ 0.001 Sss 0.012 £ 0.019 1.006 + 0.014 0.068 £ 0.001
fsig 0.018 £ 0.017 0.901 £+ 0.013 0.015 £ 0.000 fsig 0.013 £ 0.018 0.953 £+ 0.014 0.014 £ 0.000
mpy —0.008 + 0.018 0.984 £+ 0.014 1.772 £ 0.023 mpy —0.030 £+ 0.019 0.999 £+ 0.013 1.455 4+ 0.019
Am —0.005 £+ 0.019 0.986 £+ 0.013 0.000 £ 0.000 Am 0.018 £+ 0.018 0.987 £+ 0.013 0.000 £ 0.000
cZpg(cosOr) 0.035+0.017 0.936+0.013 0.033£0.000 ey, (cosfz) 0.018 £0.019  1.003 £0.014  0.040 % 0.001
cll)kg(COSGK) 0.003 £ 0.018 0.951 £+ 0.013 0.053 £ 0.001 cllﬂvg(COSQK) 0.016 £ 0.017 0.918 £+ 0.012 0.045 £ 0.001
Cgkg (cos Ok ) —0.015 £+ 0.018 0.956 £+ 0.013 0.036 £ 0.000 cl27kg (cos Ok ) 0.000 £ 0.018 0.985 £+ 0.013 0.033 £ 0.000
[6.00, 8.00] pull mean pull width sensitivity [11.00, 12.50] pull mean pull width sensitivity
Sis 0.006 £ 0.018 0.992 £+ 0.013 0.031 £ 0.000 Sis 0.057 £ 0.020 1.065 + 0.014 0.032 £ 0.000
S3 0.010 £ 0.019 1.014 + 0.014 0.051 £ 0.001 S3 —0.065 £+ 0.019 1.002 + 0.014 0.054 £ 0.001
Ss —0.037 + 0.019 1.017 +0.014 0.059 £ 0.001 Ss 0.006 £ 0.019 1.008 + 0.013 0.054 £ 0.001
Fg 0.000 £ 0.001 0.056 £ 0.020 0.000 £ 0.000 Fg 0.000 £ 0.001 0.056 £ 0.020 0.000 =+ 0.000
Ss1 0.028 £+ 0.019 1.044 4+ 0.014 0.112 £ 0.001 Ss1 —0.028 + 0.019 1.031 +0.014 0.098 £ 0.001
Ss3 0.005 £ 0.018 0.974 £ 0.013 0.058 £+ 0.001 Sss —0.010 + 0.019 1.019 + 0.013 0.062 £+ 0.001
fsig —0.013 £ 0.018 0.963 4+ 0.014 0.014 £ 0.000 fsig —0.023 + 0.019 0.989 4+ 0.013 0.017 £ 0.000
mp4 —0.049 £ 0.018 0.973 £ 0.013 1.123 £ 0.014 mp4 —0.028 + 0.019 0.998 £+ 0.014 1.065 4+ 0.014

m 0.011 £ 0.018 0.983 £+ 0.013 0.000 =+ 0.000 Am —0.032 £ 0.018 0.980 £+ 0.013 0.001 £ 0.000
cgkg(cos 0r) 0.023 £+ 0.018 0.974 £+ 0.013 0.042 £ 0.001 cgkg(cos 6r) 0.033 £ 0.018 0.973 £ 0.014 0.056 £ 0.001
cll,kg<cos 0K) —0.068 + 0.016 0.709 £+ 0.010 0.039 £ 0.001 C;kg(cos 0K ) 0.003 £ 0.019 0.992 £+ 0.014 0.064 £+ 0.001
cgkg(cos Ok ) —0.008 £+ 0.018 0.951 £+ 0.013 0.029 + 0.000 C%kg(COSGK) 0.000 £ 0.021 1.095 + 0.015 0.052 £ 0.001
[15.00, 17.00] pull mean pull width sensitivity [17.00, 19.00] pull mean pull width sensitivity
Sis 0.030 £+ 0.019 1.011 +0.013 0.030 £ 0.000 Sis 0.033 £ 0.019 1.012 +0.014 0.042 £+ 0.001
S3 —0.025 + 0.019 0.996 £+ 0.014 0.057 £ 0.001 Ss —0.056 + 0.019 0.999 £+ 0.013 0.083 £+ 0.001
Ss 0.036 £+ 0.019 1.012 £ 0.014 0.054 4+ 0.001 Ss —0.011 + 0.019 1.012 + 0.015 0.076 £+ 0.001
Fg 0.000 £ 0.001 0.056 £ 0.020 0.000 £ 0.000 Fg —0.000 + 0.001 0.056 4+ 0.020 0.000 £ 0.000
Ss1 0.020 £+ 0.018 0.983 £ 0.013 0.093 4+ 0.001 Ss1 0.024 £+ 0.018 0.972 4 0.014 0.125 4 0.002
Sss —0.011 £+ 0.019 1.010 + 0.014 0.062 £ 0.001 Sss —0.021 + 0.018 0.990 £+ 0.014 0.087 £ 0.001
Fsig 0.015 £ 0.017 0.939 £ 0.013 0.019 £ 0.000 fsig —0.021 + 0.018 0.960 £+ 0.013 0.026 £ 0.000
mp4 —0.001 4+ 0.018 0.994 + 0.014 1.265 + 0.016 mp4 —0.012 £+ 0.018 0.969 £+ 0.013 1.716 4+ 0.022
Am —0.003 £ 0.018 0.987 £ 0.013 0.000 £ 0.000 Am 0.027 £ 0.019 0.997 £+ 0.014 0.000 =+ 0.000
Cgkg (cos07p,) —0.025 + 0.019 0.983 £+ 0.014 0.085 £+ 0.001 C%kg(COS 0r,) 0.028 £+ 0.018 0.981 £+ 0.013 0.105 £+ 0.001
Chpg(cosOK) 0.037+£0.019 1.013+0.014 00850001  cfy (cosOx) 0.003+£0.019  0.999 £0.014  0.107 % 0.001
cng(COSGK) 0.012 £ 0.020 1.052 4+ 0.014 0.073 £ 0.001 c%kg(coseK) 0.034 £ 0.020 1.074 + 0.016 0.101 £ 0.001
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Table 90: Results from the toy event studies with 10000 events. Angular folding 3 is

eight ¢® bins are shown.

used. All

[0.10, 0.98] pull mean pull width sensitivity [1.10, 2.50] pull mean pull width sensitivity
Sis 0.018 £ 0.019 1.033 + 0.016 0.036 £ 0.000 Sis —0.016 £+ 0.018 0.970 £ 0.014 0.044 £+ 0.001
S3 0.010 £ 0.019 1.032 + 0.014 0.058 £+ 0.001 S3 0.012 £ 0.019 1.013 + 0.014 0.061 £ 0.001
Sz 0.006 £ 0.019 1.002 4+ 0.013 0.061 £ 0.001 St 0.034 £+ 0.019 1.014 + 0.014 0.084 £+ 0.001
Fg —0.000 £ 0.001 0.056 £ 0.020 0.000 £ 0.000 Fg 0.002 £ 0.002 0.055 £+ 0.019 0.000 =+ 0.000
Ss1 —0.013 £ 0.019 0.995 £+ 0.013 0.097 £ 0.001 Ss1 —0.068 £ 0.020 1.012 + 0.014 0.147 £+ 0.002
Ssa 0.008 £ 0.018 0.974 £+ 0.013 0.068 £ 0.001 Ssa —0.043 £ 0.019 0.999 £+ 0.014 0.076 £ 0.001
fsig 0.089 £ 0.018 0.961 £+ 0.013 0.023 £ 0.000 fsig 0.063 £ 0.017 0.895 £+ 0.012 0.017 £ 0.000
mp4 0.009 £ 0.019 1.009 + 0.014 1.166 + 0.015 mp4 0.013 £ 0.018 0.975 £+ 0.013 1.564 + 0.020

m —0.022 £+ 0.019 1.005 4+ 0.014 0.000 £ 0.000 m 0.016 £ 0.018 0.989 £+ 0.013 0.000 £ 0.000
ciksI(cos 0r) —0.055 + 0.019 0.998 £+ 0.015 0.067 £+ 0.001 Clz)kg (cos0p,) —0.018 £ 0.019 0.990 £+ 0.014 0.049 £ 0.001
hpg(cosfx)  —0.010£0.018 0.94240.014  0.092 % 0.001 Chpog(cOs O5c) 0.017 +0.016  0.858 4+ 0.012  0.058 %+ 0.001
cgkg(cos 0K) —0.077 £+ 0.020 1.053 + 0.015 0.079 £ 0.001 cgkg(cos OK) —0.019 + 0.019 0.995 £+ 0.014 0.042 £ 0.001
[2.50, 4.00] pull mean pull width sensitivity [4.00, 6.00] pull mean pull width sensitivity
Sis —0.020 £ 0.017 0.922 £+ 0.013 0.043 £ 0.001 Sis 0.018 £ 0.018 0.950 £+ 0.013 0.036 £ 0.000
S3 0.013 £ 0.019 1.003 + 0.015 0.063 £ 0.001 S3 0.012 £ 0.019 1.000 #+ 0.014 0.057 £ 0.001
Sz —0.032 £+ 0.019 1.018 + 0.014 0.090 £ 0.001 Sz —0.022 £+ 0.019 1.001 + 0.014 0.074 £ 0.001
Fg 0.001 £ 0.001 0.055 £ 0.020 0.000 =+ 0.000 Fg 0.000 £ 0.001 0.056 £ 0.020 0.000 =+ 0.000
Ss1 —0.037 + 0.019 1.039 + 0.015 0.157 £ 0.002 Ss1 0.002 £ 0.020 1.054 + 0.015 0.136 £ 0.002
Ssa 0.011 £ 0.018 0.994 £+ 0.014 0.078 £ 0.001 Ssa —0.005 £+ 0.018 0.987 £+ 0.014 0.070 £ 0.001
fsig 0.016 £ 0.016 0.862 £+ 0.011 0.014 £ 0.000 fsig 0.009 £ 0.018 0.962 £+ 0.013 0.014 £ 0.000
mpy —0.010 + 0.019 0.996 + 0.013 1.800 £ 0.023 mpy 0.037 £ 0.018 0.984 £+ 0.014 1.451 4+ 0.019
Am 0.006 £ 0.019 0.989 £+ 0.013 0.000 £ 0.000 Am —0.002 £+ 0.018 0.976 £+ 0.013 0.000 £ 0.000
cZpg(cosOr) 0.004£0.018 0.952+0.013  0.034£0.000 ¢}, (cosfy)  —0.023£0.019 1.010£0.014  0.041+ 0.001
cll)kg(oos 0K ) —0.027 £ 0.017 0.940 £+ 0.012 0.053 £ 0.001 cllmg(cos 0K) —0.020 £+ 0.017 0.922 £+ 0.013 0.045 £ 0.001
Cgkg((:os Ok ) —0.003 £+ 0.018 0.975 £+ 0.013 0.037 £ 0.000 Cgkg(COS Ok ) —0.033 £ 0.019 1.005 + 0.014 0.034 £ 0.000
[6.00, 8.00] pull mean pull width sensitivity [11.00, 12.50] pull mean pull width sensitivity
Sis 0.020 £ 0.019 1.028 + 0.014 0.033 £ 0.000 Sis 0.088 £ 0.020 1.064 + 0.014 0.033 £ 0.000
S3 0.035 £+ 0.019 1.000 + 0.014 0.052 £ 0.001 S3 —0.008 £+ 0.018 0.970 £+ 0.012 0.054 £ 0.001
Sz —0.026 + 0.018 0.993 £+ 0.013 0.063 £ 0.001 Sz —0.002 £+ 0.018 0.963 £+ 0.014 0.059 £ 0.001
Fg —0.002 + 0.002 0.055 £+ 0.019 0.000 =+ 0.000 Fg 0.000 £ 0.001 0.056 £ 0.020 0.000 =+ 0.000
Ss1 —0.009 + 0.019 1.018 +0.013 0.115 £ 0.001 Ss1 0.001 £ 0.019 1.007 & 0.014 0.102 £ 0.001
Ssa —0.005 £+ 0.019 1.010 4+ 0.014 0.063 £+ 0.001 Ssa —0.041 + 0.019 1.021 + 0.014 0.069 £+ 0.001
fsig —0.027 £ 0.018 0.958 4+ 0.013 0.014 £ 0.000 fsig 0.004 £+ 0.018 0.994 4+ 0.014 0.017 £ 0.000
mp4 0.001 £ 0.019 1.000 4+ 0.015 1.154 4+ 0.015 mp4 —0.017 + 0.019 1.017 & 0.015 1.063 = 0.014

m —0.014 £+ 0.018 0.986 + 0.013 0.000 =+ 0.000 Am 0.009 £ 0.019 0.986 + 0.013 0.001 £ 0.000
cgkg(cos 0r) 0.004 + 0.018 0.982 £+ 0.014 0.043 £ 0.001 cgkg(coseL) 0.004 £ 0.018 0.964 £+ 0.013 0.057 £+ 0.001
cll,kg<cos 0K) —0.033 + 0.016 0.783 £+ 0.012 0.040 £ 0.001 C;kg(cos 0K ) 0.027 £ 0.019 0.993 £+ 0.014 0.064 £+ 0.001
cgkg(cos Ok ) 0.002 £ 0.018 0.955 £+ 0.013 0.029 + 0.000 C%kg(COSGK) 0.027 £ 0.021 1.101 + 0.015 0.052 £ 0.001
[15.00, 17.00] pull mean pull width sensitivity [17.00, 19.00] pull mean pull width sensitivity
Sis —0.005 + 0.020 1.056 + 0.014 0.032 £ 0.000 Sis —0.016 £ 0.019 1.009 + 0.013 0.043 £+ 0.001
S3 0.002 £+ 0.018 0.978 £+ 0.013 0.057 £ 0.001 Ss —0.007 + 0.018 0.982 £+ 0.014 0.080 £ 0.001
St —0.008 + 0.019 1.001 £ 0.014 0.062 4+ 0.001 Sz 0.006 £ 0.019 1.024 + 0.015 0.087 £ 0.001
Fg 0.001 £+ 0.001 0.055 £ 0.020 0.000 £ 0.000 Fg 0.002 £ 0.002 0.055 4+ 0.019 0.000 £ 0.000
Ss1 —0.016 + 0.019 0.993 £ 0.014 0.096 4+ 0.001 Ss1 0.022 £ 0.018 0.965 4+ 0.013 0.125 4 0.002
Ssa —0.021 £ 0.018 0.960 £ 0.013 0.072 £ 0.001 Ssa 0.013 £ 0.019 0.997 £ 0.014 0.103 £ 0.001
Fsig 0.064 £+ 0.019 1.016 + 0.015 0.020 £ 0.000 fsig 0.047 £ 0.019 1.014 + 0.015 0.027 £ 0.000
mp4 —0.030 + 0.019 1.004 + 0.014 1.265 + 0.016 mp4 0.011 £ 0.019 0.996 £+ 0.014 1.768 + 0.023
Am —0.023 £ 0.018 0.948 £+ 0.013 0.000 £ 0.000 Am 0.015 £ 0.018 0.988 £+ 0.014 0.000 £ 0.000
cgkg(cos 0r) 0.019 £+ 0.018 0.971 £+ 0.013 0.084 £+ 0.001 C%kg(COSGL) 0.017 £ 0.018 0.963 £+ 0.013 0.102 £ 0.001
Chpg(cosOk) 0.036+£0.018 0.982+0.014 0.082+0.001  cfy (cosOx) 0.038 +£0.019  0.995£0.013  0.108 % 0.001
cng(COSGK) —0.018 4+ 0.021 1.096 £+ 0.015 0.075 £ 0.001 c%kg(coseK) —0.003 £ 0.020 1.054 + 0.014 0.102 £ 0.001
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Table 91: Results from the toy event studies with 10000 events. Angular folding 4 is used. All

eight ¢® bins are shown.

[0.10, 0.98] pull mean pull width sensitivity [1.10, 2.50] pull mean pull width sensitivity
Sis —0.011 + 0.019 1.008 + 0.013 0.035 £ 0.000 Sis —0.022 £+ 0.018 0.985 £+ 0.014 0.045 £ 0.001
S3 —0.010 + 0.019 1.006 + 0.014 0.057 £ 0.001 S3 —0.046 + 0.019 1.007 + 0.014 0.061 £+ 0.001
Sg 0.034 £ 0.018 0.987 £+ 0.014 0.077 £ 0.001 Sg 0.004 £+ 0.019 0.994 £+ 0.013 0.104 £+ 0.001
Fg —0.000 +£ 0.001 0.056 4+ 0.020 0.000 £ 0.000 Fg 0.001 £ 0.001 0.055 4+ 0.020 0.000 £ 0.000
Ssa —0.005 £+ 0.018 0.985 4+ 0.014 0.067 £+ 0.001 Ssa —0.001 + 0.019 0.993 4+ 0.015 0.074 £+ 0.001
fsig 0.111 £ 0.018 0.942 4+ 0.012 0.023 £ 0.000 fsig 0.060 £ 0.017 0.909 4+ 0.012 0.018 £ 0.000
mp4 0.036 £+ 0.019 0.997 £ 0.014 1.172 £ 0.015 mpgy 0.009 £+ 0.018 0.967 + 0.013 1.618 + 0.021
Am —0.013 + 0.018 0.967 £+ 0.013 0.000 =+ 0.000 Am 0.010 £ 0.018 0.978 £+ 0.013 0.000 £ 0.000
cgkg(cos 0r) —0.085 + 0.019 1.031 + 0.015 0.069 £ 0.001 cgkg(cos 0r) —0.044 + 0.018 0.949 £+ 0.012 0.047 £+ 0.001
cgkg(cos 0K) —0.092 £ 0.019 1.023 + 0.013 0.082 £ 0.001 cgkg(cos OK) —0.038 +0.018 0.959 £+ 0.015 0.046 £+ 0.001
[2.50, 4.00] pull mean pull width sensitivity [4.00, 6.00] pull mean pull width sensitivity
Sis 0.028 £ 0.017 0.933 £ 0.013 0.044 £ 0.001 Sis —0.020 + 0.018 0.964 £+ 0.013 0.037 £ 0.000
S3 —0.043 £+ 0.019 1.001 4+ 0.014 0.064 £+ 0.001 S3 0.001 £ 0.019 1.012 + 0.015 0.058 £+ 0.001
Sg —0.015 4+ 0.018 0.971 £+ 0.013 0.103 £ 0.001 Sg —0.025 + 0.018 0.987 £+ 0.014 0.082 £ 0.001
Fg 0.003 £ 0.002 0.055 £+ 0.019 0.000 £ 0.000 Fg 0.001 £ 0.001 0.055 £ 0.020 0.000 £ 0.000
Ssa 0.017 £ 0.019 1.020 4+ 0.014 0.081 £ 0.001 Sga 0.009 £ 0.019 0.995 £+ 0.014 0.069 £ 0.001
fsig —0.005 £+ 0.016 0.884 £+ 0.012 0.015 £ 0.000 fsig —0.003 £+ 0.017 0.922 £+ 0.013 0.014 £ 0.000
mp4 —0.055 4+ 0.018 0.956 £+ 0.013 1.765 4+ 0.023 mp4 0.002 £ 0.019 1.003 + 0.014 1.533 4+ 0.020

m 0.002 £ 0.018 0.983 £ 0.014 0.000 £ 0.000 m —0.036 + 0.018 0.993 £+ 0.013 0.000 £ 0.000
clz)kg<cos 0r) —0.029 £+ 0.018 0.956 £+ 0.013 0.034 £ 0.000 clzﬂcg(cos 0r) 0.018 £ 0.019 0.997 £+ 0.014 0.040 £ 0.001
cgkg(cos 0K ) —0.003 £+ 0.018 0.976 £+ 0.014 0.038 £ 0.000 cgkg(COS Ok ) —0.021 £+ 0.019 1.017 + 0.015 0.036 £ 0.000
[6.00, 8.00] pull mean pull width sensitivity [11.00, 12.50] pull mean pull width sensitivity
Sis —0.015 £ 0.019 0.999 £+ 0.013 0.032 £ 0.000 Sis 0.038 £ 0.020 1.062 + 0.015 0.033 £ 0.000
S3 —0.025 + 0.018 0.986 £+ 0.013 0.052 £ 0.001 S3 —0.020 £+ 0.018 0.987 £+ 0.014 0.054 £ 0.001
Sg 0.000 £ 0.019 1.001 + 0.013 0.069 £ 0.001 Sg —0.003 £+ 0.018 0.980 £+ 0.014 0.065 £ 0.001
Fg —0.000 + 0.001 0.056 £ 0.020 0.000 £ 0.000 Fg —0.002 £ 0.002 0.055 £+ 0.019 0.000 =+ 0.000
Ssa 0.008 £ 0.018 0.971 £+ 0.013 0.062 £ 0.001 Ssa —0.003 + 0.019 0.994 £+ 0.013 0.068 £ 0.001
fsig 0.008 £ 0.018 0.945 4+ 0.014 0.014 £ 0.000 fsig —0.017 + 0.018 0.980 4+ 0.013 0.017 £+ 0.000
mp4 0.028 £+ 0.019 0.997 £+ 0.014 1.197 £ 0.015 mp4 —0.035 + 0.018 0.980 £+ 0.013 1.076 + 0.014

m 0.033 £ 0.018 0.970 £+ 0.014 0.000 =+ 0.000 Am —0.008 £+ 0.018 0.946 £+ 0.013 0.001 £ 0.000
cgkg(cos 0r) 0.025 + 0.018 0.989 £+ 0.013 0.043 £ 0.001 cgkg(coseL) 0.018 £ 0.018 0.957 £ 0.014 0.056 £ 0.001
Cgkg(cos 0K) 0.007 £ 0.018 0.950 £+ 0.013 0.033 £ 0.000 C%kg(coseK) —0.017 £+ 0.020 1.061 + 0.015 0.052 £ 0.001
[15.00, 17.00] pull mean pull width sensitivity [17.00, 19.00] pull mean pull width sensitivity
Sis 0.013 £ 0.020 1.055 + 0.015 0.032 £ 0.000 Sis 0.020 £ 0.019 0.995 £+ 0.014 0.042 £ 0.001
Ss3 —0.033 £ 0.018 0.974 £ 0.014 0.057 £+ 0.001 Ss3 —0.019 + 0.019 0.982 £+ 0.014 0.081 £ 0.001
Sg —0.017 £ 0.019 1.002 + 0.014 0.066 £ 0.001 Sg 0.048 £ 0.019 1.016 + 0.014 0.093 £ 0.001
Fg 0.000 £ 0.001 0.056 £ 0.020 0.000 £ 0.000 Fg 0.002 £ 0.002 0.055 £+ 0.019 0.000 £ 0.000
Ssa —0.000 + 0.018 0.995 + 0.013 0.072 £+ 0.001 Ssa 0.063 £+ 0.019 1.023 + 0.014 0.106 £+ 0.001
fsig 0.010 £ 0.018 0.988 + 0.014 0.020 £ 0.000 fsig —0.003 £+ 0.018 0.978 £ 0.014 0.027 £ 0.000
mpy 0.008 £ 0.018 0.988 + 0.014 1.264 + 0.016 mp4 0.016 £ 0.019 1.001 + 0.013 1.784 4+ 0.023

m —0.020 + 0.018 0.953 £ 0.013 0.000 £ 0.000 Am 0.024 £+ 0.018 0.962 4+ 0.012 0.000 £ 0.000
Zpg(cosOr)  —0.020£0.018  0.958 £0.013  0.083+0.001 ¢}, (cosfy)  —0.011+0.018 0.97240.013  0.104 % 0.001
cgkg(cos 0K) —0.023 £+ 0.020 1.087 + 0.015 0.075 £+ 0.001 cgkg(cose;{) 0.023 £ 0.020 1.094 + 0.015 0.104 £ 0.001
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A.12.2 Estimated statistic toy study result tables

For each ¢? bin 3000 fits have been performed, using toy events equal to the estimations
from Table Table [92| shows biased parameters for all ¢ bins with a shifted mean
position greater 0.1, 0.2 and even more. This result demonstrates the necessity to use
angular folding (see Section . The following Tables [93| to (97| show unbiased results

from the same event statistics.
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Table 92: Results from the toy event studies with number of events equal to estimations in
Table No angular folding is used. All eight ¢? bins are shown.

[0.10, 0.98] pull mean pull width sensitivity [1.10, 2.50] pull mean pull width sensitivity
Sis 0.157 £ 0.022 1.167 + 0.017 0.081 £ 0.001 Sis —0.515 + 0.025 1.215 4+ 0.020 0.153 £ 0.002
S3 —0.092 + 0.021 1.106 4+ 0.016 0.127 £ 0.002 S3 0.028 £ 0.028 1.422 4+ 0.022 0.242 £ 0.003
Sy 0.165 £ 0.022 1.192 + 0.016 0.201 £ 0.003 Sy 0.045 £+ 0.025 1.252 + 0.019 0.302 £ 0.004
Ss 0.157 £ 0.023 1.204 + 0.018 0.153 £ 0.002 Ss 0.143 £ 0.025 1.257 4 0.018 0.241 £ 0.003
Ses —0.063 + 0.020 1.074 + 0.016 0.165 £ 0.002 Ses —0.393 £+ 0.026 1.246 + 0.019 0.284 £ 0.004
St 0.009 + 0.021 1.130 + 0.016 0.139 £ 0.002 St 0.003 £ 0.023 1.198 + 0.018 0.232 £+ 0.003
Sg —0.010 £ 0.021 1.136 + 0.016 0.184 £ 0.002 Sg 0.012 £+ 0.025 1.267 + 0.019 0.308 £ 0.004
Sg 0.015 £ 0.021 1.099 4+ 0.016 0.125 £ 0.002 Sy 0.018 £+ 0.028 1.416 4+ 0.022 0.246 £+ 0.003
Fg 0.012 £ 0.007 0.052 £+ 0.016 0.000 £ 0.000 Fg 0.009 £ 0.006 0.053 £+ 0.018 0.000 £ 0.000
Ss1 —0.131 + 0.022 1.124 + 0.017 0.219 £ 0.003 Ss1 0.071 £ 0.022 1.096 + 0.016 0.330 £ 0.004
Sso 0.070 £ 0.023 1.185 + 0.018 0.221 £ 0.003 Sgo 0.051 £ 0.027 1.335 + 0.019 0.361 £ 0.005
Sgs 0.075 £ 0.021 1.110 + 0.016 0.156 £+ 0.002 Sgs 0.039 £ 0.027 1.370 + 0.020 0.278 £+ 0.004
Ssaq 0.051 £ 0.020 1.083 + 0.015 0.150 £ 0.002 Sga —0.036 £+ 0.027 1.352 + 0.021 0.281 £ 0.004
Sgss 0.006 £ 0.020 1.088 + 0.015 0.202 £ 0.003 Sgs —0.068 £+ 0.026 1.287 + 0.018 0.358 £+ 0.005
fsig 0.053 £ 0.018 0.938 £ 0.013 0.044 £ 0.001 fsig 0.005 £ 0.018 0.921 £+ 0.014 0.036 £ 0.000
mpy —0.005 £+ 0.019 1.039 + 0.014 2.388 + 0.031 mp4 0.039 £ 0.021 1.067 + 0.016 3.306 £+ 0.045
Am —0.019 £ 0.019 0.999 4+ 0.014 0.001 £ 0.000 Am —0.001 + 0.019 0.968 4+ 0.013 0.001 £ 0.000
czl)kq(COSGL) 0.003 £+ 0.018 0.985 £+ 0.013 0.190 £ 0.002 c})kg(COSGL) 0.131 £+ 0.019 0.986 + 0.014 0.140 £ 0.002
Zpg(cosfr)  —0.12640.019 1.01240.014 0.139+£0.002  cf (cosfr)  —0.052+0.020 0.999+0.015  0.096 % 0.001
cllykg<cos 0K) —0.092 £ 0.018 0.885 4+ 0.011 0.183 £ 0.002 cékg(cos 0K) —0.120 + 0.018 0.735 £ 0.012 0.115 £ 0.002
cZp (cosOk)  —0.046+0.020 1.051+0.015  0.156 % 0.002 cZp (cosOk)  —0.094+0.019  0.973+0.014  0.086 % 0.001
[2.50, 4.00] pull mean pull width sensitivity [4.00, 6.00] pull mean pull width sensitivity
Sis —0.388 £+ 0.021 1.095 4+ 0.015 0.147 £+ 0.002 Sis —0.127 + 0.020 1.055 + 0.015 0.087 £+ 0.001
S3 —0.042 + 0.026 1.318 +0.019 0.263 £+ 0.004 S3 —0.093 + 0.023 1.235 + 0.017 0.169 £ 0.002
Sy —0.101 £ 0.023 1.179 + 0.017 0.297 £+ 0.004 Sy —0.179 + 0.022 1.165 + 0.017 0.200 £ 0.003
Ss —0.085 + 0.023 1.160 + 0.016 0.244 £ 0.003 Ss —0.192 + 0.021 1.129 + 0.016 0.175 + 0.002
Sés —0.101 + 0.024 1.227 +0.017 0.252 £ 0.003 Sé6s 0.040 £ 0.022 1.152 + 0.017 0.145 £ 0.002
Sz —0.028 + 0.023 1.174 + 0.017 0.245 £ 0.003 St 0.006 £ 0.021 1.105 + 0.014 0.171 £ 0.002
Sg 0.028 £+ 0.023 1.185 4+ 0.017 0.298 + 0.004 Sg 0.043 £+ 0.021 1.112 + 0.016 0.191 + 0.002
So 0.025 £ 0.026 1.316 + 0.018 0.261 £ 0.003 Sg —0.007 £+ 0.023 1.222 4+ 0.017 0.169 £ 0.002
Fg —0.006 £+ 0.004 0.054 £+ 0.019 0.000 £ 0.000 Fg —0.003 £ 0.002 0.055 £+ 0.019 0.000 £ 0.000
Sg1 0.074 £ 0.021 1.018 + 0.016 0.351 £ 0.005 Sg1 0.032 £ 0.020 1.065 + 0.015 0.275 £+ 0.004
Sgo 0.083 £+ 0.025 1.278 + 0.018 0.348 £+ 0.005 Sgo 0.035 £ 0.023 1.215 4+ 0.017 0.226 £+ 0.003
Sss —0.036 £ 0.026 1.315 4+ 0.020 0.288 + 0.004 Ss3 —0.027 £+ 0.022 1.187 + 0.017 0.188 £ 0.002
Ssa —0.085 £ 0.025 1.288 4+ 0.020 0.290 + 0.004 Ssa —0.005 £ 0.022 1.163 + 0.017 0.187 £ 0.002
Sss —0.073 + 0.025 1.238 + 0.017 0.346 £ 0.005 Sss —0.052 £+ 0.022 1.183 + 0.016 0.216 £ 0.003
fsig —0.073 + 0.018 0.918 £+ 0.013 0.030 £ 0.000 fsig —0.039 £+ 0.018 0.936 £+ 0.013 0.028 £ 0.000
mpy 0.078 £+ 0.021 1.080 #+ 0.015 3.723 £ 0.050 mp4 —0.026 + 0.019 1.018 + 0.015 2.923 £+ 0.038
Am 0.034 £+ 0.019 0.974 £ 0.014 0.001 £ 0.000 Am 0.024 + 0.019 0.983 £+ 0.014 0.000 £ 0.000
cll)kg(cos 0r) —0.004 + 0.019 0.992 £+ 0.014 0.108 £ 0.001 Cllﬂcg (cos0r,) —0.001 + 0.019 0.998 £+ 0.014 0.101 £+ 0.001
2pq(cosOL) 0.034 +0.019  0.949 4+ 0.014  0.067 + 0.001 2pq(cosOL) 0.030 £0.019  1.021 4+ 0.014  0.080 % 0.001
cékg(cos 0K) 0.012 + 0.018 0.957 + 0.013 0.106 £ 0.001 cékg(cos OK) 0.010 £ 0.018 0.945 £+ 0.013 0.090 £ 0.001
cgkg(cos 0K) —0.101 + 0.019 0.980 £+ 0.014 0.074 £+ 0.001 cgkg(cos 0K) —0.048 + 0.019 1.003 + 0.014 0.067 4 0.001
[6.00, 8.00] pull mean pull width sensitivity [11.00, 12.50] pull mean pull width sensitivity
Sis —0.107 £ 0.022 1.129 + 0.016 0.074 £ 0.001 Sis —0.107 £ 0.024 1.269 + 0.019 0.083 £ 0.001
S3 —0.170 4+ 0.022 1.185 4+ 0.017 0.142 + 0.002 Ss —0.293 £+ 0.026 1.326 + 0.021 0.166 £+ 0.002
Sy —0.167 4+ 0.023 1.200 4+ 0.018 0.164 £+ 0.002 Sa —0.301 £+ 0.028 1.424 4+ 0.022 0.195 £+ 0.003
Ss —0.257 4+ 0.022 1.150 4+ 0.016 0.147 £+ 0.002 Ss —0.523 4+ 0.025 1.274 + 0.019 0.168 £+ 0.002
Se6s 0.196 £ 0.022 1.154 + 0.017 0.119 £ 0.002 Ses 0.584 + 0.027 1.334 + 0.019 0.156 £+ 0.002
Sz 0.002 £ 0.021 1.103 4+ 0.015 0.141 + 0.002 Sz 0.031 £ 0.022 1.160 4+ 0.017 0.153 £ 0.002
Sg 0.006 £ 0.021 1.108 + 0.016 0.157 £ 0.002 Sg —0.015 4+ 0.024 1.286 4+ 0.020 0.187 £ 0.002
S 0.008 £ 0.023 1.210 + 0.017 0.143 £ 0.002 So 0.008 £ 0.025 1.336 + 0.020 0.159 £ 0.002
Fg —0.003 + 0.003 0.055 £+ 0.019 0.000 =+ 0.000 Fg 0.003 £ 0.003 0.055 £+ 0.019 0.000 #£ 0.000
Ss1 —0.014 + 0.020 1.084 + 0.015 0.238 £+ 0.003 Ss1 —0.204 £+ 0.022 1.152 + 0.018 0.234 £+ 0.003
Ssa 0.043 £ 0.024 1.257 4 0.019 0.184 £ 0.002 Ssa 0.027 £ 0.027 1.427 4+ 0.022 0.231 £ 0.003
Sss3 —0.049 + 0.023 1.219 + 0.018 0.160 £ 0.002 Sss —0.222 £+ 0.025 1.294 4+ 0.020 0.185 £ 0.002
Ssa 0.063 £ 0.021 1.137 4 0.015 0.153 £ 0.002 Ssa 0.077 £ 0.022 1.158 +0.017 0.169 £ 0.002
Sss —0.131 £ 0.022 1.148 + 0.017 0.176 £+ 0.002 Sss —0.205 + 0.026 1.319 4+ 0.020 0.223 £+ 0.003
fsig —0.101 £ 0.018 0.989 4+ 0.013 0.028 £ 0.000 fsig —0.157 + 0.019 1.002 + 0.014 0.034 £+ 0.000
mp4 —0.062 £ 0.019 1.014 4+ 0.014 2.276 £+ 0.029 mp4 0.026 £ 0.019 1.007 & 0.014 2.099 £ 0.027
Am —0.013 £+ 0.019 0.997 £+ 0.013 0.000 =+ 0.000 Am 0.121 £ 0.019 0.975 £+ 0.014 0.001 £ 0.000
cékg(cos 0r) —0.004 + 0.019 1.015 + 0.014 0.103 £ 0.001 Cll,kg(COSGL) —0.089 + 0.019 1.003 + 0.015 0.123 £ 0.002
cgkg(cos 0r) 0.057 £ 0.018 0.955 £+ 0.012 0.082 £ 0.001 Cgkg(cos or) 0.027 £ 0.019 0.975 £+ 0.014 0.113 £+ 0.001
c}l)kq(cos 0K ) —0.258 + 0.017 0.576 4+ 0.011 0.072 £ 0.001 cékq(COSGK) 0.016 £ 0.019 1.001 4+ 0.013 0.127 £+ 0.002
cgkg(cos 0K) —0.028 + 0.018 0.977 £ 0.013 0.058 £+ 0.001 cgkg(coseK) —0.084 + 0.021 1.108 + 0.015 0.107 £ 0.001
[15.00, 17.00] pull mean pull width sensitivity [17.00, 19.00] pull mean pull width sensitivity
Sis —0.041 £+ 0.022 1.181 + 0.017 0.073 £ 0.001 Sis —0.107 £+ 0.026 1.355 + 0.022 0.138 £ 0.002
S3 —0.293 4+ 0.025 1.288 £ 0.020 0.156 £ 0.002 S3 —0.407 £+ 0.026 1.303 + 0.018 0.302 £ 0.004
Sy —0.287 + 0.026 1.332 £ 0.019 0.180 £ 0.002 Sy —0.275 + 0.027 1.203 +0.018 0.324 £ 0.004
Ss —0.276 + 0.025 1.245 4+ 0.018 0.153 £ 0.002 Ss —0.215 4+ 0.028 1.413 4+ 0.022 0.296 £ 0.004
Ses 0.428 4+ 0.024 1.244 + 0.018 0.143 £ 0.002 Ses 0.514 £+ 0.026 1.240 + 0.018 0.239 £ 0.003
Sz 0.002 £ 0.020 1.092 + 0.015 0.140 £ 0.002 Sz 0.021 £ 0.025 1.298 4+ 0.020 0.270 £ 0.004
Sg —0.029 + 0.023 1.213 + 0.017 0.166 £ 0.002 Sg 0.003 £ 0.026 1.345 4+ 0.020 0.316 £ 0.004
Sg —0.019 + 0.023 1.236 + 0.017 0.149 £ 0.002 So —0.020 + 0.028 1.434 4+ 0.022 0.293 £+ 0.004
Fg 0.005 £ 0.004 0.055 £ 0.018 0.000 £ 0.000 Fg —0.009 + 0.006 0.053 + 0.017 0.000 £ 0.000
Ss1 —0.104 + 0.022 1.158 £+ 0.016 0.220 4+ 0.003 Ss1 —0.016 + 0.023 1.124 + 0.016 0.362 £ 0.005
Ssa 0.036 £+ 0.026 1.386 + 0.022 0.220 £+ 0.003 Sso —0.057 £+ 0.029 1.432 + 0.021 0.404 £ 0.005
Sss —0.073 £ 0.024 1.269 + 0.020 0.174 £+ 0.002 Sss —0.121 + 0.030 1.488 + 0.023 0.345 £ 0.005
Ssa 0.033 £ 0.021 1.127 + 0.016 0.168 £+ 0.002 Ssa 0.041 £ 0.024 1.263 + 0.019 0.308 £ 0.004
Sss —0.078 £+ 0.023 1.227 + 0.018 0.203 £ 0.003 Sss —0.047 £ 0.027 1.330 + 0.019 0.380 £ 0.005
fsig —0.060 + 0.019 1.011 + 0.014 0.039 £+ 0.001 fsig —0.118 £ 0.019 1.012 + 0.015 0.053 £ 0.001
mpy 0.038 £+ 0.020 1.058 + 0.015 2.588 + 0.034 mpyt 0.052 £ 0.021 1.081 + 0.015 3.684 £ 0.049
Am —0.021 £+ 0.018 0.963 £ 0.013 0.001 £ 0.000 Am 0.017 £ 0.019 0.994 £+ 0.014 0.001 £ 0.000
Chpg(cosfr)  —0.090£0.019  1.012£0.015 0.160 £0.002 ¢}, (cos6y)  —0.083+0.020 1.035+0.014  0.200 % 0.003
cgkg(cos 0r) —0.010 + 0.019 1.000 + 0.014 0.167 £+ 0.002 Cgkg(COSGL) —0.027 £ 0.021 1.055 + 0.016 0.234 £ 0.003
cll,kg(cos O0K) 0.054 £+ 0.019 1.015 + 0.014 0.167 £ 0.002 C;kg(coseK) 0.048 £ 0.020 1.026 + 0.015 0.216 £ 0.003
2pa(cosfx)  —0.060£0.021  1.116£0.016  0.149 £ 0.003y , f5,(cos6x)  —0.057£0.022  1.11240.017 _ 0.210 % 0.003
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Table 93: Results from the toy event studies with number of events equal to estimations in
Table Angular folding 0 is used. All eight ¢? bins are shown.

[0.10, 0.98] pull mean pull width sensitivity [1.10, 2.50] pull mean pull width sensitivity
Sis 0.031 £ 0.020 1.071 &+ 0.016 0.072 £+ 0.001 Sis —0.112 + 0.020 1.053 + 0.016 0.103 £+ 0.001
S3 —0.010 4+ 0.019 1.028 4 0.015 0.111 £+ 0.001 S3 0.037 £+ 0.022 1.149 4+ 0.018 0.154 4+ 0.002
Sés —0.051 + 0.019 1.022 + 0.015 0.151 £ 0.002 Sés —0.109 + 0.021 1.114 + 0.015 0.189 £ 0.002
So —0.002 + 0.019 1.011 + 0.015 0.110 £ 0.001 So 0.010 £ 0.021 1.104 + 0.015 0.155 £ 0.002
Fg 0.005 £ 0.003 0.055 £+ 0.019 0.000 £ 0.000 Fg 0.006 £ 0.004 0.054 £+ 0.018 0.000 £ 0.000
Ss1 —0.027 £ 0.019 1.028 + 0.014 0.193 £+ 0.003 Sg1 0.021 £ 0.020 1.048 + 0.015 0.293 £+ 0.004
fsig 0.067 £ 0.018 0.964 £+ 0.014 0.044 £+ 0.001 fsig 0.065 £+ 0.017 0.908 £+ 0.012 0.035 £ 0.000
mpy —0.022 £+ 0.019 0.997 £+ 0.014 2.270 £ 0.029 mp4 —0.014 £+ 0.019 1.028 + 0.014 3.162 £+ 0.041
Am —0.002 £ 0.019 0.968 4+ 0.013 0.001 £ 0.000 Am —0.009 + 0.018 0.940 4+ 0.013 0.001 £ 0.000
Cipg(cosfr)  —0.009 £0.018  0.964%0.013 0.184%0.002  cpy,(cosfy) 0.050 £ 0.019  1.017 4 0.014  0.143 4 0.002
cgkg(cos 0r) —0.076 £+ 0.019 0.997 £+ 0.013 0.137 £ 0.002 cgkg(cos 0r,) —0.036 + 0.019 1.009 + 0.015 0.098 £ 0.001
cll,kg<cos 0K) —0.053 + 0.018 0.877 £+ 0.012 0.185 £ 0.002 ctl)kg(cos 0K) —0.098 + 0.019 0.757 £ 0.012 0.115 £+ 0.001
cZp (cosOk)  —0.022+£0.020 1.07840015  0.159£0.002  cf, (cosfx)  —0.030 £0.018  0.941£0.013  0.081 £ 0.001
[2.50, 4.00] pull mean pull width sensitivity [4.00, 6.00] pull mean pull width sensitivity
Sis —0.039 + 0.018 0.983 £ 0.014 0.100 £ 0.001 Sis —0.014 £ 0.018 0.988 £+ 0.014 0.074 £+ 0.001
S3 —0.041 + 0.021 1.122 + 0.016 0.170 £ 0.002 S3 —0.007 4+ 0.020 1.060 + 0.015 0.127 £+ 0.002
Ses —0.001 £+ 0.019 1.040 4+ 0.013 0.166 £ 0.002 Ses 0.033 £ 0.019 1.030 + 0.014 0.117 £+ 0.002
Sg 0.036 £ 0.021 1.093 + 0.016 0.168 £ 0.002 Sy —0.054 + 0.020 1.087 + 0.016 0.128 £ 0.002
Fg —0.001 + 0.001 0.055 4+ 0.020 0.000 £ 0.000 Fg —0.000 + 0.001 0.056 4+ 0.020 0.000 £ 0.000
Ss1 0.058 £ 0.020 0.997 £ 0.015 0.312 £ 0.004 Ss1 —0.020 + 0.020 1.032 + 0.015 0.266 £ 0.003
fsig 0.024 £ 0.017 0.904 £+ 0.012 0.029 =+ 0.000 fsig —0.007 £ 0.018 0.934 £ 0.013 0.027 £ 0.000
mpy 0.018 £ 0.019 1.001 + 0.013 3.480 £ 0.046 mpg4 0.012 £ 0.019 0.997 £ 0.014 2.898 £+ 0.038
Am —0.043 + 0.018 0.957 £+ 0.014 0.001 £ 0.000 Am 0.001 £ 0.019 0.999 £+ 0.014 0.000 £ 0.000
Chpg(cosfr)  —0.023+0.019  1.005+0.015  0.110 % 0.001 Chppg(cosOL) 0.000 +0.019  1.017 4+ 0.014  0.103 %+ 0.001
cZpq(cosOr) 0.042+£0.019  0.959£0.014  0.068 £ 0.001 ey, (cosfz) 0.037+£0.018  0.975+£0.013  0.078 % 0.001
cll)kg(COSGK) —0.020 £+ 0.018 0.948 £+ 0.013 0.105 £ 0.001 cllﬂvg(COSGK) —0.010 £+ 0.017 0.922 £+ 0.013 0.088 £ 0.001
Cgkg (cos Ok ) 0.005 £ 0.018 0.968 £+ 0.013 0.071 £ 0.001 cl27kg (cos Ok ) —0.027 £+ 0.018 0.962 £+ 0.013 0.065 £+ 0.001
[6.00, 8.00] pull mean pull width sensitivity [11.00, 12.50] pull mean pull width sensitivity
Sis 0.011 £ 0.019 1.035 + 0.015 0.065 £ 0.001 Sis 0.022 £ 0.020 1.079 & 0.015 0.065 £ 0.001
S3 —0.010 + 0.019 1.042 + 0.016 0.108 £ 0.001 S3 0.003 £ 0.020 1.059 + 0.015 0.110 £ 0.001
Ses 0.047 £ 0.019 1.045 4+ 0.015 0.101 £ 0.001 Ses 0.087 £ 0.022 1.125 + 0.017 0.106 £ 0.001
Sg —0.006 + 0.020 1.075 + 0.015 0.110 £ 0.001 So 0.031 £ 0.020 1.076 + 0.016 0.110 £ 0.001
Fg 0.000 £ 0.001 0.056 £ 0.020 0.000 £ 0.000 Fg 0.003 £ 0.002 0.055 £ 0.019 0.000 =+ 0.000
Ss1 —0.022 £ 0.019 1.010 + 0.014 0.223 £+ 0.003 Ss1 —0.003 + 0.019 1.033 £ 0.014 0.196 £+ 0.003
fsig —0.015 £ 0.019 0.994 4+ 0.015 0.028 £ 0.000 fsig 0.034 £+ 0.018 0.969 4+ 0.013 0.032 £ 0.000
mp4 —0.029 £ 0.019 1.028 +0.014 2.312 £ 0.030 mp4 —0.013 £ 0.018 0.989 £+ 0.013 2.076 £+ 0.027
Am 0.017 £ 0.018 0.973 £+ 0.013 0.000 =+ 0.000 Am —0.013 £ 0.019 0.971 £+ 0.014 0.001 £ 0.000
cékg(cos 0r) —0.024 + 0.019 0.998 £+ 0.013 0.101 + 0.001 c%kg(COSGL) 0.003 £ 0.019 1.007 + 0.014 0.122 £ 0.002
Cl2)k9<cos 0r) 0.073 £ 0.019 0.979 £+ 0.014 0.084 £ 0.001 Cgkg(cos or) 0.007 £ 0.019 0.981 £+ 0.014 0.113 £+ 0.001
c;l)kq(cos Ok ) —0.251 4+ 0.017 0.613 £+ 0.013 0.073 £ 0.001 Cékq(COSGK) —0.008 £+ 0.019 0.993 £+ 0.013 0.128 £+ 0.002
cgkg(cos 0K) —0.017 £+ 0.019 0.992 £+ 0.013 0.060 £ 0.001 cgkg(cos Ox) —0.020 + 0.020 1.082 + 0.015 0.105 £ 0.001
[15.00, 17.00] pull mean pull width sensitivity [17.00, 19.00] pull mean pull width sensitivity
Sis 0.004 £ 0.020 1.050 + 0.015 0.061 £ 0.001 Sis 0.026 £ 0.021 1.052 + 0.014 0.091 £ 0.001
S3 —0.078 + 0.019 1.017 + 0.014 0.111 £ 0.001 Ss —0.078 £ 0.021 1.135 + 0.018 0.195 £+ 0.003
S6s 0.057 £ 0.020 1.057 £+ 0.015 0.105 £ 0.001 Ses 0.104 £ 0.021 1.086 + 0.016 0.171 £ 0.002
Sg 0.005 £ 0.020 1.068 £+ 0.015 0.115 £ 0.001 So —0.034 £+ 0.020 1.100 #+ 0.016 0.183 £ 0.002
Fg 0.002 £ 0.002 0.055 £+ 0.019 0.000 £ 0.000 Fg —0.002 £ 0.002 0.055 £ 0.020 0.000 =+ 0.000
Ss1 0.012 £ 0.019 0.999 + 0.014 0.184 £ 0.002 Ss1 0.009 £ 0.019 1.019 + 0.014 0.264 £ 0.003
fsig 0.038 £+ 0.018 0.993 £+ 0.013 0.039 £ 0.001 Fsig 0.050 £ 0.019 1.004 + 0.014 0.053 £+ 0.001
mpy 0.030 £ 0.018 0.970 £+ 0.013 2.396 + 0.031 mp4 0.002 £ 0.019 1.017 + 0.014 3.475 £+ 0.045
Am —0.006 + 0.019 0.991 + 0.013 0.001 £ 0.000 Am —0.018 + 0.018 0.975 4+ 0.013 0.001 £ 0.000
Chpg(cosOr) 0.039+£0.019 0.998+0.013 0.162+0.002  cf, (cos6r) 0.016 +£0.020  1.047 £0.016  0.202 & 0.003
cgkg(oos 0r) 0.002 £ 0.019 0.990 £ 0.014 0.166 £ 0.002 c%kg(COSGL) 0.023 £ 0.020 1.018 + 0.014 0.226 £ 0.003
Chpg(cosO5c) 0.012+0.019 1.033+0.014 0.169%£0.002  cby_(cosOx) 0.063 £0.019  1.042 £0.015  0.216 = 0.003
cpg(cosOk)  —0.034£0.020 1.098%0.016  0.150 £0.002 iy (cosfx)  —0.043£0.020  1.091£0.016  0.207 £ 0.003
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Table 94: Results from the toy event studies with number of events equal to estimations in
Table Angular folding 1 is used. All eight ¢® bins are shown.

[0.10, 0.98] pull mean pull width sensitivity [1.10, 2.50] pull mean pull width sensitivity
Sis 0.019 £ 0.020 1.061 + 0.016 0.072 £ 0.001 Sis —0.007 £+ 0.020 1.026 + 0.016 0.093 £ 0.001
S3 —0.006 £+ 0.019 1.012 4+ 0.014 0.111 £ 0.001 S3 0.034 £ 0.020 1.041 + 0.016 0.137 £ 0.002
Sy 0.016 £ 0.020 1.048 + 0.015 0.162 £ 0.002 Sy —0.060 £ 0.020 1.075 + 0.016 0.218 £+ 0.003
Fg 0.004 £ 0.003 0.055 £+ 0.019 0.000 =+ 0.000 Fg 0.004 £ 0.003 0.055 £+ 0.019 0.000 =+ 0.000
Ss1 —0.038 £+ 0.019 1.006 4+ 0.014 0.191 £ 0.002 Ss1 0.044 £ 0.020 1.034 + 0.015 0.292 £ 0.004
Ssa 0.001 £ 0.019 0.998 £+ 0.014 0.178 £ 0.002 Ssa —0.019 £ 0.020 1.033 + 0.014 0.218 £+ 0.003
fsig 0.076 £ 0.018 0.952 £+ 0.013 0.044 £ 0.001 fsig 0.098 £+ 0.017 0.916 £+ 0.013 0.035 £ 0.000
mp4 0.021 £ 0.019 1.015 + 0.014 2.308 £+ 0.030 mp4 —0.004 £ 0.019 0.998 £+ 0.014 3.133 £ 0.041
Am —0.031 £ 0.018 0.958 £+ 0.014 0.001 £ 0.000 Am —0.049 £+ 0.018 0.966 £+ 0.014 0.001 £ 0.000
ciksI(cos 0r) —0.028 + 0.018 0.972 £+ 0.013 0.137 £+ 0.002 Clz)kg (cos0p,) —0.030 £+ 0.019 0.984 £+ 0.013 0.096 £ 0.001
chpg(cosfx)  —0.056+0.018  0.881+0.011  0.182 % 0.002 hpg(cosfx)  —0.079£0.016  0.784£0.012  0.112 % 0.001
cgkg(cos 0K) —0.046 + 0.021 1.075 + 0.016 0.157 £ 0.002 cgkg(cos OK) —0.011 + 0.018 0.968 £+ 0.014 0.082 £ 0.001
[2.50, 4.00] pull mean pull width sensitivity [4.00, 6.00] pull mean pull width sensitivity
Sis —0.009 £+ 0.019 0.987 £+ 0.013 0.099 £ 0.001 Sis 0.008 £ 0.018 0.982 £+ 0.014 0.075 £ 0.001
S3 —0.006 £ 0.021 1.105 4+ 0.017 0.163 £ 0.002 S3 0.018 £ 0.020 1.053 + 0.015 0.125 £ 0.002
Sy —0.018 £ 0.019 1.018 + 0.014 0.226 £+ 0.003 Sy —0.062 £+ 0.019 1.016 + 0.014 0.165 £ 0.002
Fg —0.000 + 0.001 0.056 £ 0.020 0.000 =+ 0.000 Fg 0.000 £ 0.001 0.056 £ 0.020 0.000 =+ 0.000
Ss1 0.009 + 0.020 1.061 + 0.015 0.316 £ 0.004 Ss1 0.017 £ 0.020 1.041 + 0.016 0.264 £ 0.003
Ssa 0.032 £ 0.020 1.068 + 0.015 0.229 £ 0.003 Ssa 0.019 £ 0.019 1.035 + 0.015 0.170 £ 0.002
fsig 0.063 £ 0.017 0.899 £+ 0.012 0.029 £ 0.000 fsig 0.025 £ 0.018 0.963 £+ 0.014 0.028 £ 0.000
mpy 0.008 £+ 0.019 1.008 + 0.014 3.458 £ 0.045 mpy 0.015 £ 0.019 1.001 + 0.013 2.854 £+ 0.037
Am —0.030 £+ 0.019 0.976 £+ 0.013 0.001 £ 0.000 Am —0.016 £+ 0.018 0.975 £+ 0.014 0.000 £ 0.000
cZpg(cosOr) 0.025+0.018 0.960£0.014  0.069 £ 0.001 ey, (cosfz) 0.020 £ 0.019  0.996 £ 0.015  0.080 % 0.001
cll)kg(oos 0K ) —0.024 £+ 0.018 0.970 £+ 0.013 0.108 £ 0.001 cllmg(cos 0K) —0.028 + 0.017 0.927 £+ 0.012 0.090 £ 0.001
cgkg(cos Ok ) —0.005 £+ 0.018 0.965 £+ 0.014 0.072 £ 0.001 Cgkg(COS Ok ) —0.013 £ 0.019 1.008 + 0.015 0.068 £+ 0.001
[6.00, 8.00] pull mean pull width sensitivity [11.00, 12.50] pull mean pull width sensitivity
Sis —0.003 £+ 0.019 0.994 £+ 0.014 0.063 £ 0.001 Sis 0.096 £ 0.020 1.077 £ 0.016 0.065 £ 0.001
S3 0.007 £ 0.018 0.988 £+ 0.014 0.104 £ 0.001 S3 0.022 £+ 0.019 0.997 £+ 0.014 0.108 £ 0.001
Sy —0.022 + 0.020 1.058 + 0.016 0.140 £ 0.002 Sy —0.044 £+ 0.020 1.058 + 0.015 0.131 £ 0.002
Fg 0.000 £ 0.001 0.056 £ 0.020 0.000 £ 0.000 Fg 0.001 £ 0.001 0.055 £ 0.020 0.000 =+ 0.000
Ss1 —0.009 + 0.020 1.035 + 0.015 0.228 £ 0.003 Ss1 —0.006 + 0.020 1.025 + 0.015 0.199 £ 0.003
Ssa 0.001 £ 0.020 1.065 4+ 0.015 0.144 £+ 0.002 Sso —0.012 4+ 0.020 1.089 4+ 0.015 0.150 £ 0.002
fsig —0.036 £+ 0.018 0.971 4+ 0.013 0.028 £ 0.000 fsig 0.010 £ 0.019 1.000 + 0.014 0.033 £+ 0.000
mp4 0.016 £ 0.019 1.022 + 0.014 2.292 £+ 0.030 mp4 —0.029 + 0.018 0.977 £ 0.014 2.093 £+ 0.027
Am —0.027 £+ 0.018 0.992 £+ 0.013 0.000 =+ 0.000 Am —0.025 £ 0.019 0.985 £+ 0.014 0.001 £ 0.000
cgkg(cos 0r) 0.011 + 0.018 0.970 £+ 0.013 0.082 £ 0.001 cgkg(coseL) —0.000 + 0.019 1.014 + 0.014 0.115 £ 0.001
cll,kg<cos 0K) —0.266 + 0.018 0.570 £ 0.011 0.073 £+ 0.001 C;kg(coseK) —0.027 £ 0.018 0.982 £+ 0.013 0.125 £ 0.002
cgkg(cos Ok ) 0.018 £ 0.018 0.978 £+ 0.013 0.059 £ 0.001 C%kg(COSGK) —0.042 £+ 0.020 1.070 + 0.015 0.103 £ 0.001
[15.00, 17.00] pull mean pull width sensitivity [17.00, 19.00] pull mean pull width sensitivity
Sis 0.056 £+ 0.019 1.051 &+ 0.014 0.061 £ 0.001 Sis 0.054 £ 0.021 1.087 £ 0.016 0.089 £ 0.001
S3 0.019 £ 0.020 1.047 £+ 0.015 0.117 £ 0.002 Ss —0.113 + 0.021 1.106 + 0.017 0.185 £ 0.002
Sy —0.099 + 0.020 1.031 £ 0.015 0.129 4+ 0.002 Sy —0.067 + 0.021 1.072 £ 0.015 0.202 £ 0.003
Fg 0.000 £ 0.001 0.056 £ 0.020 0.000 £ 0.000 Fg 0.001 £ 0.001 0.055 4+ 0.020 0.000 £ 0.000
Ss1 0.009 £+ 0.019 1.030 £ 0.014 0.192 4+ 0.002 Ss1 0.008 £+ 0.019 1.019 4+ 0.015 0.269 £ 0.003
Sso 0.008 £ 0.020 1.048 + 0.015 0.149 £ 0.002 Sso —0.015 + 0.020 1.097 + 0.016 0.236 £ 0.003
Fsig 0.060 £ 0.019 0.980 £ 0.014 0.039 £ 0.001 fsig 0.020 £ 0.019 0.997 £ 0.014 0.053 £ 0.001
mp4 —0.015 + 0.019 1.003 + 0.014 2.495 + 0.032 mpg4 —0.038 + 0.019 1.016 + 0.014 3.478 £ 0.045
Am 0.009 £ 0.019 0.995 £+ 0.014 0.001 £ 0.000 Am —0.038 £ 0.018 0.970 £+ 0.013 0.001 £ 0.000
Cgkg (cos07p,) —0.005 + 0.019 0.996 + 0.014 0.167 £+ 0.002 C%kg(COS 0r,) 0.024 £+ 0.019 0.967 £+ 0.015 0.205 £+ 0.003
Chpg(cosOK) 0.005+0.019 0.991+0.014 01640002  cpy (cosOx) 0.035+0.020  1.025+0.015  0.220 & 0.003
cng(COSGK) —0.033 4+ 0.021 1.118 £ 0.016 0.152 £ 0.002 c%kg(coseK) —0.011 £+ 0.021 1.100 #+ 0.016 0.211 £ 0.003
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Table 95: Results from the toy event studies with number of events equal to estimations in
Table Angular folding 2 is used. All eight ¢? bins are shown.

[0.10, 0.98] pull mean pull width sensitivity [1.10, 2.50] pull mean pull width sensitivity
Sis 0.064 £ 0.021 1.043 + 0.015 0.073 £ 0.001 Sis —0.053 £+ 0.020 1.014 + 0.016 0.093 £ 0.001
S3 —0.013 £ 0.019 1.032 4+ 0.015 0.115 £+ 0.001 S3 —0.012 £+ 0.020 1.073 + 0.016 0.149 + 0.002
Ss 0.014 £ 0.019 1.039 + 0.014 0.123 £+ 0.002 Ss —0.008 £+ 0.020 1.043 + 0.015 0.173 £ 0.002
Fg 0.005 £ 0.003 0.055 £+ 0.019 0.000 =+ 0.000 Fg 0.002 £ 0.002 0.055 £ 0.020 0.000 =+ 0.000
Ss1 —0.064 £ 0.020 1.045 4+ 0.014 0.197 £+ 0.003 Ss1 0.032 £ 0.019 1.001 4+ 0.013 0.285 + 0.004
Sss 0.001 £ 0.019 1.004 + 0.014 0.137 £ 0.002 Sss —0.001 £ 0.020 1.070 + 0.016 0.172 £ 0.002
fsig 0.076 £ 0.018 0.958 £+ 0.013 0.045 £ 0.001 fsig 0.057 £ 0.017 0.895 £+ 0.013 0.034 £ 0.000
mp4 —0.033 £ 0.019 1.005 + 0.014 2.276 £+ 0.029 mp4 —0.007 £+ 0.020 1.039 + 0.015 3.171 £ 0.041
Am —0.041 £+ 0.018 0.973 £ 0.013 0.001 £ 0.000 Am —0.042 £+ 0.019 0.956 £+ 0.014 0.001 £ 0.000
ciksI(cos 0r) —0.047 + 0.019 0.997 £+ 0.014 0.136 £ 0.002 Clz)kg (cos0p,) 0.004 £ 0.019 0.985 £+ 0.014 0.094 £+ 0.001
chpg(cosfx)  —0.066+0.018  0.867+0.012  0.186 % 0.002 hpg(cosfx)  —0.094%0.017  0.739 £0.011  0.113 % 0.001
cgkg(cos 0K) —0.051 + 0.020 1.039 + 0.014 0.158 £+ 0.002 cgkg(cos OK) —0.008 + 0.019 0.970 £ 0.014 0.084 £ 0.001
[2.50, 4.00] pull mean pull width sensitivity [4.00, 6.00] pull mean pull width sensitivity
Sis —0.031 £ 0.019 1.008 + 0.015 0.099 £ 0.001 Sis —0.016 £+ 0.018 0.985 £+ 0.014 0.074 £ 0.001
S3 —0.028 £+ 0.021 1.132 + 0.016 0.171 £ 0.002 S3 —0.061 £ 0.020 1.054 + 0.015 0.128 £ 0.002
Ss 0.004 £+ 0.019 1.017 +0.014 0.183 £ 0.002 Ss —0.018 £ 0.019 1.018 + 0.013 0.147 £ 0.002
Fg —0.004 + 0.003 0.055 £+ 0.019 0.000 =+ 0.000 Fg —0.001 £ 0.001 0.055 £ 0.020 0.000 =+ 0.000
Ss1 0.031 £ 0.020 0.999 £+ 0.015 0.305 £ 0.004 Ss1 0.034 £+ 0.019 1.028 + 0.015 0.259 £ 0.003
Sss3 —0.014 + 0.020 1.081 + 0.015 0.189 £ 0.002 Sss —0.013 £+ 0.020 1.044 4+ 0.015 0.149 £ 0.002
fsig 0.047 £ 0.017 0.888 £+ 0.012 0.029 £ 0.000 fsig 0.011 £ 0.018 0.949 £+ 0.013 0.028 £ 0.000
mpy —0.026 + 0.019 1.024 + 0.016 3.490 £ 0.046 mpy 0.021 £ 0.019 1.009 + 0.014 2.904 £ 0.038
Am —0.056 + 0.018 0.970 £+ 0.013 0.001 £ 0.000 Am 0.007 £ 0.018 0.967 £+ 0.013 0.000 £ 0.000
cZpg(cosOr) 0.066+0.018 0.958+0.013  0.068 £ 0.001 ey, (cosfz) 0.023+£0.019  1.015£0.015  0.081 % 0.001
cll)kg(COSGK) 0.016 £ 0.018 0.957 £+ 0.014 0.107 £ 0.001 cllﬂvg(COSQK) 0.012 £ 0.017 0.931 £+ 0.013 0.090 £ 0.001
cgkg(cos Ok ) —0.018 £+ 0.018 0.965 £+ 0.014 0.072 £ 0.001 Cgkg(COS Ok ) —0.020 £+ 0.020 1.014 + 0.013 0.069 £ 0.001
[6.00, 8.00] pull mean pull width sensitivity [11.00, 12.50] pull mean pull width sensitivity
Sis 0.039 £ 0.020 1.049 + 0.015 0.064 £ 0.001 Sis 0.073 £ 0.021 1.099 + 0.016 0.066 £ 0.001
S3 —0.078 + 0.020 1.056 + 0.015 0.111 £ 0.001 S3 —0.117 £ 0.019 1.046 + 0.015 0.118 £ 0.002
Ss —0.056 + 0.021 1.054 + 0.016 0.124 £ 0.002 Ss —0.183 4+ 0.021 1.053 + 0.015 0.120 £ 0.002
Fg —0.003 + 0.002 0.055 £+ 0.019 0.000 =+ 0.000 Fg —0.002 £ 0.002 0.055 £+ 0.019 0.000 =+ 0.000
Ss1 —0.061 + 0.020 1.063 & 0.015 0.225 £ 0.003 Ss1 —0.071 4+ 0.020 1.048 +0.014 0.205 £ 0.003
Ss3 0.033 £ 0.019 1.042 + 0.014 0.126 £ 0.002 Sss —0.076 + 0.020 1.077 £ 0.015 0.134 £+ 0.002
fsig —0.013 £ 0.018 0.971 4 0.013 0.028 £ 0.000 fsig —0.011 + 0.019 1.006 + 0.014 0.033 £+ 0.000
mp4 0.006 £ 0.019 1.006 4+ 0.014 2.253 £+ 0.029 mp4 —0.011 + 0.018 0.985 £+ 0.013 2.092 £ 0.027
Am —0.017 £ 0.019 1.000 + 0.014 0.000 =+ 0.000 Am 0.014 £ 0.018 0.957 £+ 0.013 0.001 £ 0.000
cgkg(cos 0r,) 0.060 £ 0.019 0.992 £+ 0.013 0.083 £ 0.001 cgkg(cos 6r) 0.052 £ 0.018 0.975 £ 0.013 0.113 £ 0.001
cll,kg<cos 0K) —0.248 + 0.017 0.675 £+ 0.014 0.075 £+ 0.001 C;kg(coseK) 0.011 £ 0.018 0.975 £+ 0.014 0.123 £ 0.002
cgkg(cos Ok ) 0.001 £ 0.018 0.971 £+ 0.013 0.058 £+ 0.001 C%kg(COSGK) —0.030 £ 0.020 1.062 + 0.015 0.101 £ 0.001
[15.00, 17.00] pull mean pull width sensitivity [17.00, 19.00] pull mean pull width sensitivity
Sis 0.047 £+ 0.020 1.090 + 0.015 0.064 £ 0.001 Sis 0.060 £ 0.022 1.127 £ 0.017 0.092 £+ 0.001
S3 —0.043 + 0.020 1.050 + 0.014 0.124 £ 0.002 Ss —0.157 + 0.022 1.123 + 0.016 0.205 £ 0.003
Ss —0.083 + 0.021 1.105 £ 0.017 0.121 4+ 0.002 Ss —0.115 + 0.021 1.074 £ 0.015 0.181 £ 0.002
Fg —0.000 + 0.001 0.056 £ 0.020 0.000 £ 0.000 Fg —0.004 + 0.003 0.055 4+ 0.019 0.000 £ 0.000
Ss1 0.015 4+ 0.019 1.039 £+ 0.014 0.195 4+ 0.003 Ss1 —0.005 + 0.020 1.023 + 0.015 0.275 4+ 0.004
Sss —0.026 £ 0.020 1.058 + 0.014 0.133 £ 0.002 Sss —0.032 + 0.021 1.116 + 0.017 0.212 £ 0.003
Fsig 0.060 £ 0.019 1.010 + 0.013 0.039 £ 0.001 fsig 0.005 £ 0.019 0.992 £+ 0.015 0.053 £ 0.001
mp4 0.009 £ 0.019 0.999 £ 0.013 2.462 + 0.032 mpg4 0.004 £ 0.019 1.031 + 0.014 3.543 £+ 0.046
Am —0.037 £ 0.019 0.984 + 0.014 0.001 £ 0.000 Am —0.026 + 0.018 0.958 £+ 0.014 0.001 £ 0.000
Zpg(cosf)  —0.011£0.019  1.015+0.015 0.168 £0.002  cf;,(cosOy) 0.014£0.019  0.985 £ 0.015  0.207 = 0.003
chpg(cosOr)  —0.016£0.019  1.007£0.014  0.167 £0.002  cb (cosO) 0.082+0.019  1.022£0.015  0.216 & 0.003
cng(COSGK) —0.000 + 0.021 1.097 £+ 0.015 0.148 £ 0.002 c%kg(coseK) —0.010 £+ 0.021 1.093 + 0.016 0.210 £ 0.003
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Table 96: Results from the toy event studies with number of events equal to estimations in
Table Angular folding 3 is used. All eight ¢? bins are shown.

[0.10, 0.98] pull mean pull width sensitivity [1.10, 2.50] pull mean pull width sensitivity
Sis 0.058 £ 0.019 1.029 + 0.014 0.072 £ 0.001 Sis —0.024 £ 0.019 1.029 + 0.015 0.093 £ 0.001
S3 0.025 £+ 0.019 1.018 + 0.014 0.111 £ 0.001 S3 0.038 £ 0.020 1.057 + 0.015 0.152 £ 0.002
Sz 0.010 £ 0.018 0.988 £+ 0.013 0.120 £ 0.002 St 0.055 £+ 0.019 1.026 4+ 0.014 0.172 £ 0.002
Fg 0.005 £ 0.004 0.055 £+ 0.019 0.000 =+ 0.000 Fg 0.002 £ 0.002 0.055 £+ 0.019 0.000 =+ 0.000
Ss1 —0.062 £+ 0.019 1.007 4+ 0.015 0.195 £ 0.003 Ss1 —0.001 £ 0.020 1.031 + 0.014 0.295 + 0.004
Ssa —0.014 £+ 0.019 0.999 + 0.014 0.134 £ 0.002 Ssa —0.039 £ 0.020 1.046 + 0.015 0.175 £ 0.002
fsig 0.040 £ 0.018 0.943 £+ 0.014 0.043 £ 0.001 fsig 0.061 £ 0.017 0.921 £+ 0.013 0.035 £ 0.000
mp4 —0.008 £+ 0.018 0.980 £+ 0.014 2.286 + 0.030 mp4 0.000 £ 0.019 0.998 £+ 0.014 3.055 £ 0.040
Am 0.006 £ 0.018 0.969 £+ 0.013 0.001 £ 0.000 Am —0.060 £+ 0.018 0.955 £+ 0.014 0.001 £ 0.000
cﬁksI(cos 0r) —0.064 + 0.019 0.999 £+ 0.013 0.136 £ 0.002 cékg(cos 0r) 0.000 £ 0.019 1.004 + 0.014 0.096 £ 0.001
hpg(cosfx)  —0.111+0.018  0.884%0.012  0.187 % 0.002 hpg(cosfx)  —0.099 £0.017  0.748£0.011  0.112 % 0.001
cgkg(cos 0K) —0.057 £+ 0.020 1.079 + 0.015 0.160 £ 0.002 cgkg(cos OK) —0.027 £ 0.018 0.968 £+ 0.013 0.084 £ 0.001
[2.50, 4.00] pull mean pull width sensitivity [4.00, 6.00] pull mean pull width sensitivity
Sis —0.052 £+ 0.018 0.979 £+ 0.013 0.096 £ 0.001 Sis —0.032 £+ 0.018 0.986 + 0.014 0.075 £ 0.001
S3 —0.002 £ 0.021 1.103 + 0.016 0.170 £ 0.002 S3 0.012 £ 0.020 1.057 + 0.015 0.126 £ 0.002
Sz —0.006 £ 0.020 1.045 + 0.015 0.188 + 0.002 Sz —0.013 £ 0.019 0.989 £+ 0.014 0.146 £ 0.002
Fg —0.003 + 0.003 0.055 £+ 0.019 0.000 =+ 0.000 Fg —0.000 £ 0.001 0.056 £ 0.020 0.000 =+ 0.000
Ss1 —0.025 + 0.020 1.008 + 0.014 0.311 £ 0.004 Ss1 0.044 £+ 0.019 1.008 + 0.015 0.265 £ 0.003
Ssa 0.010 £ 0.020 1.047 + 0.015 0.188 £ 0.002 Ssa —0.013 £ 0.019 1.026 + 0.015 0.150 £ 0.002
fsig 0.025 £ 0.017 0.902 £+ 0.013 0.029 £ 0.000 fsig —0.001 £+ 0.018 0.939 £+ 0.012 0.028 £ 0.000
mpy 0.016 £ 0.019 1.021 + 0.014 3.518 £ 0.046 mpy 0.026 £+ 0.018 0.982 £+ 0.014 2.834 £+ 0.037
Am —0.042 £+ 0.018 0.942 £+ 0.012 0.001 £ 0.000 Am —0.028 £+ 0.019 0.999 £+ 0.014 0.000 £ 0.000
cZpq(cosOr) 0.023+£0.018 0.958+0.014  0.067 £ 0.001 ey, (cosfz) 0.085+0.019  0.984£0.013  0.079 % 0.001
cl cos O 0.041 £ 0.018 0.960 £ 0.013 0.107 £ 0.001 cl cos O —0.012 £+ 0.017 0.921 £+ 0.013 0.089 £ 0.001
bkg bkg
cgkg(cos Ok ) —0.012 £+ 0.018 0.971 £+ 0.014 0.073 £ 0.001 cgkg(COS Ok ) 0.020 £ 0.019 1.016 + 0.014 0.068 £+ 0.001
[6.00, 8.00] pull mean pull width sensitivity [11.00, 12.50] pull mean pull width sensitivity
Sis 0.017 £ 0.019 1.029 + 0.014 0.065 £ 0.001 Sis 0.065 £ 0.019 1.035 + 0.014 0.063 £ 0.001
S3 —0.026 + 0.019 1.019 + 0.014 0.107 £ 0.001 S3 0.010 £ 0.019 1.000 + 0.015 0.109 £ 0.001
Sz —0.012 + 0.019 0.999 + 0.014 0.126 £ 0.002 Sz —0.010 £+ 0.018 0.986 + 0.013 0.122 £ 0.002
Fg —0.001 + 0.001 0.055 £ 0.020 0.000 =+ 0.000 Fg 0.002 £ 0.002 0.055 £+ 0.019 0.000 =+ 0.000
Ss1 —0.017 + 0.019 1.018 +0.014 0.221 £ 0.003 Ss1 —0.048 + 0.019 1.014 + 0.014 0.200 £ 0.003
Ssa 0.011 £ 0.019 1.017 + 0.014 0.126 £ 0.002 Ssa 0.027 £ 0.018 0.994 4+ 0.014 0.134 £+ 0.002
fsig 0.009 £ 0.018 0.962 4+ 0.013 0.028 £ 0.000 fsig 0.054 £+ 0.018 0.975 + 0.014 0.033 £+ 0.000
mp4 —0.026 £ 0.018 0.994 4+ 0.013 2.256 £+ 0.029 mp4 —0.046 + 0.018 0.984 £+ 0.013 2.088 £ 0.027
Am 0.028 £+ 0.018 0.975 £+ 0.014 0.000 =+ 0.000 Am —0.033 £ 0.019 0.993 £+ 0.014 0.001 £ 0.000
cgkg(cos 0r) 0.030 + 0.019 1.001 4+ 0.014 0.084 £ 0.001 cgkg(coseL) 0.035 £ 0.019 0.997 £ 0.014 0.113 £ 0.001
cll,kg<cos 0K) —0.215 + 0.018 0.529 £+ 0.011 0.073 £+ 0.001 C;kg(coseK) 0.001 £ 0.018 0.987 £+ 0.014 0.124 £+ 0.002
cgkg(cos Ok ) —0.021 £+ 0.018 0.962 £+ 0.013 0.058 £+ 0.001 C%kg(COSGK) 0.004 £ 0.021 1.103 + 0.015 0.106 £ 0.001
[15.00, 17.00] pull mean pull width sensitivity [17.00, 19.00] pull mean pull width sensitivity
Sis 0.063 £ 0.020 1.058 + 0.015 0.062 £ 0.001 Sis 0.096 £ 0.020 1.072 £ 0.014 0.091 £+ 0.001
S3 —0.018 + 0.019 1.031 + 0.015 0.118 £ 0.002 Ss —0.030 + 0.020 1.040 + 0.014 0.180 £ 0.002
St —0.016 + 0.019 1.017 £ 0.014 0.123 4+ 0.002 Sz —0.042 + 0.020 1.056 & 0.015 0.180 £ 0.002
Fg 0.003 £ 0.002 0.055 £ 0.019 0.000 £ 0.000 Fg —0.000 + 0.001 0.056 4+ 0.020 0.000 £ 0.000
Ss1 —0.032 + 0.019 0.994 £+ 0.015 0.188 4+ 0.002 Ss1 0.019 £ 0.019 0.992 4+ 0.013 0.267 4+ 0.003
Ssa 0.009 £ 0.019 0.995 £+ 0.014 0.142 £ 0.002 Ssa —0.000 + 0.019 1.004 + 0.014 0.207 £ 0.003
Fsig 0.037 £ 0.019 0.991 £ 0.013 0.039 £ 0.001 fsig 0.001 £ 0.019 1.009 + 0.014 0.053 £ 0.001
mp4 0.005 £+ 0.019 1.022 + 0.015 2.510 + 0.032 mp4 —0.012 £+ 0.019 1.026 + 0.014 3.500 £+ 0.045
Am 0.013 £ 0.018 0.956 £+ 0.013 0.001 £ 0.000 Am —0.026 + 0.019 1.003 + 0.014 0.001 £ 0.000
Cgkg (cos07p,) 0.025 £+ 0.019 0.964 + 0.013 0.167 £+ 0.002 C%kg(COS 0r,) 0.003 £+ 0.019 0.979 £+ 0.015 0.208 £+ 0.003
Chpg(cosOK) 0.026+£0.019 1.024+0.015 0.167£0.002  cpy (cosOx) 0.046 +£0.020  1.062£0.015  0.222 £ 0.003
cng(COSGK) 0.032 £ 0.021 1.106 £+ 0.016 0.149 £ 0.002 c%kg(coseK) 0.013 £ 0.021 1.084 + 0.016 0.207 £ 0.003
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Table 97: Results from the toy event studies with number of events equal to estimations in
Table Angular folding 4 is used. All eight ¢? bins are shown.

[0.10, 0.98] pull mean pull width sensitivity [1.10, 2.50] pull mean pull width sensitivity
Sis 0.022 £ 0.020 1.046 + 0.014 0.071 £ 0.001 Sis —0.049 £+ 0.019 1.037 & 0.015 0.095 £ 0.001
S3 —0.052 + 0.019 1.024 + 0.014 0.111 £ 0.001 S3 —0.013 £+ 0.020 1.057 & 0.015 0.144 £+ 0.002
Sg —0.003 £ 0.019 1.031 +0.014 0.157 £ 0.002 Sg 0.005 £ 0.020 1.049 + 0.015 0.220 £ 0.003
Fg 0.002 £ 0.002 0.055 4+ 0.019 0.000 £ 0.000 Fg 0.004 £ 0.003 0.055 4+ 0.019 0.000 £ 0.000
Ssa 0.001 £ 0.019 1.011 4+ 0.014 0.135 £ 0.002 Ssa 0.006 £ 0.020 1.067 + 0.015 0.175 4 0.002
fsig 0.058 £ 0.017 0.940 4+ 0.013 0.044 £ 0.001 fsig 0.054 £+ 0.017 0.908 4+ 0.012 0.035 £ 0.000
mp4 —0.005 £+ 0.019 1.018 + 0.014 2.373 £ 0.031 mpy —0.030 + 0.019 1.015 + 0.014 3.236 £+ 0.042
Am —0.000 + 0.018 0.959 £+ 0.013 0.001 £ 0.000 Am —0.038 + 0.019 0.982 £+ 0.013 0.001 £ 0.000
cgkg(cos 0r) —0.060 + 0.019 1.005 + 0.014 0.137 £ 0.002 cgkg(cos 0r) —0.017 £+ 0.018 0.984 £+ 0.014 0.097 £+ 0.001
c2g(cosfx)  —0.02840.020 1.056+0.015 0.165+0.002  c3, (cosfx) —0.028+0.018 0.94040.013  0.089 % 0.001
[2.50, 4.00] pull mean pull width sensitivity [4.00, 6.00] pull mean pull width sensitivity
Sis —0.017 £ 0.018 0.981 £+ 0.014 0.098 £+ 0.001 Sis 0.046 £ 0.018 0.995 £+ 0.014 0.076 £ 0.001
S3 0.014 £ 0.020 1.085 4+ 0.015 0.166 £+ 0.002 S3 0.014 £+ 0.019 1.026 + 0.015 0.124 + 0.002
Sg —0.009 £+ 0.019 1.038 + 0.015 0.222 + 0.003 Sg —0.017 £ 0.019 1.025 + 0.015 0.167 £+ 0.002
Fg —0.002 £+ 0.002 0.055 £+ 0.019 0.000 £ 0.000 Fg —0.000 £ 0.001 0.056 £+ 0.020 0.000 £ 0.000
Ssa —0.004 £+ 0.020 1.078 + 0.015 0.187 £+ 0.002 Sga 0.005 £ 0.020 1.056 + 0.015 0.150 £ 0.002
fsig 0.028 £+ 0.017 0.913 £+ 0.012 0.030 £ 0.000 fsig —0.013 4+ 0.018 0.921 £+ 0.013 0.028 £ 0.000
mp4 0.004 £ 0.020 1.047 + 0.015 3.614 £+ 0.047 mp4 —0.005 £+ 0.019 1.028 + 0.014 3.055 £+ 0.039
Am 0.021 £ 0.018 0.955 £+ 0.013 0.001 £ 0.000 Am —0.011 + 0.018 0.952 £+ 0.014 0.000 £ 0.000
clz)kg<cos 0r) 0.033 £ 0.018 0.960 £ 0.013 0.068 £ 0.001 clzﬂcg(cos 0r) 0.032 £ 0.019 1.004 4+ 0.014 0.080 £ 0.001
cgkg(cos 0K ) —0.001 £+ 0.018 0.981 £+ 0.013 0.075 £+ 0.001 cgkg(COS Ok ) —0.031 £+ 0.019 1.013 + 0.015 0.071 £ 0.001
[6.00, 8.00] pull mean pull width sensitivity [11.00, 12.50] pull mean pull width sensitivity
Sis 0.013 £ 0.019 1.028 + 0.015 0.065 £ 0.001 Sis 0.051 £ 0.020 1.070 & 0.014 0.066 £ 0.001
S3 —0.010 + 0.019 1.010 + 0.014 0.106 £ 0.001 S3 0.033 £+ 0.019 1.027 + 0.015 0.112 £ 0.001
Sg 0.009 + 0.018 0.992 £+ 0.013 0.136 £ 0.002 Sg 0.011 £ 0.019 1.031 + 0.015 0.132 £ 0.002
Fg —0.003 + 0.002 0.055 £+ 0.019 0.000 £ 0.000 Fg —0.002 £ 0.002 0.055 £ 0.020 0.000 =+ 0.000
Ssa —0.005 £ 0.018 0.986 £+ 0.014 0.125 £ 0.002 Ssa —0.020 + 0.019 1.032 + 0.015 0.137 £ 0.002
fsig —0.004 £ 0.018 0.973 £ 0.013 0.028 £+ 0.000 fsig 0.033 £ 0.018 0.981 4+ 0.013 0.033 £+ 0.000
mp4 —0.034 + 0.019 1.018 +0.014 2.431 £ 0.031 mp4 —0.019 £+ 0.019 0.994 £+ 0.013 2.103 £+ 0.027
Am 0.051 £ 0.018 0.971 £+ 0.012 0.000 =+ 0.000 Am —0.021 £+ 0.019 0.977 £ 0.014 0.001 £ 0.000
cgkg(cos 0r) 0.042 £ 0.018 0.980 £+ 0.013 0.083 £ 0.001 cgkg(coseL) 0.028 £ 0.019 0.994 £+ 0.014 0.114 £ 0.001
Cgkg(cos 0K) 0.021 £ 0.018 0.981 £+ 0.013 0.067 £ 0.001 C%kg(coseK) —0.018 £+ 0.020 1.087 + 0.015 0.106 £ 0.001
[15.00, 17.00] pull mean pull width sensitivity [17.00, 19.00] pull mean pull width sensitivity
Sis 0.001 £ 0.020 1.079 + 0.016 0.063 £+ 0.001 Sis 0.058 £ 0.021 1.067 + 0.015 0.089 £ 0.001
Ss3 —0.027 £ 0.019 0.999 £+ 0.014 0.112 £+ 0.001 Ss3 —0.013 £ 0.019 1.031 + 0.015 0.175 £+ 0.002
Sg —0.008 £ 0.020 1.044 + 0.016 0.133 £+ 0.002 Sg 0.017 £ 0.020 1.079 + 0.016 0.196 £ 0.003
Fg 0.001 £ 0.001 0.055 £ 0.020 0.000 £ 0.000 Fg 0.000 £ 0.001 0.056 £+ 0.020 0.000 £ 0.000
Ssa 0.018 £ 0.019 1.010 + 0.015 0.143 £+ 0.002 Ssa —0.001 £+ 0.019 1.033 + 0.014 0.216 £+ 0.003
fsig 0.038 £+ 0.019 1.000 + 0.015 0.039 £+ 0.001 fsig 0.060 £ 0.019 0.995 £+ 0.013 0.053 £+ 0.001
mpy 0.021 £ 0.019 1.009 + 0.014 2.455 + 0.032 mp4 0.006 £ 0.019 1.000 4+ 0.014 3.464 £+ 0.045
Am —0.012 + 0.018 0.975 £ 0.014 0.001 4+ 0.000 Am —0.019 + 0.018 0.971 4 0.013 0.001 £ 0.000
Zpq(cos L) 0.012£0.019  0.999£0.014  0.167 £0.002  c3;,,(cos6yL) 0.007 +0.019  0.966 £ 0.014  0.211 + 0.003
cgkg(cos 0K) —0.005 + 0.020 1.088 + 0.015 0.149 £ 0.002 cgkg(cose;{) 0.038 £ 0.020 1.091 + 0.016 0.205 £ 0.003
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A.13 Toy study results in standard deviations from nominal
values

In addition to the absolute differences from the nominal values 1(0) for the width(mean)
of the pull distribution in toy event studies as shown in Section [£.4.2] this section shows
the same tables as Figs. 48| to [50] but color coded by the number of standard deviations of
which the resulting values of the pull distribution differ from the nominal values.

For this color code, the markers of the mean position (pull width) are indicated by full
circles (filled squares). Similar to the absolute difference to the nominal value, as explained
in Fig. [44] the following tables use the color coding as follows:

<lo

<20

< 30 (47)
o < 4o
e > 4o
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Figure 165: Toy event studies with no angular folding (top) and folding 0 (bottom) using 2597
(see Table toy events per fit. The top plot clearly shows, that a full angular fit does not
work on the expected number of signal events. Hence, angular folding is applied. The summary
of the pull distributions for all free parameters in all ¢? bins. Each cell contains two markers,
the hollow squares indicate the width of the pull distribution from toy studies, while the filled
circles show the mean position of the pull distribution. The dashed line in each cell indicates the
designated positions 0 (1) for the mean (width). See Eq. for explanations on the color code.
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Figure 166: Toy event studies for angular folding 1 (top) and 2 (bottom) using 2597 (see Table
toy events per fit. Summary of the pull distributions for all free parameters in all ¢ bins. Each
cell contains two markers, the hollow squares indicate the width of the pull distribution from
toy studies, while the filled circles show the mean position of the pull distribution. The dashed
line in each cell indicates the designated positions 0 (1) for the mean (width). See Eq. for
explanations on the color code.
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Figure 167: Toy event studies for angular folding 3 (top) and 4 (bottom) using 2597 (see Table
toy events per fit. Summary of the pull distributions for all free parameters in all ¢ bins. Each
cell contains two markers, the hollow squares indicate the width of the pull distribution from
toy studies, while the filled circles show the mean position of the pull distribution. The dashed
line in each cell indicates the designated positions 0 (1) for the mean (width). See Eq. for
explanations on the color code.

251



1897

1898

1899

1900

1901

1902

1903

1904

1905

1906

1907

1908

1909

1910

1911

1912

1913

A.14 Toy studies for P observables with fit configuration as in
the final fit

Repeating the toy event studies from Section for the angular observables of the P
basis. The observed bias in the different start value scenarios is assigned as a systematic
uncertainty in Table in Appendix [A.2I] Due to the observed poor coverage - the
widths of many pull distributions is not compatible with 1.0 - Feldman-Cousins scans are
performed to determine the confidence level. The method is explained in Section

In addition to the toy studies with the estimated signal and background event numbers,
studies with toy samples of the size of 4000 events per ¢? bin are performed to validate
the functionality of the fitter and the PDF determinations. The results of these additional
tests are given in Tables and [105], small biases in the mean positions of the pull
distributions can be seen in Table [104] which is a result of the constraint on the S-wave
fraction Fg: the line shape of the K** peak is ¢ dependent (see Eq. ) and taking the
central value in a large ¢ bin does not fully compensate the different shapes generated
using the finer ¢ binning. However, the resulting bias is negligible small compared to
the precision achieved in the fits to data events, as it is shown in mean positions of the
residuals from the fits to the large toy samples in Table [L06]

Table 98: Mean values of the pull distributions from toy event studies with P basis observables
using the SM values for the generation of toy events. The results are obtained using the 2D+4D
fit method as described in Section with angular folding. Values for Fy, and P; are obtained
from folding 4.

| ¢° bin | 0 1 2 3
Fy 0.1625 +0.0341 —0.0720 £ 0.0332  0.0987 £ 0.0314 —0.1835 4 0.0296
P —0.0627 +0.0325 —0.0232 £0.0326  0.1096 4+ 0.0315  0.0423 £ 0.0320
P, —0.0520 +0.0319  0.5016 £0.0338  0.3270 4+ 0.0327 —0.1432 £ 0.0333
Py 0.0518 £ 0.0336  0.0780 +0.0312  0.0098 £ 0.0308  0.0202 4 0.0316
P, —0.0229 £ 0.0311  —0.0463 £0.0335  0.0742 +£0.0320  0.0412 &+ 0.0325
P! 0.0376 £ 0.0318 —0.0618 +0.0321  0.1377 £0.0315  0.1578 4 0.0324
P} —0.0337 £ 0.0350  0.0321 £0.0325  0.0126 +0.0324 —0.0012 =+ 0.0334
P} —0.0161 4+ 0.0301  —0.0108 £0.0320  0.034140.0320  0.0229 + 0.0328

| ¢* bin | 4 5 6 7
Fy —0.1470 £ 0.0299  —0.1551 £0.0325 —0.1557 4+ 0.0347 —0.1135 £ 0.0340
P 0.0474 £0.0329  0.07774£0.0317  0.0538 £0.0330  0.0465 4 0.0324
P, —0.1980 4+ 0.0330 —0.2170 £ 0.0323 —0.0804 +0.0337  0.0262 4 0.0337
Py 0.0018 £ 0.0315  0.0696 & 0.0309  0.0071 £0.0317  0.0320 4 0.0360
P, —0.0036 +0.0340  0.0112 £ 0.0338 —0.0249 +0.0340 —0.0593 + 0.0344
P! 0.0219 +£0.0304  0.0937 £ 0.0322 —0.0097 £ 0.0328 —0.0329 4 0.0345
P} 0.0183 +£0.0341  0.0007 £ 0.0320  0.0455 £ 0.0317 —0.0044 4 0.0345
P} 0.017240.0316  0.018240.0328 —0.0234 +0.0347  0.0238 4- 0.0348
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Table 99: The widths of pull distribution from toy event studies with P basis observables using
the SM values for the generation of toy events. The results are obtained using the 2D+4D fit
method as described in Section with angular folding. Values for Fr, and P; are obtained

from folding 4.

| ¢° bin | 0 1 2 3|
Fr 0.9620 & 0.0241 1.3813 +£0.0235 1.5241 £0.0222 0.8703 & 0.0210
P 0.9249 £ 0.0230 0.8071 +0.0230 0.7318 £ 0.0223  0.8030 4 0.0226
P 1.0116 £ 0.0226  0.8739 £ 0.0239  0.7710 £ 0.0232  0.8293 + 0.0236
P 0.9622 & 0.0238 0.7514 +0.0221  0.7503 £ 0.0218  0.7431 £ 0.0224
P 1.0623 £ 0.0220  0.9257 £ 0.0237  0.8866 & 0.0226  0.9914 + 0.0230
P! 0.9761 & 0.0225 0.9255 +0.0227 0.8909 £ 0.0223  0.9351 4 0.0229
P} 1.0301 +0.0248  0.8576 £ 0.0230  0.8502 4 0.0229  0.8917 + 0.0236
P; 1.0089 + 0.0213  0.9407 £ 0.0227  0.9084 & 0.0226  0.9190 + 0.0232

| ¢° bin | 4 5 6 7]
Fr 0.8786 =0.0211 1.1108 +0.0230 1.1644 £ 0.0246 1.1707 & 0.0241
P 0.8703 & 0.0233  0.9275 +0.0224  0.9581 £ 0.0233  0.9889 4 0.0229
P 0.8935 £ 0.0233  0.8996 + 0.0229 0.9770 £ 0.0238 1.0334 £ 0.0238
P 0.8684 & 0.0223  0.9393 +0.0219 1.0163 £ 0.0224 1.0550 £ 0.0255
P 1.0084 +0.0241  0.9475 £ 0.0239 1.0449 4 0.0241  1.0333 £ 0.0243
P! 0.8885 & 0.0215 0.9842 4+ 0.0228  1.0249 £ 0.0232  1.0784 4 0.0244
P} 0.9872 & 0.0241  0.9776 +0.0227 0.9954 £ 0.0224  0.9925 =+ 0.0244
P; 1.0031 +0.0223  0.9777 £0.0232  1.0505 4 0.0245  1.0445 + 0.0247
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Table 100: Mean values of the pull distributions from toy event studies with P basis observables
using theoretically predicted values for a new physics scenario of a Wilson coefficient Cg = —1 for
the generation of toy events. The results are obtained using the 2D+44D fit method as described
in Section with angular folding. Values for F7, and P; are obtained from folding 4.

| ¢° bin | 0 1 2 3]
Fr 0.2292 +0.0316  0.0071 +£0.0330 —0.1171 £0.0312 —0.2207 & 0.0306
P —0.0348 £0.0311  —0.0826 & 0.0314 —0.0370 £ 0.0308  0.0613 & 0.0325
P, —0.0367 £0.0350  0.41744+0.0329  0.2934 £ 0.0338 —0.0447 £ 0.0323
P —0.0239 £0.0326  0.0099 & 0.0307  0.0125 £ 0.0308 —0.0060 = 0.0306
P —0.0239 £ 0.0318  0.0405 £ 0.0341 —0.0218 £ 0.0339 —0.0053 & 0.0328
P! —0.0672 £0.0325 —0.0894 £+ 0.0311  0.0850 £ 0.0313  0.0559 & 0.0307
P; 0.0314 £ 0.0340 —0.0062 +0.0339  0.0132+£0.0330  0.0189 4 0.0325
P; —0.0151 £0.0308  0.0046 & 0.0321  0.0305 +0.0321 —0.0272 & 0.0317

| ¢° bin | 4 5 6 7]
Fr —0.1629 £ 0.0304 —0.1511+0.0346 —0.0536 +0.0331 —0.0760 = 0.0354
P 0.0661+0.0319  0.0739 +£0.0310  0.0809 & 0.0310  0.1050 4 0.0320
P, —0.0765 £ 0.0347  —0.1288 £ 0.0327 —0.0405 £ 0.0343  —0.0329 = 0.0350
P —0.0257 £0.0320  0.0046 & 0.0316  0.0346 £ 0.0340 —0.0127 £ 0.0349
P —0.0852 £ 0.0323  —0.0066 & 0.0347  0.0319 £ 0.0335 —0.0362 £ 0.0338
P! 0.0479 +0.0324  0.0853 £0.0322  0.0325 £ 0.0318 —0.0299 4 0.0333
P; —0.0115+£0.0322  0.034140.0314 —0.0016 £ 0.0331  0.0461 & 0.0340
P; 0.0212 4 0.0324 —0.0179 +0.0308 —0.0098 & 0.0329  0.0305 4 0.0340
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Table 101: The widths of pull distribution from toy event studies with P basis observables using
theoretically predicted values for a new physics scenario of a Wilson coefficient C9 = —1 for the
generation of toy events. The results are obtained using the 2D+4D fit method as described in

Section with angular folding. Values for Iy, and P; are obtained from folding 4.

| ¢° bin | 0 1 2 3|
Fr 0.9282 +0.0224 1.1666 +0.0233  1.1965 £ 0.0221  0.9228 4 0.0216
P 0.9704 & 0.0220  0.8493 +0.0222  0.7970 £ 0.0218  0.7905 4 0.0230
P 1.0635 +0.0247  0.8131 £0.0233  0.8053 & 0.0239  0.8125 + 0.0228
P 0.9620 & 0.0230  0.7837 £ 0.0217 0.7123 £0.0218 0.8236 & 0.0216
P 1.0583 £ 0.0225 0.9246 & 0.0241  0.9394 4 0.0240  0.9803 + 0.0232
P! 0.9561 & 0.0230 0.9101 +0.0220 0.8298 £ 0.0221  0.9139 & 0.0217
P} 1.0000 + 0.0241  0.8658 £ 0.0240  0.9396 4 0.0233  0.8905 + 0.0230
P; 1.0238 £ 0.0218  0.9485 £ 0.0227 0.9212 4 0.0227  0.9569 + 0.0224

| ¢° bin | 4 5 6 7]
Fr 0.9331 £0.0215 1.1690 +0.0245 1.2258 £ 0.0234 1.1575 4 0.0250
P 0.8948 & 0.0225 0.9116 +0.0219  0.9659 £ 0.0219  1.0019 4 0.0226
P 0.9452 £ 0.0246  0.8675 + 0.0232  0.9579 £ 0.0242  1.0269 & 0.0248
P 0.8804 & 0.0226  0.9272 +0.0224 1.0332 £0.0241  1.0275 £ 0.0247
P 1.0479 £ 0.0229  0.9981 £ 0.0246  1.0254 4 0.0237  1.1009 + 0.0239
P! 0.9861 & 0.0229  0.9796 +0.0227 1.0394 £ 0.0225 1.0255 4 0.0236
P} 1.0055 +0.0228  0.9866 £ 0.0222  0.9986 4= 0.0234  1.0402 + 0.0241
P; 1.0302 +0.0229  1.0255 £ 0.0218  0.9755 4 0.0233  1.0195 + 0.0241
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Table 102: Mean values of the pull distributions from toy event studies with P basis observables
using the final fit values for the generation of toy events. The results are obtained using the
2D+4D fit method as described in Section with angular folding. Values for Fj, and P; are

obtained from folding 4.

| ¢° bin | 0 1 2 3]
Fy, 0.2410 £0.0332 —0.01574+0.0340  0.2470 £ 0.0353 —0.2174 £ 0.0311
P, —0.0085 £+ 0.0305 —0.482040.0327  0.0518 +£0.0306  0.4124 + 0.0313
P, —0.0539 £ 0.0338  0.2047 4+ 0.0324 —0.0090 £ 0.0335  0.1872 4 0.0341
Py —0.0012£0.0331  0.051440.0295  0.1367 £0.0315 —0.2861 4 0.0314
P} —0.0705 £ 0.0315 —0.1306 4 0.0328 —0.0351 £0.0321  0.0650 & 0.0328
P} 0.0319£0.0324 —0.02014+0.0321  0.2433 £0.0312 —0.0045 & 0.0309
P} —0.0454 £ 0.0346  0.0208 +0.0347  0.0894 +0.0324  0.0143 4 0.0324
P} 0.0253 +£0.0329  0.0025 4 0.0321 —0.0332+0.0315  0.0094 + 0.0326

’ ¢° bin ‘ 4 ) 6 7
Fy, —0.1527 £0.0347 —0.21144+0.0341 —0.0927 £0.0338  0.0093 £ 0.0362
P, 0.1598 +0.0321  0.08254+0.0311  0.1762 £ 0.0328  0.0736 & 0.0321
P, 0.0885 & 0.0353 —0.7402 4+ 0.0321 —0.1395 + 0.0332 —0.0593 + 0.0349
Py —0.1229 £0.0315  0.302940.0300  0.0880 £ 0.0331 —0.0699 + 0.0346
P} —0.0960 £ 0.0323 —0.0286 4 0.0411 —0.0281 £0.0352  0.0250 £ 0.0341
P} —0.0181 £0.0322  0.1248 +0.0297 —0.0494 +0.0319 —0.0998 =+ 0.0334
P} 0.0724 +£0.0320  0.02104+0.0315  0.0950 + 0.0313  0.0349 £ 0.0340
P} 0.0047 £0.0326 —0.0417 4+ 0.0350  0.0370 + 0.0340  0.0016 + 0.0347
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Table 103: The widths of pull distribution from toy event studies with P basis observables using
the final fit values for the generation of toy events. The results are obtained using the 2D+4D
fit method as described in Section with angular folding. Values for Fj, and P; are obtained

from folding 4.

| ¢° bin | 0 1 2 3|
Fr 0.9665 & 0.0235 1.0068 +0.0241 1.0494 £ 0.0249  0.9273 4 0.0220
P 0.9303 &£ 0.0215 0.9998 +0.0231  0.9342 £ 0.0216  0.8555 & 0.0222
P 1.0260 £ 0.0239  0.9289 4 0.0229  0.9542 £ 0.0237  0.8407 £ 0.0241
P 0.9364 & 0.0234  0.8538 +0.0209 0.9041 £ 0.0223  0.8702 = 0.0222
P 1.0678 £ 0.0223  1.0352 4 0.0232  1.0525 £ 0.0227  1.0475 4= 0.0232
P! 0.9979 & 0.0229  0.9620 +0.0227 0.9832 £ 0.0221  0.9437 4 0.0219
P} 1.0085 +0.0245 0.9746 £ 0.0245  0.9997 4 0.0229  0.9191 + 0.0229
P; 1.0778 £0.0233  1.0159 4 0.0227  0.9206 £ 0.0223  0.9733 4 0.0230

| ¢° bin | 4 5 6 7]
Fy 1.2354 £0.0246 1.2946 +0.0241 1.0893 £ 0.0239 1.1041 4 0.0257
P 0.9541 4 0.0227  0.9502 £ 0.0220 0.9401 4+ 0.0232  1.0202 =+ 0.0227
P 0.9795 4 0.0250 1.1776 4+ 0.0227 1.0292 £ 0.0235 1.0003 & 0.0247
P 0.9795 +0.0223  1.0194 £ 0.0212 1.0481 +0.0234 1.0056 & 0.0245
P 1.0483 £0.0228  1.0261 4 0.0294 1.0357 £ 0.0249  1.0521 4 0.0241
P! 1.0112 £ 0.0227  0.9934 +0.0210 1.0356 £ 0.0225 1.0382 4 0.0236
P} 1.0057 £ 0.0227 1.0089 4 0.0223  1.0265 + 0.0222 1.0100 4 0.0241
P; 1.0144 £0.0231  0.9945 4+ 0.0248 1.0508 & 0.0241 1.0353 4 0.0246
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Table 104: Mean values of the pull distributions from toy event studies with P basis observables
using the SM values for the generation of toy events. Other than in the previous toy event
studies, here 4000 events per ¢ bin are generated and fitted. The results are obtained using the
2D+4D fit method as described in Section with angular folding. Values for F, and P; are

obtained from folding 4.

| ¢° bin | 0 1 2 3]
Fy, 0.1627 £0.0513  0.1146 +0.0513 —0.0455 £ 0.0438 —0.0729 £ 0.0371
P, —0.0104 +0.0521  0.0312 4 0.0466 —0.0688 + 0.0455 —0.0588 + 0.0501
P, —0.1186 4+ 0.0450  0.1800 4+ 0.0486  0.1607 #+ 0.0424 —0.1189 + 0.0453
Ps 0.0070 + 0.0464  0.0057 +0.0457  0.0732+£0.0430  0.0277 + 0.0427
P, —0.1508 + 0.0469 —0.0883 +0.0441  0.0285 + 0.0469  0.0173 + 0.0472
P! —0.0920 £ 0.0469  0.0517 4+ 0.0477  0.1364 £ 0.0485  0.0836 + 0.0468
P 0.0032 4 0.0490  0.0932 4+ 0.0462  0.0119 +0.0472 —0.0009 + 0.0471
P} 0.0630 + 0.0504  0.0974 +0.0506  0.0455 + 0.0497  0.0186 =+ 0.0505
Fg 0.1988 +0.0504  0.1761 £ 0.0505 —0.0627 £ 0.0463 —0.0149 £ 0.0468

’ ¢* bin ‘ 4 ) 6 7
Fr —0.0655 + 0.0445 —0.1098 +0.0520  0.0598 + 0.0555  0.0874 =+ 0.0520
P, 0.0226 0.0490  0.0992 4 0.0483  0.1486 £ 0.0502  0.1687 & 0.0516
P, —0.1568 4+ 0.0419  —0.0837 +0.0399 —0.0938 +0.0439 —0.0953 %+ 0.0439
Ps —0.0064 4+ 0.0452  0.0373 +0.0465  0.0388 +0.0451  0.0232 + 0.0450
P, 0.0482 +0.0459  0.0838 +0.0447  0.0977 £0.0432  0.0858 =+ 0.0466
P! 0.1097 +0.0481  0.0342+0.0469  0.1037 £0.0511  0.0043 + 0.0496
P} 0.0535 4+ 0.0489  0.0408 +0.0502  0.0306 + 0.0534  0.0527 + 0.0467
P; 0.0020 +0.0532  0.0267 +£0.0520  0.0488 £ 0.0509 —0.0590 =+ 0.0497
Fy —0.0181 4 0.0484 —0.1464 +0.0527 —0.2973 +0.0488 —0.1788 +0.0477
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Table 105: The widths of pull distribution from toy event studies with P basis observables using
the SM values for the generation of toy events. Other than in the previous toy event studies,
here 4000 events per ¢? bin are generated and fitted. The results are obtained using the 2D+4D
fit method as described in Section with angular folding. Values for F, and P; are obtained
from folding 4.

| ¢* bin | 0 1 2 3|
Py 1.0202 +0.0363 1.0211 £ 0.0363 0.8721 &+ 0.0310 0.8388 =+ 0.0262
P 1.0368 £ 0.0368  0.9268 £ 0.0329  0.9048 4 0.0321  0.9970 =+ 0.0354
P 0.9817 £ 0.0319  1.0600 & 0.0344  0.9246 = 0.0300  0.9877 4 0.0320
P 1.0120 £ 0.0328  0.9951 £ 0.0323  0.9370 4 0.0304  0.9305 = 0.0302
P; 1.0232 +£0.0332  0.9603 £ 0.0312  1.0225 4 0.0332  1.0287 + 0.0334
P! 0.9640 & 0.0331  0.9809 & 0.0337  0.9979 £ 0.0343  0.9629 & 0.0331
P 0.9756 & 0.0346  0.9213 £ 0.0327 0.9412 £ 0.0334  0.9387 & 0.0333
P; 1.0022 +0.0356  1.0067 £ 0.0358  0.9898 4= 0.0352  1.0042 + 0.0357
Fs 1.0028 +0.0357 1.0042 £ 0.0357 0.9214 £ 0.0327 0.9321 + 0.0331
| ¢° bin | 4 5 6 7]
Fy 0.8864 & 0.0315 1.0339 +0.0367 1.1034 £ 0.0392 1.0341 & 0.0368
P 0.9761 +0.0347  0.9607 & 0.0341 0.9999 + 0.0355 1.0260 == 0.0365
P 0.9129 £ 0.0296  0.8687 +0.0282 0.9573 £ 0.0311  0.9578 & 0.0311
P 0.9861 & 0.0320 1.0132 +0.0329 0.9829 £ 0.0319 0.9811 4 0.0318
P 1.0000 #+ 0.0324  0.9750 £ 0.0316  0.9406 & 0.0305 1.0150 + 0.0329
P! 0.9892 & 0.0340  0.9639 +0.0331 1.0516 £ 0.0362  1.0208 4 0.0351
P} 0.9753 +0.0346  1.0004 £ 0.0355 1.0636 4= 0.0378  0.9303 = 0.0330
P; 1.0581 +0.0376  1.0356 £ 0.0368 1.0136 & 0.0360  0.9889 + 0.0351
Fs 0.9632 & 0.0342 1.0481 +0.0373 0.9711 £ 0.0346  0.9495 & 0.0338
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Table 106: Mean values of the residual distributions from toy event studies with P basis
observables using the SM values for the generation of toy events. Other than in the previous toy
event studies, here 4000 events per g2 bin are generated and fitted. The results are obtained
using the 2D+4D fit method as described in Section with angular folding. Values for Fj, and
P are obtained from folding 4. This table shows that the observed bias in the mean position
observed in Table results in a negligible small bias for all observables, as discussed in the

text.

| ¢° bin | 0 1 2 3
Fr 0.0137 +£0.0009  0.0080 & 0.0017 —0.0040 4 0.0020 —0.0040 4 0.0014
P —0.0007 +0.0035  0.0090 + 0.0155 —0.0587 +0.0242 —0.0222 + 0.0151
P, —0.0025 4+ 0.0010  0.0016 = 0.0048 —0.0017 + 0.0061 —0.0045 + 0.0032
P; 0.0003 +£0.0015  0.001240.0072  0.02154+0.0111  0.0027 & 0.0063
P; —0.0095 4+ 0.0029 —0.0394 4+ 0.0051 —0.0003 + 0.0068 —0.0001 % 0.0049
P} —0.00454+0.0024  0.0074 4+ 0.0048  0.0206 + 0.0066  0.0041 % 0.0050
P} 0.0002 +0.0025  0.0092 4+ 0.0047  0.0012 4 0.0063  0.0001 4 0.0047
P} 0.0039 +0.0031  0.0107 +0.0060  0.0060 & 0.0075  0.0022 4 0.0053
Fg 0.0082 +0.0005  0.0038 +0.0011 —0.0015 4 0.0011 —0.0003 & 0.0010

| ¢* bin | 4 5 6 7
Fr —0.0043 +0.0013 —0.0018 +0.0011  0.0027 +0.0009  0.0032 % 0.0009
P 0.0023 4+ 0.0088  0.0097 4+ 0.0052  0.0109 4 0.0039  0.0278 4 0.0040
P, —0.0049 +0.0018 —0.0042 4+ 0.0010 —0.0046 #+ 0.0007 —0.0068 =+ 0.0008
P; —0.0003 +0.0040  0.0019 4+ 0.0024  0.0013 +0.0016  0.0008 =+ 0.0017
P} 0.0038 +0.0036  0.0053 +0.0028  0.0102 4 0.0022  0.0204 + 0.0025
P! 0.0147 +£0.0037  0.01394+0.0030  0.01434+0.0025  0.0199 4 0.0025
P} 0.0044 +0.0037  0.0027 +0.0032  0.0016 4 0.0028  0.0029 + 0.0026
P} —0.0001 +0.0042  0.0016 +0.0035  0.0026 + 0.0029 —0.0035 + 0.0029
Fg —0.0004 4+ 0.0009 —0.0037 +0.0013 —0.0111 +0.0008 —0.0080 %+ 0.0007
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1920
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A.15 Toy studies in two larger bins fit configuration as in the
final fit

The two larger bins (see Section are evaluated in toy studies in the same way
as the nominal binning scheme. Again, the biases observed for the toy studies with
Standard Model values (as shown in Table for S and P observables) are assigned to
the systematic uncertainty due to the S-wave fraction, F5. Biases in the fit with final
fit results as start values (see Table are assigned to the general bias systematic
uncertainty. The systematic uncertainties are listed in Appendix

Table 107: Mean values of the pull distributions from toy event studies with S (left) and P
(right) basis observables using the SM values for the generation of toy events in the two extra
large g2 bins of [1.1 — 6.0] GeV?/c? and [15.0 — 19.0] GeV?/c2. The results are obtained using the
2D+4D fit method as described in Section with angular folding. Values for Sy, S3, Fr and
P are obtained from folding 4.

| ¢* bin | [1.1-6.0] [15.0-19.0] |
S 0.0944 +0.0288  0.0083 £ 0.0329
Ss —0.01194+0.0321  0.0947 + 0.0319
Sy —0.0813 4+ 0.0315 —0.0838 + 0.0326
Ss 0.1105 4+ 0.0313  0.2415 4 0.0315
Ses 0.0428 +0.0311  0.1014 = 0.0322
S; —0.0269 4 0.0318  —0.0846 =+ 0.0321
Sg 0.0550 4+ 0.0325  —0.0400 & 0.0314
So 0.0235 4+ 0.0308 —0.0247 £ 0.0306

| ¢* bin | [1.1-6.0] [15.0-19.0] |
Fr —0.1430 4 0.0288  —0.0732 =+ 0.0329
P 0.0583 +0.0321  0.1096 & 0.0319
P —0.0364 4+ 0.0315  0.0880 + 0.0326
P 0.0102 4+ 0.0313  0.0036 & 0.0315
P —0.1642 4+ 0.0311  —0.0775 + 0.0322
P! 0.0261 +0.0318  0.1471 4 0.0321
P} 0.0164 4+ 0.0325 —0.0844 + 0.0314
P; 0.0078 + 0.0308 —0.0261 £ 0.0306
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Table 108: The widths of the pull distributions from toy event studies with S (left) and P (right)
basis observables using the SM values for the generation of toy events in the two extra large ¢?
bins of [1.1 — 6.0] GeV?/c? and [15.0 — 19.0] GeV?/c2. The results are obtained using the 2D-+4D
fit method as described in Section with angular folding. Values for Sis, S3, Fr, and P; are

obtained from folding 4.

| ¢° bin | [1.1-6.0] [15.0-19.0] |
Sis 0.9110 4+ 0.0204 1.0408 =+ 0.0233
Ss 1.0137 4 0.0227 1.0093 £ 0.0226
Sy 0.9957 4+ 0.0223  1.0299 + 0.0230
Ss 0.9898 +0.0221  0.9950 + 0.0223
Ses 0.9831 4+ 0.0220 1.0194 =+ 0.0228
S; 1.0048 4 0.0225 1.0152 + 0.0227
Ss 1.0263 £ 0.0230  0.9923 + 0.0222
So 0.9736 £ 0.0218  0.9670 4 0.0216

| ¢° bin | [1.1-6.0] [15.0-19.0] |
Fr 0.8698 +0.0204 1.1244 + 0.0233
P 0.8999 4+ 0.0227  1.0030 + 0.0226
P, 0.9060 + 0.0223  0.9655 4 0.0230
P 0.8263 4+ 0.0221  0.9908 + 0.0223
P, 0.9698 4+ 0.0220 1.0749 + 0.0228
P! 0.9512 4+ 0.0225 1.0219 £ 0.0227
P; 0.9441 4+ 0.0230  0.9768 =+ 0.0222
P; 0.9670 + 0.0218  1.0479 + 0.0216
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Table 109: Mean values of the pull distributions from toy event studies with S (left) and P
(right) basis observables using theoretically predicted values for a new physics scenario of a
Wilson coefficient Cg = —1 for the generation of toy events in the two extra large ¢ bins of
[1.1 — 6.0] GeV?/c? and [15.0 — 19.0] GeV?/c%. The results are obtained using the 2D+4D fit
method as described in Section with angular folding. Values for Sy, S3, I, and P; are

obtained from folding 4.

| ¢* bin | [1.1-6.0] [15.0-19.0] |
S 0.1122 +£0.0291 —0.0453 & 0.0327
Ss 0.0095 £ 0.0311  0.1036 4 0.0316
Sy —0.0861 +0.0307 —0.0588 & 0.0351
Ss 0.0813+0.0322  0.1714 4 0.0318
Ses 0.0055 £ 0.0323  0.1535 4 0.0316
Sy —0.0047 £0.0325 —0.0519 & 0.0317
Sg —0.0087 £ 0.0318  —0.0050 £ 0.0324
So —0.0290 £ 0.0315  0.0468 4 0.0324

| ¢* bin | [1.1-6.0] [15.0-19.0] |
Fr —0.1721 £0.0269 —0.0468 4 0.0343
P —0.0387 £0.0285  0.1407 4 0.0313
P —0.0888 £0.0296  0.0413 4 0.0313
P —0.0056 +0.0285  0.0271 4 0.0316
P —0.1760 £ 0.0305 —0.0958 4 0.0336
P! 0.1267 +0.0309  0.1819 £ 0.0325
P} —0.0220 £ 0.0298  —0.0416 4 0.0306
P; 0.0190 £ 0.0305  0.0264 4 0.0323
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Table 110: The widths of the pull distributions from toy event studies with S (left) and P
(right) basis observables using theoretically predicted values for a new physics scenario of a
Wilson coefficient Cg = —1 for the generation of toy events in the two extra large ¢ bins of
[1.1 — 6.0] GeV?/c? and [15.0 — 19.0] GeV?/c%. The results are obtained using the 2D+4D fit
method as described in Section with angular folding. Values for Sy, S3, I, and P; are

obtained from folding 4.

| ¢* bin | [1.1-6.0] [15.0-19.0] |
S1s 0.9207 + 0.0206 1.0345 =+ 0.0231
Sy 0.9826 + 0.0220  0.9994 + 0.0223
S, 0.9706 + 0.0217 1.1092 + 0.0248
S 1.0189 £ 0.0228  1.0059 + 0.0225
Ses 1.0207 £+ 0.0228  1.0001 + 0.0224
Sy 1.0292 4+ 0.0230  1.0024 + 0.0224
Ss 1.0049 + 0.0225 1.0251 =+ 0.0229
Sy 0.9973 +0.0223  1.0231 + 0.0229

| ¢* bin | [1.1-6.0] [15.0-19.0] |
Fy 0.8520 + 0.0191 1.0852 + 0.0243
P, 0.9017 £+ 0.0202 0.9912 + 0.0222
P, 0.9350 + 0.0209  0.9899 + 0.0221
P; 0.9013 + 0.0202  0.9991 + 0.0223
P, 0.9632 +0.0215 1.0624 + 0.0238
P! 0.9763 £+ 0.0218  1.0292 + 0.0230
P} 0.9405 4+ 0.0210  0.9688 + 0.0217
P; 0.9631 £+ 0.0215 1.0202 + 0.0228
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Table 111: Mean values of the pull distributions from toy event studies with S (left) and P
(right) basis observables using the final fit values for the generation of toy events in the two
extra large ¢ bins of [1.1 — 6.0] GeV%/c? and [15.0 — 19.0] GeV?/c%. The results are obtained
using the 2D+4D fit method as described in Section with angular folding. Values for Sis, S3,

Fr and P; are obtained from folding 4.

| ¢* bin | [1.1-6.0] [15.0-19.0] |
S 0.0183 +0.0316  0.0463 £ 0.0334
Sy —0.0001 4+ 0.0327  0.1884 =+ 0.0304
Sy —0.0720 + 0.0333  0.6249 £ 0.0314
Ss 0.0950 +0.0310 —0.0141 £ 0.0317
Ses 0.0203 +0.0315  —0.6517 4 0.0342
S; 0.0357 4+ 0.0305 —0.0289 £ 0.0303
Sg 0.0335 4 0.0326  0.0323 4 0.0319
So 0.0127 +0.0314 —0.0684 + 0.0323

| ¢° bin | [1.1-6.0] [15.0-19.0] |
Fr —0.1046 4 0.0285 —0.0310 =+ 0.0350
Py 0.0486 +0.0302  0.1639 & 0.0307
P 0.0496 + 0.0296 —0.5625 4 0.0313
P —0.0014 4+ 0.0303  0.0330 + 0.0320
P —0.0793 +0.0317  0.4867 £ 0.0327
P! 0.0253 4+ 0.0307 —0.0391 £ 0.0328
P; 0.0202 +0.0312 —0.0819 £ 0.0315
P; —0.0308 + 0.0327  0.0264 + 0.0332
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Table 112: The widths of the pull distributions from toy event studies with S (left) and P (right)
basis observables using the final fit for the generation of toy events in the two extra large ¢?
bins of [1.1 — 6.0] GeV?/c? and [15.0 — 19.0] GeV?/c2. The results are obtained using the 2D-+4D
fit method as described in Section with angular folding. Values for Sis, S3, Fr, and P; are

obtained from folding 4.

| ¢° bin | [1.1-6.0] [15.0-19.0] |
Sis 0.9977 +0.0223  1.0556 + 0.0236
Ss 1.0344 4+ 0.0231  0.9616 + 0.0215
Sy 1.0542 4 0.0236  0.9926 + 0.0222
Ss 0.9815 4 0.0219  1.0029 =+ 0.0224
Sés 0.9965 4+ 0.0223  1.0821 =+ 0.0242
Sy 0.9643 & 0.0216  0.9592 4 0.0214
Ss 1.0302 £ 0.0230  1.0085 + 0.0226
So 0.9934 +0.0222  1.0209 + 0.0228

| ¢° bin | [1.1-6.0] [15.0-19.0] |
Fr 0.9006 & 0.0201  1.1067 4 0.0248
P 0.9553 +0.0214  0.9700 £ 0.0217
P, 0.9363 & 0.0209  0.9893 4 0.0221
P 0.9587 +0.0214 1.0113 + 0.0226
P, 1.0037 4 0.0224 1.0327 + 0.0231
P! 0.9695 + 0.0217  1.0365 4 0.0232
P; 0.9863 4+ 0.0221  0.9949 + 0.0222
P; 1.0343 +0.0231  1.0490 + 0.0235
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w2 A.16  Method of moments result tables for signal MC

1023 In addition to the plots in Fig. [67], all numbers for the Method of Moments comparison
124 with the likelihood fit for signal channel MC events are given in the following two tables,

125 Tables m and lml

Table 113: Comparison of Method of Moments and the likelihood fit for the first 4 angular
observables in all 8 ¢2 bins for signal channel MC. No S-wave is included in neither method nor
data and the events are signal only without background pollution. The results are plotted in

Fig.
S1is fit MoM GenLvl
0.1, 1. 0} 0.509 + 0.011 0.510 £+ 0.007 0.512 4+ 0.002
1.1,2.5] 0.189 &+ 0.008 0.172 4 0.008 0.180 4 0.002
2.5,4.0] 0.136 4 0.005 0.114 4 0.008 0.137 4 0.002
]

[
[
[
[4.0,6.0 0.182 £ 0.004 0.177 £ 0.006 0.193 £ 0.002
6.0, 8.0] 0.257 £+ 0.004 0.254 £ 0.006 0.275 £ 0.002
[11.0,12.5] 0.389 £ 0.004 0.379 £ 0.006 0.417 £ 0.002
[15.0,17.0] 0.474 £ 0.004 0.467 £ 0.005 0.484 £ 0.002
[17.0,19.0] 0.482 £ 0.005 0.478 £ 0.007 0.503 £ 0.002

S3 fit MoM GenLvl

0.1,1.0] 0.052 £ 0.009 0.052 £0.009 —0.000 £ 0.004
1.1,2.5] —0.002 £ 0.008 —0.009 £ 0.010 0.002 £ 0.004
2.5,4.0] —0.006 +0.007 —0.004 £0.010 —0.008 £ 0.004
4.0,6.0] —0.014 £0.006 —0.013+£0.008 —0.012 =+ 0.003
6.0,8.0] —0.029 £ 0.006 —0.024 £0.008 —0.024 £ 0.003

11.0,12.5]  —0.053 £0.005 —0.058 £0.009 —0.062 £ 0.003
15.0,17.0] —0.143+£0.006 —0.141+0.009 —0.152+0.003
17.0,19.0] —0.222 £0.007 —0.215+0.012 —0.233 &+ 0.004

Sy fit MoM GenLvl
0.1,1.0] 0.067 £ 0.022 0.070 £ 0.014 0.087 + 0.004
1.1,2.5] 0.051 4+0.023 0.010 £ 0.017 0.004 + 0.005
2.5,4.0] —0.102 +£0.012 —0.084 +0.016 —0.108 0.005
4.0,6.0] —0.183 £0.008 —0.1834+0.012 —0.195 4 0.004

11.0,12.5] —0.268 £0.005 —0.277 £0.010 —0.277 4+ 0.003
15.0,17.0] —0.292 £0.005 —0.294 +0.009 —0.290 £ 0.003
17.0,19.00 —0.301 £0.007 —0.301 £0.013 —0.304 &+ 0.003

Sx fit MoM GenLvl

[
[
%
6.0,8.0]  —0.249+0.006 —0.246£0.010 —0.251 £ 0.003
[
[
[

0.1,1.0] 0.273 £0.014 0.275 £ 0.010 0.244 £ 0.004
1.1,2.5] 0.069 = 0.019 0.082 £0.015 0.095 £ 0.005
2.5,4.0] —0.155 +0.011 —0.160 £0.015 —0.159 £ 0.005
4.0,6.0] —0.308 £0.008 —0.300+£0.012 —0.305 £ 0.004

11.0,12.5] —0.445+0.006 —0.455+0.009 —0.421 4+ 0.003
15.0,17.0] —0.345+£0.006 —0.338£0.008 —0.340 £ 0.003

[
[
[
[
[6.0, 8.0] —0.413 +0.006 —0.4124+0.010 —0.414 4+0.003
[
[
[17.0,19.0] —0.252£0.008 —0.252+0.011 —0.249 +0.003
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Table 114: Comparison of Method of Moments and the likelihood fit for the last 4 angular
observables in all 8 ¢? bins for signal channel MC. No S-wave is included in neither method nor
data and the events are signal only without background pollution. The results are plotted in

Fig. [67}

S6s fit MoM GenLvl
0.1,1.0 —0.107+0.020 —0.095+0.019 —0.127 £ 0.004

}
1.1,2.5] —0.220+0.015 —0.233£0.013 —0.207 £ 0.003
2.5,4.0] —0.090 £ 0.008 —0.080+£0.011 —0.086 £ 0.003
] 0.088 £ 0.006 0.100 £ 0.008 0.095 £ 0.003
6.0,8.0] 0.293 £ 0.005 0.287 £ 0.008 0.302 £ 0.003

11.0,12.5] 0.489 £ 0.006 0.481 £ 0.008 0.514 £ 0.003
15.0,17.0] 0.551 £ 0.005 0.558 £+ 0.009 0.557 £ 0.003
17.0,19.0 0.451 £ 0.009 0.467 £ 0.012 0.470 £ 0.004

S~ fit MoM GenLvl

[
[
[
[4.0,6.0
[
[
[
[

0.1,1.0] —0.000 £ 0.013 0.003 £0.010 —0.006 £ 0.004
1.1,2.5] 0.044 £ 0.023 0.035£0.014 —0.010 £ 0.005
2.5,4.0] 0.006 £ 0.012 0.012£0.015 —0.003 £ 0.005
4.0,6.0] 0.010 = 0.009 0.008 £ 0.012 0.002 £ 0.004

11.0, 12.5) 0.008 £ 0.008 0.015£0.010 —0.002 £ 0.004
15.0,17.0] —0.017 £0.008 —0.014 £0.010 —0.002 £ 0.004
17.0,19.0] 0.019 £0.011 0.013 £0.013 0.005 £ 0.005

Sg fit MoM GenLvl

[
[
[
[
6.0,8.0]  —0.006+0.008 —0.011+0.011  0.003 % 0.004
[
[
[

0.1,1.0] 0.016 = 0.020 0.008 £0.013 0.001 £ 0.004
1.1,2.5] 0.007 £ 0.028 0.007 £0.017  —0.003 £ 0.005
2.5,4.0] —0.018 £0.012 —0.020£0.016 —0.004 £ 0.005

] 0.005 £ 0.010 0.008 £0.012 —0.003 £ 0.004
6.0,8.0] —0.012+£0.008 —0.031 £0.011 —0.001 £ 0.004

11.0, 12.5) 0.003 £ 0.008 0.007 £0.010 0.003 £ 0.004
15.0,17.0] 0.009 £0.008 —0.000£0.010 —0.001 &= 0.004

[
[
[
[4.0,6.0
[
[
[
[17.0,19.0]  0.012+0.011  0.012+0.014  0.003 % 0.005

Sy fit MoM GenLvl
0.1,1.0] —0.021 +£0.009 —0.022 +0.009 —0.002 £ 0.004
1.1,2.5] 0.005 £+ 0.008 —0.003 £+ 0.010 0.000 £ 0.004
2.5,4.0] —0.001 + 0.007 0.004 £ 0.010 0.002 £ 0.004

]

[
[
[
[4.0,6.0 —0.007 £0.006 —0.024 £ 0.008 0.004 £ 0.003
6.0, 8.0] 0.005 £ 0.006 0.003 £0.008 —0.002 £ 0.003
[11.0,12.5] —0.003 £0.006 —0.003 +0.009 —0.001 + 0.003
[15.0,17.0] 0.009 £ 0.006 0.007 £0.009 —0.001 £ 0.003
[17.0,19.0] 0.002 £ 0.010 0.005 £ 0.012 0.001 £ 0.005
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A.17 Correlation matrices for 2D mass fits

The fit in the two mass dimensions of the invariant masses of B* and K** are used to
obtain the S-wave fraction, Fg. To prevent biases in the double usage of the the data, the
correlation between Fg and other parameters have to be considered. A potential large
correlation should be fed into the consecutive 4D fit to not introduce biases or warps in
the statistical uncertainty determination. In Table the correlation matrices for the
three bins are given.

Fg has significant correlations with the width of the K** mass shape, I'. However, any
K** related parameters are not present in the 4D fit to the B' mass and the angular
distributions. Other than that, the correlation of Fg to the signal fraction (or here Ny,
and Ny, ) as well as the background parameter, \,,, are at an acceptable level, given that
both the signal fraction and the background parameter are free to float in the 4D fit.

Table 115: Correlation matrices for all three large bins, which are used to determine the S-wave
fraction Fg.

[1.1—8.0] Fs Ny Nyy m(BY) A DK m(K*F) oy, (mix)
Fy 1.000 0.052 0.012 -0.034
Niig 1.000 -0.007 -0.011 0.007
Nigg 1.000  0.004 0.007 -0.004
m(B™) 1.000 -0.032  -0.028  -0.015 0.007
Am 1.000  0.011  -0.004 0.002
I'(K*) 1.000 = -0.058 0.049
m(K*T) 1.000 -0.101
Chrg (MEr) 1.000
[11.0 — 12.5] Fs Ny,  Ngy m(BY) A D(K*Y) m(K*Y) e (mgcr)
Fs 1.000 0.072 -0.077
Niig 1.000 0.028 -0.040
Nigg 1.000  -0.024 0.034
m(B™) 1.000 -0.018 -0.011  -0.072 0.012
Am 1.000  -0.013  -0.002 -0.026
T(K*) 1.000 [NOISS6N 0.013
m(K*+) 1.000 -0.088
Chpg (M) 1.000
[15.0 — 19.0] Fs Ny, Ny m(B") A D) m(K*Y) ol (mgcr)
Fs 1.000 | 0.118 0.020  0.103 -0.092
Niig 1.000 0.037 0.018  -0.014 -0.050
Nigg 1.000 = -0.038 -0.019  0.014 0.052
m(B™) 1.000  0.006  0.008  -0.013 -0.004
Am 1.000  0.017  -0.011 -0.044
I(K*T) 1.000 [NOREGH 0.027
m(K*F) 1.000 -0.086
Chrg (M) 1.000
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Figure 168: Distribution of the correlation between Fg and fy;, that arise from the 2D mass
fit toy studies (see Section 4.4.5)). No correlation was specifically generated with the toy event
creation. For more details on why this result on the correlations is important, see text.

The correlation between the S-wave fraction Fg and the signal fraction fg;, (or Nyig/Nokg

in Table might potentially be a cause for biases, as the correlations are not passed
from the 2D mass fits to the 4D angular fits (see Section . However, the toys of the
final fit configuration (see Section cover this potential issue, because the studies
also miss passing on any correlation from the 2D to the 4D fit.
As it turns out, the correlations between Fg and fy, in the toy studies of the pure
2D fit (see Section [4.4.5)), show very similar correlations as Table even though no
correlation was specifically generated with the generation of the toy samples. The resulting
distribution of the correlations for all eight ¢* bins along with their mean values can be
seen in Fig. [168 We therefore conclude, that the lack of correlation transport between
the 2D and 4D fit are tested by the toy studies and clearly do not impact the results of
the angular observables.

A.18 Correlation matrices of the fits to the reference channel

In addition to the mean values and statistical uncertainties from the fits to the reference
channel in Table 26] the correlation matrices from these fits are given in Tables to[121]
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Table 116: Correlation matrix of the full angular fit to the reference channel.

S1s S3 Sy

Ss Ses S7 Ss

1.000 0.001 -0.011
1.000 -0.095
1.000

-0.007  -0.003  0.000  -0.002
-0.002  0.000 -0.002  0.028
-0.004  -0.012  -0.002  -0.055
1.000 |JEONGEY -0.058 -0.001
1.000 = -0.046  -0.007

1.000  -0.008

1.000

Sg Fs Ss1 Ss2 Sss Ss4 Sss
-0.034 0.033  0.010 -0.008  0.001  -0.056
-0.000  -0.002 -0.015  0.005 -0.021  0.001  0.041
0.004 EBESEN 0016 -0.059 0.009  0.003 -0.023
0.001  -0.006  0.008  0.005 = -0.078 -0.003  0.003
0.002 -0.004  0.001 -0.003  0.008 -0.060 -0.001
-0.009  0.003 -0.005  0.004 -0.014 -0.053  -0.002
-0.085  -0.046  -0.037 -0.016  0.004 -0.002  -0.046
1.000 |JEOSGON -0.011 -0.045 -0.005  0.006  -0.007

1.000  -0.004 -0.002  -0.006 -0.002  0.003
1.000 [SOFMEON -0.006  0.001  -0.042

1.000  -0.011  -0.000 ' -0.072

1.000 [=0:100 -0.000

1.000 ~ -0.009

1.000

Table 117: Correlation matrix of the fit to the reference channel using folding 0.

S1s Sy Ses So
S1s 1.000 0.004 -0.002 -0.031
S3 1.000 0.001 -0.001
Ses 1.000 0.001
So 1.000
Fs
Ss1

Fs

-0.000
-0.006

1.000

Ss1
0.033
-0.014
0.000
-0.010
-0.006
1.000

Table 118: Correlation matrix of the fit to the reference channel using folding 1.

Sls 53 54

Sls
Sy
Sy
Fs
Ss1
Sso

1.000 = -0.091

Fg

1.000

1.000  0.001 -0.011 [JSIBEEN 0.031

-0.000

1.000 NS -0.012

Ss1 Ss2

0.013

-0.016 0.009

-0.049

-0.005 -0.002
1.000

1.000
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Table 119: Correlation matrix of the fit to the reference channel using folding 2.

Sts S S5 Fy Ss1 Ss3
Sis | 1.000 0.004 -0.004 [SEBREY 0.032 -0.005
S 1.000  -0.004  0.000 -0.014 -0.021
Ss 1.000  -0.006  0.006 -0.067
Fg 1.000  -0.006  -0.004
Ss1 1.000 ~ -0.005
Sss 1.000

Table 120: Correlation matrix of the fit to the reference channel using folding 3.

S1s S3 S7 Fs Ss1 Ss4
Sis | 1.000 0.004 0.001 [SEEEN 0.032 0.002
S 1.000  -0.004  0.003 -0.014 -0.003
Sq 1.000  0.003 -0.004 -0.044
Fg 1.000  -0.005  0.001
Ss1 1.000  0.001
Ss4 1.000

Table 121: Correlation matrix of the fit to the reference channel using folding 4.

Sts S Sg Fs Ss4
Sis | 1.000 0.003 -0.001 [JSIEEEN 0.003 |
Sy 1.000  0.022  0.000 -0.003
Ss 1.000 = -0.047 -0.002
Fs 1.000  0.001
Ssi 1.000
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A.19 Correlation matrices from the validation of the bootstrap-
ping method

To validate the BOOTSTRAPPING method to extract the correlation matrix, seven samples
of each 8000 toy events have been used to compare the correlation matrix from the full
angular fitter and the BOOTSTRAPPING method. More details are given in Section [4.9.1]
In the following, the seven pairs of correlation matrices are given in Tables to [128

Table 122: Correlation matrix obtained from the full angular fit (top) and the BOOTSTRAPPING
method (bottom) of toy sample #1.

bin 0 Sls 83 84 85 Sﬁs 57 Sg Sg
Sts 1.000 —0.002 0.044 —-0.018 —-0.054 —0.047 —-0.037 —0.018
Ss 1.000  0.020 0.112 0.036 0.019 0.018 0.006
Sy 1.000 0.074 0.098 —0.007 —0.029 —0.009
Ss 1.000 —-0.002 —0.066 —0.004 —0.050
Sés 1.000 —0.012 —0.036 —0.001
Sz 1.000 = —0.063 0.127
Ss 1.000 0.035
So 1.000
bin 0 Sls 53 S4 S5 Sﬁs S7 Sg Sg
Sis 1.000 ~ 0.006 0.019 0.021 —-0.041 —-0.032 —-0.026 —0.028
Ss 1.000 ~ 0.060 0.081 —0.038 0.002 —0.018 —0.042
Sy 1.000  —0.053 0.041 —-0.030 —0.041 —0.052
Ss 1.000 —0.078 —0.034 —0.053 0.011
Segs 1.000  —0.007 0.081 —0.062
Sy 1.000 = —0.160 0.121
Ss 1.000 =~ —0.013
So 1.000
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Table 123: Correlation matrix obtained from the full angular fit (top) and the BOOTSTRAPPING

method (bottom) of toy sample #2.

bin 0 Sts Ss Sy Ss Ses S7 Ss So
Sts 1.000 0.097 0.207 0.178 —-0.170 —-0.002 —0.014 0.031
Ss 1.000  0.156  0.229 —0.003 0.019 0.009 0.042
Sy 1.000 © 0.231 0.063 —0.003 —0.044 0.025
Ss 1.000 ~ —0.026 —0.037 0.005 0.045
Sés 1.000 —0.010 —0.007 —0.032
Sy 1.000 ~ —0.102 0.130
Ss 1.000 0.101
So 1.000
bin 0 Sls 53 S4 55 Sﬁs S7 Sg Sg
S1s 1.000  0.090 0.009 -0.079 —-0.045 —0.085 —0.081 —0.003
Ss 1.000  0.062 0.170 —0.055 0.040 —0.040 0.056
Sy 1.000 0.016 0.092 —0.097 0.004 —0.083
Ss 1.000 0.033 —0.037 —0.026 0.007
Ses 1.000 = —0.030 0.073  —0.069
S7 1.000  —0.118 0.173
Ss 1.000  —0.000
So 1.000

Table 124: Correlation matrix obtained from the full angular fit (top) and the BOOTSTRAPPING

method (bottom) of toy sample #3.

bin 0 Sls 53 S4 55 S6s S7 Sg Sg
Sis | 1.000 0.025 0.142 [0:382  =0:318° —0.029 —0.076  0.081
Ss 1.000  0.093 0.171 —0.026  0.036  0.045  0.021
S 1.000  0.100  0.086  0.005  0.021 —0.013
Ss 1.000 | =0.229 —0.024 —0.137  0.078
Ses 1.000  —0.001  0.024 —0.043
Sq 1.000 = =0.155  0.185
Ss 1.000  0.042
S 1.000
bin 0 [ S, Sy Sy Ss S Sq Ss Sy
Sis | 1.000 0.004  0.047 —0.027 —0.130  0.029  0.002  0.148
Ss 1.000  —0.024  0.047 —0.009  0.032  0.049  0.045
Sy 1.000  —0.047 0229 —0.078  0.059  0.013
Ss 1000 0.004 —0.077 —0.185 —0.096
Ses 1.000  —0.054  0.168 —0.030
Sq 1.000 = —0.148  0.103
Ss 1.000  0.130
S 1.000
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Table 125: Correlation matrix obtained from the full angular fit (top) and the BOOTSTRAPPING
method (bottom) of toy sample #4.

bin 0 Sts Ss S Ss Sés S7 Ss Sy
Sts 1.000 —0.018 0.193 0.244 0.019 —-0.053 —0.101
Ss 1.000  0.055 0.083 0.035 —0.013 0.021 0.018
Sy 1.000  0.128 —0.031 0.049 —-0.041 —0.100
Ss 1.000 = —0.199 0.040 —-0.059 —0.100
Ses 1.000 ~ —0.057 0.003 0.081
Sy 1.000 = —0.145 0.105
S 1.000 0.103
So 1.000
bin 0 Sls 53 S4 S5 565 S7 Sg Sg
S1s 1.000 —-0.030 —-0.014 -0.079 —-0.183 —0.102 —0.005 —0.034
Ss 1.000 0.059 0.029 0.037 —0.031 0.096 0.021
Sy 1.000 0.052 —0.021 —-0.085 —0.022 —0.024
Ss 1.000 0.100 0.103 —0.069 —0.078
Sés 1.000 = —0.025 0.034 0.026
Sy 1.000  —0.021 0.025
Ss 1.000 0.093
So 1.000

Table 126: Correlation matrix obtained from the full angular fit (top) and the BOOTSTRAPPING
method (bottom) of toy sample #5.

bin 0 Sls 53 S4 55 S6s S7 Sg Sg
Sis 1.000 0.027 0.099 0.127  —=0.233 —-0.020 —0.026 0.026
Ss 1.000 0.065 0.143 —0.009 0.020 —0.002 —0.001
Sy 1.000 = 0.054 0.083 —0.022 0.003 0.006
Ss 1.000 —-0.114 —-0.070 —0.013 0.019
Sés 1.000 0.027 0.024 —0.012
Sy 1.000 =~ —0.100 0.157
Ss 1.000 0.110
Sy 1.000
bin 0 Sts Ss Sy Ss Sés Sz Sg Sy
Sts 1.000 0.038 —0.030 0.005 —0.064 0.029 —0.005 0.013
S3 1.000 0.085 —0.022 0.002 0.032 —0.060 —0.010
Sy 1.000 = —0.052 0.033 —0.079 —0.033 —0.056
Ss 1.000 =~ —=0.076  —0.050 0.050 —0.048
Sés 1.000 = —0.077 0.016 0.031
Sy 1.000 F —0.270 0.163
Ss 1.000 0.055
So 1.000
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Table 127: Correlation matrix obtained from the full angular fit (top) and the BOOTSTRAPPING
method (bottom) of toy sample #6.

bin 0 Sts Ss Si Ss Sés S7 Ss Sy
Sts 1.000 0.005 0.064 —0.005 —0.184 —0.006 —0.030 —0.001
Ss 1.000  0.064 0.128 0.001 0.009 0.010 —0.009
Sy 1.000 ~ —0.000 0.088 0.008 —0.003 —0.048
Ss 1.000 —=0.071 —-0.061 —0.023 —0.028
Ses 1.000  —0.020 0.015 0.057
Sy 1.000 = —0.097 0.124
S 1.000 0.038
So 1.000
bin 0 Sls 53 S4 55 Sﬁs S7 Sg Sg
S1s 1.000 0.044 0.135 —0.046 —0.012 0.070 —0.029 0.010
Ss 1.000  0.033 0.133 0.005 —-0.021 —-0.011 —-0.002
Sy 1.000 0.010 —0.045 0.032 —0.039 —0.033
Ss 1.000 0.070 —0.140 —0.046 —0.034
Ses 1.000 = —0.062 0.032 0.039
S7 1.000 ~ —0.099 0.103
Ss 1.000  —0.022
So 1.000

Table 128: Correlation matrix obtained from the full angular fit (top) and the BOOTSTRAPPING
method (bottom) of toy sample #7.

bin 0 Sls 53 S4 55 S@S S7 Sg Sg
Sis | 1.000 0.029 —0.011 —0.111 —0.112 —0.088 —0.038  0.022
Ss 1000 0.015 0209 —0.008  0.006 —0.039  0.006
Sy 1.000  —0.099  0.143 —0.056 —0.017  0.050
Ss 1.000  —=0.120  0.055  0.147 —0.031
Ses 1.000  0.032 —0.065  0.003
Sq 1.000  —0.007  0.102
Ss 1.000  —0.020
S 1.000
bin 0] S, Sy Sy Ss Ses Sq Ss Sy
Sis | 1000 0.048 0.239 0.294 —0.132 [ =0:313] —0.126  0.076
Ss 1.000  0.044 0.170 —0.045 —0.007 —0.035 —0.050
Sy 1.000 0171 —0.024 —0.135 —0.126  0.085
Ss 1.000  —0.146 —0.217 —0.029 —0.010
Ses 1.000  0.144 —0.012 —0.031
Sq 1.000  —0.077  0.105
Ss 1.000 = —0.105
S 1.000
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A.20 Fitting the reference channel with a forced symmetric ac-
ceptance in cosfy,
The forced symmetry in the acceptance correction coefficients for cos 6, has been tested

on a fit to the reference channel. Results are presented in the Table 129

Table 129: Results to the reference channel when using a forced symmetry in the acceptance of
cos 0,

’ observable \ value ‘
Sts 0.318 £ 0.002
S —0.003 £ 0.003
Sy —0.266 £ 0.003
Ss —0.003 £ 0.003
Sés 0.000 £ 0.002
Sr —0.001 £ 0.003
Sg —0.060 £ 0.003
S —0.082 £ 0.003

A.21 Systematic studies for angular observables in Px(/) basis

Identical to the different sections in Section all studies on systematic uncertainties are
repeated for the angular observables in the Py’ basis. In the following, the resulting tables
are given with a reference to the section discussing the systematic study in the S basis.

Table 130: The width of the result distributions for all parameters due to fluctuating the
PHSP MC weights for angular acceptance correction parametrization is assigned as a systematic
uncertainty of this PHSP MC reweighting. More details on this systematic study are given in

Section

¢° bin | 0 1 2 3 4 5 6 7

Fr, 0.0373 0.0091 0.0261 0.0161 0.0036 0.0161 0.0068 0.0105
P 0.0101 0.1021 0.1271 0.0513 0.0433 0.0724 0.0398 0.0224
Py 0.0181 0.0624 0.0306 0.0564 0.0493 0.0395 0.0223 0.0223
Ps 0.0104 0.1437 0.1653 0.1244 0.0355 0.0262 0.0074 0.0074
P; 0.0823 0.0937 0.0350 0.0380 0.0146 0.0550 0.0557 0.0900
P! 0.0311 0.0503 0.0497 0.0615 0.0303 0.0332 0.0374 0.0544
P 0.0543 0.0687 0.0463 0.0423 0.0234 0.0187 0.0063 0.0191
P 0.0781 0.0063 0.0571 0.0410 0.0030 0.0330 0.0393 0.0574
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Table 131: The statistical power of the PHSP MC sample is determined using the BOOTSTRAPPING
method. 500 random subsets with equal size to the original PHSP MC set are taken, acceptance
correction determined for each and the width of the signal parameter distribution is equal to the
systematic uncertainty. More details on this systematic study are given in Section

| ¢* bin | 0 1 2 3 4 5 6 7]

Fr, 0.0193 0.0209 0.0096 0.0106 0.0091 0.0106 0.0105 0.0167
P 0.0529 0.0544 0.0587 0.0355 0.0262 0.0200 0.0246 0.0461
Py 0.0242 0.0240 0.0218 0.0118 0.0055 0.0023 0.0031 0.0088
Ps 0.0377 0.0059 0.0072 0.0044 0.0025 0.0014 0.0016 0.0054
P 0.0774 0.0398 0.0378 0.0313 0.0169 0.0191 0.0225 0.0321
P! 0.0616 0.0387 0.0337 0.0298 0.0180 0.0180 0.0200 0.0330
P 0.0260 0.0171 0.0128 0.0110 0.0063 0.0091 0.0065 0.0210
P 0.0396 0.0319 0.0167 0.0193 0.0077 0.0154 0.0131 0.0351

Table 132: The absolute value of the difference in the mean values of all signal parameters
between a fit with acceptance correction using the nominal order of polynomials and one fit of
where the acceptance is parametrized by two additional orders per dimension. The absolute
value of the difference is considered as an estimation of the systematic uncertainty for the PHSP
MC parametrization. More details on this systematic study are given in Section

¢’ bin | 0 1 2 3 4 5 6 7]

Fr, 0.0345 0.0076 0.0126 0.0193 0.0114 0.0204 0.0118 0.0300
P 0.0878 0.0611 0.0686 0.0317 0.0460 0.0276 0.0393 0.0739
Py 0.0006 0.0002 0.0141 0.0004 0.0015 0.0012 0.0013 0.0007
Py 0.0027 0.0075 0.0155 0.0035 0.0066 0.0021 0.0027 0.0044
P; 0.0229 0.0157 0.0207 0.0116 0.0121 0.0049 0.0206 0.0073
P! 0.0924 0.0404 0.0227 0.0260 0.0134 0.0156 0.0130 0.0351
P 0.0064 0.0022 0.0156 0.0023 0.0021 0.0006 0.0052 0.0135
P 0.0106 0.0194 0.0028 0.0107 0.0093 0.0012 0.0097 0.0014
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Table 133: Due to the large uncertainty on the Gaussian constraint of Fyg, the toy study results of
the final fit configuration with SM values show a bias, as shown in Table The bias disappears
when a stronger Gaussian constraint is applied for Fg. Here, the resulting values are not given
relative to the statistical uncertainty as in Table but the absolute values of the shift are
given. These values are assigned as a systematic uncertainty. More details on this systematic
study are given in Section

¢’ bin | 0 1 2 3 4 5 6 7]

Fr, 0.0192 0.0065 0.0191 0.0043 0.0058 0.0026 0.0067 0.0061
P 0.0225 0.0046 0.1286 0.0295 0.0069 0.0162 0.0001 0.0097
Py 0.0073 0.1343 0.1029 0.0110 0.0148 0.0040 0.0056 0.0362
Py 0.0099 0.0421 0.0019 0.0036 0.0058 0.0171 0.0037 0.0020
P; 0.0013 0.0374 0.0101 0.0324 0.0197 0.0155 0.0268 0.0825
P! 0.0257 0.0084 0.0339 0.0027 0.0308 0.0132 0.0312 0.0512
P 0.0076 0.0139 0.0083 0.0002 0.0078 0.0077 0.0131 0.0002
P 0.0038 0.0014 0.0328 0.0052 0.0035 0.0087 0.0070 0.0052

Table 134: The toy events are generated with the nominal double-sided Crystal Ball model for
the B meson signal peak. Then these events are fitted with a single Gaussian bell shape and the
mean value of the z — zy distributions is assigned as the systematic uncertainty for the mass
model. More details on this systematic study are given in Section

¢° bin | 0 1 2 3 4 5 6 7]

Fr, 0.0028 0.0023 0.0007 0.0027 0.0017 0.0021 0.0033 0.0012
P 0.0054 0.0329 0.0517 0.0383 0.0207 0.0115 0.0069 0.0134
Py 0.0010 0.0047 0.0099 0.0015 0.0054 0.0035 0.0056 0.0024
Py 0.0052 0.0076 0.0020 0.0086 0.0090 0.0032 0.0032 0.0010
P; 0.0027 0.0052 0.0030 0.0143 0.0035 0.0064 0.0091 0.0126
P 0.0109 0.0054 0.0084 0.0058 0.0010 0.0121 0.0112 0.0091
P 0.0002 0.0003 0.0058 0.0003 0.0023 0.0068 0.0041 0.0023
P 0.0068 0.0023 0.0116 0.0118 0.0052 0.0013 0.0078 0.0038
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Table 135: The angular background model is increased by an additional polynomial order
compared to the nominal orders (cosfp: 2, cosfr: 2 and ¢ : 0) with an amplitude of 0.1 for the
new order. The events are then fitted with the nominal background model and the difference to
fit to a nominal background sample are compared. More details on this systematic study are

given in Section

¢’ bin | 0 1 2 3 4 5 6 7]

Fr, 0.0037 0.0017 0.0024 0.0001 0.0000 0.0034 0.0042 0.0029
P, 0.0028 0.0223 0.0561 0.0299 0.0183 0.0010 0.0019 0.0139
Py 0.0033 0.0155 0.0041 0.0060 0.0117 0.0045 0.0038 0.0019
Py 0.0106 0.0932 0.1129 0.0604 0.0331 0.0164 0.0111 0.0103
P; 0.0015 0.0064 0.0038 0.0065 0.0075 0.0034 0.0109 0.0073
P 0.0086 0.0147 0.0139 0.0004 0.0165 0.0112 0.0059 0.0064
P 0.0035 0.0008 0.0028 0.0052 0.0000 0.0036 0.0063 0.0025
P 0.0043 0.0092 0.0035 0.0072 0.0006 0.0009 0.0036 0.0061

Table 136: By removing a Gaussian shaped hole from the upper mass side-band during the
generation of toy events, the veto against B® — K2u ™ plus a random 7+ decays are simulated.
In the fit, only the nominal background model is applied. More details on this systematic study

are given in Section

¢’ bin | 0 1 2 3 4 5 6 7]

Fr, 0.0021  0.0003 0.0022 0.0021 0.0017 0.0054 0.0012 0.0032
P 0.0058 0.0366 0.0515 0.0613 0.0591 0.0211 0.0011 0.0011
Py 0.0023 0.0098 0.0164 0.0032 0.0012 0.0005 0.0002 0.0005
Py 0.0030 0.0318 0.0032 0.0052 0.0013 0.0097 0.0024 0.0014
P; 0.0046 0.0042 0.0198 0.0403 0.0265 0.0192 0.0229 0.0160
P! 0.0036 0.0037 0.0001 0.0166 0.0351 0.0267 0.0201 0.0118
P 0.0004 0.0007 0.0071 0.0078 0.0012 0.0026 0.0030 0.0055
P 0.0030 0.0003 0.0105 0.0009 0.0017 0.0050 0.0055 0.0074
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Table 137: Results of the systematic effects of the angular resolutions on the angular observables.
The angular resolutions have been determined using the TRUE information on MC, which is
presented in Appendix [A.6] For this study, the generated angles of all toy events have been
repeatedly varied within their resolution. The width of the result distribution from all fits is
given in this table and assigned as an systematic uncertainty. More details on this systematic

study are given in Section

¢’ bin | 0 1 2 3 4 5 6 7]

Fp 0.0008 0.0012 0.0007 0.0005 0.0006 0.0005 0.0003 0.0003
P 0.0027 0.0026 0.0037 0.0034 0.0023 0.0015 0.0011 0.0011
Py 0.0015 0.0017 0.0012 0.0009 0.0005 0.0004 0.0002 0.0003
Py 0.0006 0.0022 0.0024 0.0016 0.0014 0.0008 0.0005 0.0006
P; 0.0038 0.0034 0.0021 0.0019 0.0015 0.0011 0.0012 0.0012
P 0.0033 0.0020 0.0015 0.0015 0.0010 0.0010 0.0007 0.0011
P 0.0033 0.0021 0.0015 0.0014 0.0011 0.0010 0.0007 0.0009
P 0.0066 0.0038 0.0023 0.0019 0.0014 0.0012 0.0010 0.0012

Table 138: The differences in the LOMuon trigger line efficiency (see Fig. is used for an
alternative determination of the angular acceptance correction coefficients. Toy studies are
performed by generating events with the nominal acceptance and fitted with the alternative
acceptance correction. This table presents the observed absolute values of the bias in the result
distribution, which is assigned as a systematic uncertainty to the LOMuon trigger efficiency
difference in data and MC events. More details on this systematic study are given in Section

¢’ bin | 0 1 2 3 4 5 6 7]

Fr, 0.0014 0.0009 0.0041 0.0042 0.0039 0.0003 0.0017 0.0005
Py 0.0039 0.0000 0.0219 0.0187 0.0042 0.0064 0.0012 0.0058
Py 0.0011 0.0070 0.0149 0.0077 0.0093 0.0001 0.0033 0.0027
Py 0.0006 0.0107 0.0104 0.0026 0.0178 0.0036 0.0042 0.0039
P; 0.0074 0.0015 0.0215 0.0075 0.0027 0.0056 0.0020 0.0044
P! 0.0019 0.0001 0.0038 0.0225 0.0051 0.0009 0.0018 0.0023
P 0.0016 0.0041 0.0031 0.0052 0.0043 0.0008 0.0028 0.0112
P 0.0044 0.0134 0.0013 0.0075 0.0115 0.0020 0.0000 0.0006
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Table 139: The non-flat ratio between MC and data DD tracks events in K pr are used to weight
the PHSP MC events prior to the determination of the angular acceptance correction coefficients.
With the alternative coefficients, as well as with the nominal coefficients, toy events have been
fitted repeatedly. The shift in the mean position of the difference distribution is assigned as an
systematic uncertainty. More details on this systematic study are given in Section

¢’ bin | 0 1 2 3 4 5 6 7]

Fp 0.0017 0.0016 0.0000 0.0012 0.0037 0.0021 0.0059 0.0006
P 0.0052 0.0530 0.0000 0.0015 0.0222 0.0028 0.0009 0.0010
Py 0.0018 0.0011 0.0020 0.0032 0.0015 0.0011 0.0032 0.0043
Py 0.0005 0.0061 0.0033 0.0014 0.0019 0.0060 0.0033 0.0007
P; 0.0015 0.0062 0.0033 0.0200 0.0001 0.0021 0.0042 0.0114
P 0.0094 0.0004 0.0124 0.0126 0.0117 0.0070 0.0038 0.0103
P 0.0003 0.0083 0.0044 0.0104 0.0025 0.0090 0.0029 0.0032
P 0.0034 0.0248 0.0013 0.0117 0.0049 0.0067 0.0050 0.0056

Table 140: The observed bias in toy studies with values equal final fit results are assigned as a
general systematic uncertainty to the unknown bias of the likelihood fit. More details on this
systematic study are given in Section

¢’ bin | 0 1 2 3 4 5 6 7]

Fr, 0.0278 0.0229 0.0255 0.0127 0.0041 0.0067 0.0028 0.0059
P 0.0081 0.2782 0.0026 0.2690 0.0324 0.0113 0.0353 0.0098
P, 0.0097 0.0054 0.0006 0.0195 0.0058 0.0169 0.0091 0.0018
Py 0.0212 0.0029 0.0325 0.0566 0.0187 0.0257 0.0059 0.0084
P; 0.0266 0.0233 0.1260 0.0495 0.0462 0.0378 0.0117 0.0286
P! 0.0232 0.0689 0.0519 0.0315 0.0122 0.0119 0.0159 0.0893
P 0.0109 0.0372 0.0126 0.0060 0.0035 0.0018 0.0107 0.0165
P 0.0233 0.0128 0.0119 0.0050 0.0068 0.0054 0.0056 0.0248
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A.22 Systematic studies in the two larger ¢?> bins

In addition to the eight nominal ¢? bins (see Table , two larger bins are fitted in
addition. For these bins, the systematic uncertainty is evaluated in the same way as for
the nominal binning scheme. All systematic studies are listed in the following section, for
both angular observable bases, the S- and P") observables.

Note that due to the larger ¢* bins, no scaling of the S-wave fraction Fg (see Appendix
is required and therefore, no systematic uncertainty is assigned to this effect. The
quadratic summation of all these systematic uncertainties is then combined in Table [51]in

Section B.151

Table 141: The width of the result distributions for all parameters due to fluctuating the
PHSP MC weights for angular acceptance correction parametrization is assigned as a systematic
uncertainty of this PHSP MC reweighting. More details on this systematic study are given in

Section

| ¢° bin | [1.1-6.0] [15.0-19.0] | | ¢* bin | [1.1-6.0] [15.0-19.0] |

Sts 0.0021 0.0008 Fr, 0.0028 0.0011
Ss 0.0014 0.0014 P 0.0093 0.0042
Sy 0.0032 0.0017 P, 0.0041 0.0045
S5 0.0019 0.0016 Py 0.0105 0.0007
Ses 0.0025 0.0013 P 0.0178 0.0037
S7 0.0007 0.0005 P! 0.0039 0.0039
Ss 0.0013 0.0013 P 0.0016 0.0012
So 0.0007 0.0007 P 0.0028 0.0028

Table 142: The statistical power of the PHSP MC sample is determined using the BOOTSTRAPPING
method. 500 random subsets with equal size to the original PHSP MC set are taken, acceptance
correction determined for each and the width of the signal parameter distribution is equal to the
systematic uncertainty. More details on this systematic study are given in Section

| ¢° bin [ [1.1-6.0] [15.0-19.0] | | ¢* bin | [1.1-6.0] [15.0-19.0] |

Sts 0.0180 0.0092 Fy, 0.0240 0.0123
Ss 0.0075 0.0083 P 0.0463 0.0249
Sy 0.0250 0.0214 Py 0.0416 0.0097
Ss 0.0161 0.0147 Py 0.0330 0.0046
Ses 0.0293 0.0138 Py 0.0549 0.0459
Sz 0.0111 0.0052 P 0.0348 0.0306
Ss 0.0212 0.0080 P 0.0242 0.0111
Sy 0.0063 0.0031 P 0.0450 0.0172
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Table 143: The absolute value of the difference in the mean values of all signal parameters
between a fit with acceptance correction using the nominal order of polynomials and one fit of
where the acceptance is parametrized by two additional orders per dimension. The absolute
value of the difference is considered as an estimation of the systematic uncertainty for the PHSP
MC parametrization. More details on this systematic study are given in Section

| ¢° bin [ [1.1-6.0] [15.0-19.0] | | ¢* bin | [1.1-6.0] [15.0-19.0] |

Sts 0.0034 0.0183 Fr, 0.0018 0.0165
Ss 0.0018 0.0231 P 0.0255 0.0395
Sy 0.0013 0.0063 P, 0.0004 0.0037
Ss 0.0045 0.0102 Py 0.0067 0.0010
Ses 0.0092 0.0169 P 0.0072 0.0392
S7 0.0033 0.0042 P! 0.0087 0.0132
Ss 0.0075 0.0055 P 0.0232 0.0084
So 0.0037 0.0010 P 0.0247 0.0064

Table 144: Due to the large uncertainty on the Gaussian constraint of Fyg, the toy study results of
the final fit configuration with SM values show a bias, as shown in Table The bias disappears
when a stronger Gaussian constraint is applied for Fg. Here, the resulting values are not given
relative to the statistical uncertainty as in Table but the absolute values of the shift are
given. These values are assigned as a systematic uncertainty. More details on this systematic
study are given in Section

| ¢° bin | 0 1 || ¢* bin | 0 1]
Sis ] 0.0016 0.0002 || Fy 0.0031 0.0016
Ss 0.0007 0.0059 || Py 0.0023 0.0167
S 0.0062 0.0061 || Py 0.0075 0.0043
Ss 0.0068 0.0159 || Py 0.0016  0.0007
Ses | 0.0028 0.0053 || P; 0.0230  0.0079
S 0.0014  0.0066 || P, 0.0136  0.0146
Ss 0.0045 0.0038 || P§ 0.0071  0.0129
S 0.0013  0.0023 || P{ 0.0027 0.0053
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Table 145: The toy events are generated with the nominal double-sided Crystal Ball model for
the B meson signal peak. Then these events are fitted with a single Gaussian bell shape and the
mean value of the z — x( distributions is assigned as the systematic uncertainty for the mass
model. More details on this systematic study are given in Section

| ¢° bin | [1.1-6.0] [15.0-19.0] | | ¢* bin | [1.1-6.0] [15.0-19.0] |

Sts 0.0007 0.0006 Fy, 0.0004 0.0041
Ss 0.0016 0.0026 P 0.0408 0.0054
Sy 0.0016 0.0063 Py 0.0067 0.0011
S5 0.0060 0.0020 P 0.0009 0.0037
Ses 0.0048 0.0036 Py 0.0109 0.0115
S7 0.0033 0.0015 P! 0.0061 0.0155
Ss 0.0013 0.0047 P 0.0057 0.0046
So 0.0021 0.0028 P 0.0115 0.0095

Table 146: The angular background model is increased by an additional polynomial order
compared to the nominal orders (cosfg: 2, cosfr: 2 and ¢ : 0) with an amplitude of 0.1 for the
new order. The events are then fitted with the nominal background model and the difference to
fit to a nominal background sample are compared. More details on this systematic study are

given in Section
| ¢* bin | [1.1-6.0] [15.0-19.0] || ¢* bin | [1.1-6.0] [15.0-19.0] |
S1s 0.0009 0.0022 || F., 0.0016 0.0040
Sy 0.0015 0.0027 || P, 0.0119 0.0182
S, 0.0014 0.0038 || P, 0.0049 0.0011
S 0.0032 0.0005 || Ps 0.0250 0.0314
Ses 0.0046 0.0006 || P, 0.0052 0.0011
Sy 0.0033 0.0043 || P} 0.0119 0.0172
Ss 0.0004 0.0011 || P} 0.0073 0.0131
So 0.0111 0.0197 || P} 0.0097 0.0138
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Table 147: By removing a Gaussian shaped hole from the upper mass side-band during the
generation of toy events, the veto against B® — K{u*pu~ plus a random 7+ decays are simulated.
In the fit, only the nominal background model is applied. More details on this systematic study

are given in Section

| ¢* bin | [1.1-6.0] [15.0-19.0] || ¢* bin | [1.1-6.0] [15.0-19.0] |

Sis 0.0004 0.0003 || FL 0.0018 0.0001
Ss 0.0021 0.0030 || P~ 0.0080 0.0043
Sa 0.0013 0.0077 || P 0.0110 0.0006
Ss 0.0034 0.0023 || Ps 0.0034 0.0046
Ses 0.0033 0.0004 || Py 0.0090 0.0091
S7 0.0002 0.0005 || P} 0.0022 0.0182
Ss 0.0045 0.0017 || P 0.0015 0.0135
Sy 0.0018 0.0019 || P{ 0.0012 0.0005

Table 148: Results of the systematic effects of the angular resolutions on the angular observables.
The angular resolutions have been determined using the TRUE information on MC, which is
presented in Appendix [A.6] For this study, the generated angles of all toy events have been
repeatedly varied within their resolution. The width of the result distribution from all fits is
given in this table and assigned as an systematic uncertainty. More details on this systematic

study are given in Section

| ¢° bin [ [1.1-6.0] [15.0-19.0] | | ¢* bin | [1.1-6.0] [15.0-19.0] |

Sts 0.0006 0.0003 Fy, 0.0007 0.0003
Sy 0.0004 0.0004 P 0.0028 0.0011
Sa 0.0008 0.0006 Py 0.0012 0.0002
Ss 0.0006 0.0004 Py 0.0020 0.0005
Ses 0.0007 0.0004 Py 0.0018 0.0014
Sz 0.0006 0.0004 P 0.0013 0.0009
Ss 0.0009 0.0006 P 0.0013 0.0008
So 0.0005 0.0003 P 0.0019 0.0013
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Table 149: The differences in the LOMuon trigger line efficiency (see Fig. is used for an
alternative determination of the angular acceptance correction coefficients. Toy studies are
performed by generating events with the nominal acceptance and fitted with the alternative
acceptance correction. This table presents the observed absolute values of the bias in the result
distribution, which is assigned as a systematic uncertainty to the LOMuon trigger efficiency
difference in data and MC events. More details on this systematic study are given in Section

| ¢* bin [ [1.1-6.0] [15.0-19.0] | | ¢* bin | [1.1-6.0] [15.0-19.0] |

S1s 0.0029 0.0011 Fy, 0.0061 0.0010
Ss 0.0038 0.0037 P 0.0110 0.0038
Sy 0.0012 0.0001 Py 0.0072 0.0004
Ss 0.0016 0.0037 Py 0.0069 0.0032
Ses 0.0011 0.0032 Py 0.0030 0.0029
S7 0.0029 0.0020 P! 0.0105 0.0025
Ss 0.0010 0.0026 P 0.0028 0.0037
Sy 0.0010 0.0002 P 0.0011 0.0012

Table 150: The non-flat ratio between MC and data DD tracks events in K9 pr are used to weight
the PHSP MC events prior to the determination of the angular acceptance correction coefficients.
With the alternative coefficients, as well as with the nominal coefficients, toy events have been
fitted repeatedly. The shift in the mean position of the difference distribution is assigned as an
systematic uncertainty. More details on this systematic study are given in Section

| ¢° bin [ [1.1-6.0] [15.0-19.0] | | ¢* bin | [1.1-6.0] [15.0-19.0] |

Sts 0.0018 0.0002 Fr, 0.0064 0.0043
Ss 0.0003 0.0001 P 0.0220 0.0245
Sy 0.0031 0.0007 Py 0.0019 0.0005
Ss 0.0000 0.0025 Py 0.0046 0.0048
Ses 0.0027 0.0007 Py 0.0014 0.0066
S7 0.0037 0.0009 P! 0.0054 0.0004
Ss 0.0054 0.0018 P 0.0110 0.0015
Sy 0.0010 0.0025 P 0.0301 0.0048
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Table 151: The observed bias in toy studies with values equal final fit results are assigned as a
general systematic uncertainty to the unknown bias of the likelihood fit. More details on this
systematic study are given in Section

| ¢* bin | 0 1 |[ ¢* bin | 0 1]
Sts 0.0017 0.0015 |[ Fy, 0.0027 0.0005
Ss 0.0017 0.0132 || P, 0.0202 0.0305
Sy 0.0066 0.0518 || P, 0.0002 0.0330
Ss 0.0068 0.0019 || Ps 0.0055 0.0040
Ses 0.0007 0.0469 || P, 0.0166 0.0835
S, 0.0012 0.0027 || P} 0.0032  0.0092
Sg 0.0028 0.0029 || P} 0.0019 0.0149
Sy 0.0003 0.0046 || P} 0.0050  0.0050
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A.23 Results from method of moments

In Section the likelihood fit is evaluated to be superior over the method of moments
for the determination of the Wilson coefficients of the underlying effective field theory.
Therefore, the values from the method of moments are determined but then only used
to cross-check the likelihood fits. In Table the values obtained by the method of

moments are listed but will not be published. The final results of this analysis can be

found in Table [59] for the S, observables.

Table 152: Values of the S, observables as determined by the Method of Moments.

systematic uncertainties are evaluated. These measurements have only been used to cross-check
the likelihood fit method in Section [7.I] and will not be published. See Table [59] for the results

from the likelihood fit.

’ ¢* bin ‘ S1s S Sy Ss ‘
0 0.629 £ 0.742 0.243 £0.159 —0.003 £ 0.246 0.117 £ 0.180
1 0.390 £ 0.757 0.008 £+ 0.270 0.203 £ 0.529 0.114 £ 0.357
2 0.351 £0.587 —0.361 +0.497 —0.147+0.638 —0.924 +0.611
3 0.326 £0.046 —0.146 =0.160 —0.549 +0.281 —0.193 +0.213
4 0.432+£0.347 —0.311+£0.177 —0.060 4+ 0.240 0.012 £ 0.206
5 0.423 £0.256 —0.120+0.134 —-0.3124+0.163 —0.390 4+ 0.153
6 0.439 £0.061 —0.243+0.099 —0.1844+0.111 —0.057 +0.106
7 0.486 +£0.071 —0.067 £0.138 —0.3624+0.180 —0.200 4+ 0.161

’ ¢* bin ‘ Ses S Sy S ‘
0 0.000 £ 0.230 0.011 £+ 0.160 0.281 £0.218 0.361 £0.171
1 —0.161 0.512 —0.553 4+ 0.497 0.089 £0.675 —0.316 4+0.348
2 —0.202 £ 0.647 0.418 £ 0.592 0.529 £ 0.760 0.229 + 0.456
3 0.066 £0.252 —0.033 £0.213 —0.11540.245 —0.065 4 0.144
4 —0.293 £0.213 —0.212+0.240 —0.3454+0.283 —0.200+0.174
5 0.674 £0.170 —0.084 £+ 0.141 0.101 £ 0.157 0.088 +£0.113
6 0.466 +£0.105 —-0.250+0.117 —-0.156+£0.119 0.182 +0.108
7 0.374 £0.177 0.004 £ 0.147 0.167 £0.175 0.027 £0.144
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